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Abstract

This paper presents a politico-economic model that includes a mutual link be-
tween earnings mobility and redistributive politics. The model demonstrates that
an economy attains a unique, unskilled-majority equilibrium where unskilled, low-
income agents support a low, rather than a high, redistribution when the economy
is featured by a high opportunity of upward mobility and downward mobility risk.
In contrast, the economy attains multiple equilibria when mobility opportunity and
risk are low: one is an unskilled-majority equilibrium supporting high redistribu-
tion and the other is a skilled-majority equilibrium supporting low redistribution.
Which equilibrium arises depends on the expectations of agents. The paper gives
a comparison between the political equilibrium outcome and the social planner’s
allocation in terms of mobility and redistribution policy.
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1 Introduction

Expectations of redistribution affect individuals’ decisions on educational investment.
Their decisions determine the distribution of skilled and unskilled agents and thus in-
equality among agents, which in turn has an impact upon individuals’ votes over redistri-
bution. This feedback mechanism between individual decisions and redistributive politics
could produce multiple equilibria (Glomm and Ravikumar, 1995; Saint-Paul and Verdier,
1997; Benabou, 2000). Based on the concept of a stationary Markov-perfect equilibrium,
Hassler et al. (2003) and Hassler, Storesletten and Zilibotti (2007) capture the feedback
mechanism and demonstrate multiple equilibria that explain the cross-country variations
in welfare programs among democratic countries sharing similar economic backgrounds.

While the analysis by Hassler et al. (2003) and Hassler, Storesletten and Zilibotti
(2007) provided a key insight into redistributive politics, it leaves the earning mobility
issue untouched. In their framework, agents who succeed in education in youth retain their
skills over the life cycle without any additional effort, and thus face no risk of downward
mobility. In addition, agents who fail in education in youth have no second opportunity
of becoming skilled in a later stage of their life and thus must accept their low-income
status throughout their life. Thus, the following questions arise: how do upward mobility
opportunity and downward mobility risk expected in the future affect current decisions
on education and thus on voting over redistribution policy, and what is the consequence
of mobility opportunity and risk for the efficiency of allocation?

Several studies have attempted to answer these questions. Early work by Piketty
(1995) and Quadrini (1999) considered the effect of earnings mobility on agents’ pref-
erences for redistribution. However, a mutual link between mobility and redistributive
politics is omitted from their analysis because of the assumption of exogenous mobility or
idiosyncratic shocks to mobility. In an earlier study (Arawatari and Ono, 2009), we con-
sidered a mutual link between upward mobility and redistributive politics by introducing
an upward mobility opportunity into the framework of Hassler, Storesletten and Zilibotti
(2007). However, the downward mobility is omitted from the analysis, and the efficiency
of mobility in the political equilibrium allocation in the presence of earnings mobility is
left untouched.

While previous studies contribute to our knowledge and understanding of mobility
and redistributive politics, the following issues still remain unresolved: (i) how do re-
distributive politics interact with mobility and distribution of income in the presence of
downward mobility risk, and (ii) how does the political equilibrium outcome depart from
the commitment solution (called the Ramsey allocation) with respect to earnings mobil-
ity and redistribution? Answers to these questions will provide more general insights into

mobility and redistributive politics.



For the purpose of analysis, we adopt a framework based on that developed by Has-
sler, Storesletten and Zilibotti (2007) and that extended by Arawatari and Ono (2009).
We further extend this framework by introducing downward mobility risk of agents. In
particular, we consider agents living in two periods, youth and old age. In youth, agents
undertake educational investments that determine whether their status in youth is skilled
(i.e., rich) or unskilled (i.e., poor). At the beginning of old age, the unskilled agents have
an opportunity of upward mobility with a probability 7, and can increase the probability
of becoming skilled via reinvestment in education. By contrast, the skilled agents are at
risk of downward mobility with a probability v x 6, but they can reduce the probability
of becoming poor by reinvestment in education. The expectations of redistribution affect
agents’ decisions on education, which in turn determines voting behavior over redistribu-
tion policy and thus mobility in the economy.

Focusing on the two key parameters, v and 6, we first present the political equilibrium
allocation via majority voting, and investigate qualitatively (in Section 3) and quanti-
tatively (in Section 4) how the two parameters affect the political equilibrium outcome.
When the upward mobility opportunity is high such that ~ is above the threshold value,
the economy attains a unique, unskilled-majority equilibrium with no taxation on the old.
A high prospect of upward mobility in the future gives agents a disincentive to invest in
education in youth, but they support no taxation on the old because of the prospect of up-
ward mobility (POUM) in old age (Benabou and Ok, 2001; Alesina and La Ferrara, 2005).
In contrast, when ~ is below the threshold value, the economy attains multiple equilibria
as demonstrated in Hassler, Storelsetten and Zilibotti (2007): an unskilled-majority equi-
librium with taxation on the old and a skilled-majority equilibrium with no taxation on
the old. Which outcome is realized in equilibrium depends on the expectations of agents.

The parameter 6, representing the risk of downward mobility, also affects agents’
decisions on education. In particular, a higher 6 gives agents a disincentive to invest in
education in youth because the status in youth is less likely to persist into old age for
the skilled agents. Given this feature, a natural prediction is that in an economy with
a high prospect of downward mobility, the majority is the unskilled, and they support
taxation on the skilled old. The former prediction is true, but the latter is not. A higher
f implies a smaller number of skilled old and thus less redistributive benefit from taxation
on the skilled old. The redistributive benefit is outweighed by the expected tax burden
of the unskilled who may become the skilled via reinvestment in education. Therefore,
a higher downward mobility risk is more likely to realize the equilibrium supporting the
POUM hypothesis. Upward mobility opportunity and downward mobility risk produce
qualitatively similar properties with respect to political equilibrium outcomes.

In order to consider normative aspects of the political equilibrium, we characterize

a Ramsey allocation defined as a feasible plan chosen by a benevolent planner who can

3



commit to a policy sequence (in Section 5). The planner is assumed to choose an allocation
to maximize the discounted sum of the utility functions of the successive generations. By
comparing the political equilibrium with the Ramsey allocation, we find that the political
economy featured by a unique, unskilled-majority equilibrium with no taxation on the old,
which supports the POUM hypothesis, bears some resemblance to the Ramsey allocation
when the planner attaches a low weight to the young. In contrast, the political economy
featured by multiple equilibria may or may not attain an allocation similar to the Ramsey
allocation depending on the expectations of agents as well as the planner’s weight to the
young.

Besides the literature mentioned above, the current paper is also related to the lit-
erature on the dynamic political economy of redistribution in overlapping-generations
models with the concept of a stationary Markov-perfect equilibrium. The literature in-
cludes studies demonstrating a unique equilibrium pinned down by the initial expectation
(Grossman and Helpman, 1998; Azariadis and Galasso, 2002) and multiple, self-fulfilling
expectations of agents (Hassler et al., 2003). These studies are extended by introducing
capital accumulation (Forni, 2005; Gonzalez-Eiras and Niepelt, 2008, 2011; Song, 2009a),
retirement decisions of the elderly (Arawatari and Ono, 2011; Conde-Ruiz, Galasso and
Profeta, 2011), ideology shifts (Song, 2009b), risk-averse agents (Hassler et al., 2005),
wage inequality (Chen and Song, 2009), public goods (Hassler, Storesletten and Zilibotti,
2007), public debt accumulation (Song, Storesletten and Zilibotti, 2007) and intergen-
erational risk sharing (D’Amato and Galasso, 2010). These studies assumed that the
economic status of each agent persists into the future, thereby removing the effects of
earnings mobility over the life cycle. In contrast to these studies, the current paper in-
cludes earnings mobility over the life cycle, which plays a key role in redistributive politics
and its efficiency.

The organization of this paper is as follows. Section 2 develops the model. Section 3
characterizes the political equilibria and investigates their qualitative properties. Section
4 undertakes a numerical analysis. Section 5 characterizes the Ramsey allocation and
considers normative aspects of the political equilibrium. Section 6 provides concluding

remarks.

2 The Model

The model is a two-period-lived overlapping-generations model based on that developed
by Hassler, Storesletten and Zilibotti (2007) and extended by Arawatari and Ono (2009).
Time is discrete and denoted by t = 0,1,2,--- . The economy consists of a continuum of

agents living for two periods, youth and old age. Each generation has a unit mass.



Consider young agents born in period ¢. They are, at birth, identical. However,
they can affect their prospects in life with educational investment. In particular, they
become either skilled or unskilled, and by undertaking costly investment, can increase the
probability e! of becoming skilled in youth. Skilled agents earn a high wage, normalized
to unity, whereas unskilled agents earn a low wage, normalized to zero. Because of this
assumption regarding wages, the probability e} is set within a range [0, 1] without any
additional assumptions. The cost of investment in youth is given by (ef)?. This cost is
measured in terms of disutility; the financial constraint of investment is omitted from the
analysis. Figure 1 illustrates the timing of events and the distribution of the skilled and

the unskilled for generation t¢.
[Figure 1 about here.]

At the beginning of period t + 1, there are two types of old agents: the skilled and
the unskilled. Our model departs from Hassler, Storesletten and Zilibotti (2007) and
Arawatari and Ono (2009) in that in old age, skilled agents may have a risk of downward
mobility. In particular, the skilled can retain their status without any additional effort
with probability 1—6~ € [0, 1]; however, with probability 8+ € [0, 1], they need to reinvest
in education to keep their status in old age. The cost for the skilled is given by (ef%,)?,
where €7, is the probability of being skilled and 1 — efi; is the probability of being
unskilled.

As for the unskilled, they may have an opportunity for upward mobility as in Arawatari
and Ono (2009). They are unskilled in old age with probability 1 —~ € [0, 1]; however,
with probability v € [0, 1], they have a second opportunity to reinvest in education. The
cost for the unskilled is given by (ef*,)?, where ef*; is the probability of being skilled and
1 — egy, is the probability of being unskilled.

The parameter 6 € |0, 1], solely capturing the effect of downward mobility risk, plays a
key role in our analysis. We introduce this parameter to distinguish between the upward
and downward mobility effects, and to focus on the role of downward mobility, which has
not yet been analyzed in previous studies. We should note that if § = 0, the current model
is similar to that of Arawatari and Ono (2009): the unskilled may have an opportunity for
upward mobility, but the skilled are faced with no downward risk. We should also note
that if v = 0, the current model is similar to that of Hassler, Storesletten and Zilibotti
(2007). Our model includes the cases of Hassler, Storesletten and Zilibotti (2007) and
Arawatari and Ono (2009) as special ones.

There is no storage technology in this economy. FEach agent uses his/her endowment
within a period. The government provides lump-sum transfers, s, financed by taxes levied
on the rich. The tax rates are age dependent: 7° for the old and 7Y for the young. The

tax rates are determined before the young agents decide on their investments.
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The expected utility functions of agents alive at time ¢ are given as follows:

Vet = (L= 00 (1 = 77) + 0v{ef*(1 — 77) — (")} + 50, (1)
Vet = afel - (L= 1) = (")} + s, (2)
V/=el - (1-1) = (ef)* + s (3)
+ B [ef {(1—07)(1 - Tf+1) + 0y (e (1 = 721) — (e811)%) }
(1 —el)y {et+1 —700) — (eff) } + st+1} ,

where V,°°, V% and VY denote the utility of the skilled old, the utility of the unskilled
old and the utility of the young, respectively. The utility levels of V5, V,** and V}” are
computed prior to individual success or failure. The parameter 5 € (0,1) is a discount
factor.

Given these preferences, a skilled old agent chooses e?® to maximize V,°; an unskilled
old agent chooses e to maximize V;°; and a young agent in period ¢ chooses e} to
maximize V;’ by taking account of the optimal investments in his/her old age, €f%, and

e7t,. Therefore, optimal investments by the old and the young are given by, respectively:

eos*(,,_tO) _ eou*(,]-to) — M’ (4)

i) =5+ - s {a-oma-my- 0w}

where e”* € [0,1/2], j = s,u and e¥* € [0,1) hold for given 77,7/ and 72,,.

Because young agents are ex ante identical, agents of the same cohort choose the same
investment. This implies that at the beginning of period ¢ + 1, the proportion of the
unskilled old is given by:

v = 1-en(nt) = 1-p (@ =+ ofa - oma - - - e

The proportion of the unskilled old at the beginning of period ¢ + 1, u; 1, depends on the
tax levied on the skilled young agents in period ¢, 7/, and the tax levied on the skilled
old agents in period ¢ + 1, 77,;.

In this economy, there is earnings mobility over the life cycle. Let M;; denote the
number of upwardly mobile agents from period t to period t+1, i.e., the number of agents
who are unskilled in youth (in period ¢) but become skilled in old age (in period ¢ + 1).
Let Mtdfﬁ”” denote the number of downwardly mobile agents from period ¢ to period ¢+ 1,

i.e., the number of agents who are skilled in youth (in period t) but become unskilled in



old age (in period ¢ + 1). Then, M, and Mv" are calculated as, respectively:
U ou down 0s
M5 = (1 —ef)velty, MEIY™ = ef0y(1 —ef?y).

If My, > (<)Mey™ generation ¢ experiences an increase ( decrease) in the number of
the skilled (unskilled) within a generation.

The tax revenues from the skilled agents are transferred to every agent in a lump-sum
fashion. The government budget is balanced in each period so that it can be expressed

as:

251 = [(1 = u){(1 = 07) + 07 ()} + wrye®™ (7)) - 7 + (7, ) - 70
=W w) + Z(1), 40),

where:

W ug) = [(1=07)(1 = w) + (7/2) (1 = 7)) {1 = (1 = O)(1 —wy) }] - 775
Z(r, i) = (1/2) - [ =) + B{(1 = 09) (1 = 77p1) = (v/4) (1 = O)(1 = 77,)*}] - 7.

W (70, 1) is the tax revenue financed by the skilled old agents, and Z (7,77, ,) is the tax

revenue financed by the skilled young agents.

3 Political Equilibria

This section characterizes political equilibria where agents vote on taxation period by
period. Section 3.1 provides the definition of a political equilibrium based on the con-
cept of a stationary Markov-perfect equilibrium with majority voting. Sections 3.2 and
3.3 provide the characterization of political equilibria classified according to the type of

majority.

3.1 Definition of Political Equilibrium

Following Hassler, Storesletten and Zilibotti (2007), we assume that elections are held
at the beginning of each period and that only the old agents vote on current taxes.
Our assumption about voting implies that we focus on intragenerational conflict over
redistribution rather than intergenerational conflict.

With the optimal investments e®**(7y), e®*(77) and e¥*(7/, 72,) and the government

budget constraint, the indirect utility functions of the skilled and the unskilled old are



given by, respectively:

[oF] o 9/.)/ o 1 o (o)

Ve = (1= o)1= 1)+ (= P 5 W2 ) + 26272}
ou ’y o 1 o o

Vi :1(1_7})2"‘5'{W(Ttvut)+Z(Tg/th+1)}'

The term in the first line, (1—607)(1—77), is the expected after-tax income of the skilled
old, the term 6(1 — 72)?/4 in the first line is the expected net benefit from reinvestment
in education for the skilled old, the term (1 —7?)?/4 in the second line is the expected net
benefit from the second challenge for the unskilled old and the term (W + Z)/2 observed
in both lines is the lump-sum transfer.

This paper focuses on stationary Markov-perfect equilibria with majority voting. The
proportion of the unskilled old (u;) summarizes the state of the economy; the identity of
a decisive voter depends on this proportion. An office-seeking politician elected by voters
sets policies to maximize the utility of the larger group. Given these features, we now

provide the definition of the political equilibrium as follows.

Definition: A (stationary Markov perfect) political equilibrium is defined as a triplet
of functions {7T°,TY, U}, where T° : [0,1] — [0,1] and TY are two public policy
rules, 77 = T°(u;) and 7/ = TY, and U : [0,1] — [0,1] is a private decision rule,

w1 = U(77), such that given wug, the following functional equations hold.

1. T°(uy) = arg maxqeepo,) W% (72, uy) (dec = os, ou), where:

Wdec (Ttoa ut)

et u) = (=001 =)+ T -2 5 W w) i u <1/2,
Wou(Ttoa U/t) = %(1 - Tt0)2 + % ’ W(Ttoa ut) if uy > 1/2

2. U(r) = 1= e¥ (7, 78y,), with 72, = T°(U(7))
3. TY = argmaxyocpo 1) Z (77, 7,1) subject to 77, = T°(U (7))

The first equilibrium condition requires that the decisive voter chooses 77 to maximize
the utility of the skilled old (if u; < 1/2) or the unskilled old (if u; > 1/2). In the case of
an equal number of skilled and unskilled agents (i.e., u; = 1/2), the skilled old are assumed
to be decisive. The second equilibrium condition implies that all young individuals choose
their investment optimally, given 77/ and 77, under rational expectations about future
taxes and distributions of types. The third equilibrium condition requires that the decisive
voter chooses 77 to maximize revenue from the young. Rational voters understand that
their choice over current redistribution affects future redistribution via the private decision

rule and public policy.



3.2 The Determination of 7° and U

We now solve the equilibrium conditions recursively. Condition 1 defines a one-to-one
mapping from the state variable to the equilibrium choice of taxation of the old: 77 =
T°(uy). Suppose that the skilled old form the majority: u; < 1/2. The objective function
of the majority is given by W (72, us) = (1 — 0y)(1 — 7°) + (0v/4) - (1 — 72)% + (1/2) -
W (7, ue). This function has the following properties: W (77, uy) /07| o, < 0 and
OPWos (12, uy) /0172 < 0.1 These properties imply that Wes(72, u;) is maximized at 77 = 0:
the skilled old pay more than they receive because the unskilled agents pay no tax but
the revenue is distributed equally between the skilled and unskilled agents. Therefore,
the skilled old prefer 72 = 0, implying that 7°(u;) = 0 if the majority is the skilled:

1
T(uy) =0 if uy € [0, 5} . (6)
Alternatively, suppose that the unskilled old are in the majority: w;, > 1/2. The

objective function of the majority is given by We(r2,u;) = (v/4) - (1 — 72)* + (1/2) -

W (r?,u:). The first and second derivatives of W (77, u;) with respect to 77 are given by,

respectively:
awou(thJ’ ut) o y o 1 v o ‘
g = =y 5 [ 891w+ 50— 21— (1= 6)(1— w)}]:

OPWou (8 uy) 0

87_02 2 (1 - 6)(1 - ut) > 07
t

implying that the unskilled old prefer 77 = 0 or 1 depending on the relative size of
W0, uy) and W*(1, uy). Given that We(0,u;) 2 W (1,w;) < up 2 1=/ {2(1 — 67)},
the tax on the old when the majority is the unskilled is given by:

To(w){ €{0,1} if w=1— 57 (7)
=1 if w <1 - g

!The first and the second derivatives of W (72, u;) with respect to 70 are given by, respectively:
—1@A —=6y) = (07/2)- (1 =77)

= (
+(1/2) [(T = 07)(1 — ) + (v/2) - (1 = 277){1 = (1 = ) (1 —ue)}],
OPWOs (12, us) JOTP% = —(7/2) - (1 — O)uy < 0.

oW (rf,up) /017

We evaluate the first derivative at 77 = 0 and obtain:
OW (77, ue) 077 | oo = —(1/2) [1 = (67/2)] = (1/2) [1 = (v/2)(1 + 0)] us <0,
where the inequality holds under the assumption of v € [0,1] and 6 € [0, 1].
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The condition (7) means that if the number of unskilled agents is larger (smaller) than
the threshold level, 1 —~/{2(1 — 6v)}, then the expected marginal benefit from taxation
is smaller (larger) than the expected marginal cost of taxation. The unskilled agents
know that the size of the tax base, 1 — uy, is smaller (larger) such that they can get less
(more) than they pay. Therefore, they prefer 77 = 0(= 1) if u, > (<)1 — v/ {2(1 — 6v)}.
If up =1 —~/{2(1 —67)}, then the expected marginal benefit is equal to the expected
marginal cost; they are indifferent as to whether there is 100% taxation or no taxation.

Based on the preferences over taxation of the old given by (6) and (7), the mapping
that satisfies equilibrium condition 1 is summarized as follows.

(a) The case of v(14+0) > 1 (i.e., 1/2>1—~/{2(1 —07v)}):

T°(u) = 0 Y uy € [0, 1]. 8)

(b) The case of y(1+6) <1 (ie, 1/2<1—~/{2(1 —60v)}):

=0 if utgéorl—ﬁ<ut§1
TO(Ut) 6{0,1} if utzl—m (9)
: 1
=1 if §<Ut<1—m

Case (a) is trivial because there is no taxation on the old regardless of the status of a
decisive voter. In what follows, we exclusively focus on case (b) by making the following

assumption:
Assumption 1: y(1+0) < 1.
[Figure 2 about here.]

Figure 2 illustrates (9), which satisfies equilibrium condition 1 under Assumption 1.
Suppose that the decisive voter is a skilled old agent: u; < 1/2. He/she sets 77 = 0 because
his/her marginal cost of taxation is greater than his/her marginal benefit of taxation.
Alternatively, suppose that the decisive voter is an unskilled old agent: u, > 1/2. He/she
sets either 77 = 0 or 1 depending on the magnitude of the correlation between the marginal
benefit and cost of taxation. Under Assumption 1, the marginal benefit is smaller (larger)
than the marginal cost for u; € (1 —~/{2(1 —609)},1] (u € (1/2,1 —~/{2(1 — 6+)})).2

Next, we rewrite equilibrium condition 2 by substituting in the optimal investment

2If uy = 1 — v/2(1 — 0v), the marginal benefit is equal to the marginal cost. The decisive voter is
indifferent between 70 = 0 and 1.
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e¥*(1/,721). This yields the following functional equation:
1 Y v(1—6 o
vty =15 0=+ sfa-ou - - L0 - rwer|
(10)
where T°(-) is given by (9) under Assumption 1. We derive the solution to the functional
equation (10) by assuming rational expectations. Any solution to the functional equation

(10) is given by:

U) =

{ 1-1. [(1 —Tty)—i—ﬁ{(l—ﬁv) ——7(14_9)}} if 77 <7%9or 70 </ ()

1—3-(1—=1) if < vl

where:

ro=p{a-om- 122,

w_ 1=7(1+6) (1 -6)
T :thﬁ{(l—efy)——},

4

70 denotes the upper bound of 77 that realizes the skilled majority with the expec-
tation of 77, = 0; 7“0 denotes the lower bound of 7 that realizes the unskilled majority
with the expectation of 72, = 0; and 7! denotes the upper bound of 7 that realizes the
unskilled majority with the expectation of 77, = 1.

Interpretation of (11) is as follows. Suppose that agents in period ¢ expect 77, = 0.
Under this expectation, young agents choose their investment as e?*(77,0). By (9), this
expectation is rational if ug; = 1 — e?*(7/,0) < 1/2 or 1 — v/ {2(1 = 0v)} < wy1 =
1—ev*(7/,0) < 1, that is, if 7/ < 70 or 70 < 7. Next, suppose that the young agents in
period ¢ expect 77, = 1. Under this expectation, young agents choose their investment
as e¥*(7/,1). By (9), their expectation is rational if 1/2 < w;; = 1 — e¥*(7/,1) <
1—~/{2(1 —67)}, that is, if 7/ < 7%!. Figure 3 illustrates the solution (11).

[Figure 3 about here.]

As illustrated in Figure 3, there are multiple, self-fulfilling expectations of U for the
set of 7/ < min {70, 7%}, Which U arises in equilibrium depends on the expectations
of agents. To illustrate U in equilibrium, we follow the method of Hassler, Storesletten
and Zilibotti (2007) and introduce the critical rate of 7/ : 7¢ < min {7°°, 7%!}. The rate
7¢, which depends on the expectations of agents, is the highest tax rate that can yield

an unskilled old majority. For 77 > 7¢ the majority is the unskilled old. However,
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for 7/ < 7¢, the majority is either the skilled or the unskilled depending on agents’
expectations. Panel (a) in Figure 3 illustrates the case where the tax rate 7¢ is the
highest rate that produces the skilled majority; panel (b) illustrates the case where 7% is
the highest tax rate that produces the skilled majority.

Given the definition of 7¢, the function is now reduced as follows. The solution is
given by:
{U°(), UN)} it T <7

U(r}) if <)<

T <7 <70

or 0 <7/ <1

(12)
Uo(rf) if

where U°(7/) and U'(7}) are defined by:

Ja-mrea{a-om- 10201,

(1—7/).

1—

U(r)

N — N~

Uty =1-

The superscripts “0” and “1” imply 0% and 100% taxation on the old, respectively.

3.3 The Determination of 7Y% and the Characterization of the
Political Equilibria

Given the characterization of T° and U satisfying equilibrium conditions 1 and 2, respec-
tively, we now consider the tax rate on the young, 7/, that satisfies equilibrium condition
3. Because there are two possible cases of majority, we introduce corresponding defini-
tions of the political equilibria: an wunskilled-majority equilibrium and a skilled-majority
equilibrium.

The first equilibrium condition given by (9) implies that when the majority is the
unskilled, there are two sorts of unskilled-majority equilibria: one is the equilibrium where
agents expect no taxation on the old (77, = 0) and choose 7/ to induce an unskilled
majority at time ¢ + 1 (usr1 > 1/2); the other is the equilibrium where agents expect
taxation on the old (72, = 1) and choose 7¢ to induce an unskilled majority at time ¢ +1
(ugr1 > 1/2). In contrast, when the majority is the skilled, there is a skilled-majority
equilibrium where agents expect no taxation on the old (7., = 0) and choose 7/ to induce
a majority of the skilled at time ¢ + 1 (uzyq < 1/2).

Before proceeding to the analysis, we note the following properties in order to find
7/ that satisfies equilibrium condition 3: (i) Z(7/,0) > Z(7/,1) for any 77/ € [0, 1]; and
(ii) Z(7/,0) and Z(7/,1) attain the tops of the Laffer curves at 77 = 7% and 7/ = 1/2,

max

12



respectively, where:

Z0 __
Thax =

L+ B{(1 = 67) —~(1 = 0)/4}].

DN —

Given these properties with equilibrium conditions 1 and 2, revenue from the young is
illustrated in Figures 4-6.

Figure 4 illustrates the case that produces the unskilled-majority equilibrium with no
taxation on the old: that is, revenue from the young is maximized under the expectation
of 77,1 = 0. In particular, panel (a) shows an interior solution where the revenue from

20

the young is maximized by setting the tax rate, 750 = argmax Z(7/,0), that attains the

top of the Laffer curve. Such a choice is impossible in the case illustrated in panel (b):

the revenue from the young might be maximized at 77 = 7.

[Figure 4 about here.]

Figure 5 also illustrates the case that produces the unskilled-majority equilibrium.
However, the current case differs from that illustrated in Figure 4 in that it is rational
to expect taxation on the old. That is, the revenue from the young is represented by
Z(1Y,1). Panel (a) illustrates an interior solution where the revenue from the young is
maximized by setting the tax rate that attains the top of the Laffer curve Z(7¥,1): 7/ =

argmax Z(7/,1) = 1/2. Panel (b) illustrates the case where such a choice is impossible.
[Figure 5 about here.]

Finally, Figure 6 illustrates the case that produces the skilled-majority equilibrium.
As shown in the previous section, the skilled agents might form the majority when the
tax rate on the young is below the critical rate 7¢. Panel (a) illustrates the case where 7¢
is the highest tax rate that realizes the skilled majority. The revenue from the young is
maximized at 7 = 7¢ when the majority is the skilled. In contrast, panel (b) illustrates

the case where the maximizing tax rate is 7°°, which is higher than 7¢.
[Figure 6 about here.]

Based on the above-mentioned argument, we will derive the condition for the existence

of each type of equilibrium. For notational convenience, we define:

1
(1=67)— 30— 6)

¢
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3.3.1 Unskilled-majority Equilibrium with No Taxation on the Old

We first characterize an unskilled-majority equilibrium with no taxation on the old.
Proposition 1:
(i) Suppose that the following condition holds:

1—7v-(1+6)

<¢-|1-2-
pseé 1—0y

There exists a set of unskilled-majority equilibria with no taxation on the old such
that Vt, T° is given by (9), U(7}) is given by (12) and TY = 72°%. The equi-
librium outcome is unique, such that Vt, 77/ = 720 10 =0, uy = 1 — (1/4) -

[L+8{(1=0y) = (v/H(1L = 0)}] and M*P > M.

(ii) Suppose that the following conditions hold:

1—~-(140) ‘ v
(a)¢'[1—2'w}<ﬂa (b)5§¢'1_977 and
1—0y 1—~(1+0)
@0 |2 - 150 <

There exists a set of unskilled-majority equilibria with no taration on the old such
that Vt, T° is given by (9), U(7}) is given by (12) and TY = 7%°. The equilibrium
outcome is unique, such that Vt, 7/ = 7, 72 =0, vz = 1 — v/2(1 — 0v) and
M > pdown,

[Figures 7 and 8 about here.|

Areas P.1(i) and P.1(ii) in Figures 7 and 8 indicate the sets of parameters satisfying
the equilibrium conditions in statements (i) and (ii) of Proposition 1, respectively. In par-
ticular, Figure 7 illustrates the set of parameters (/3,) for a given 6; Figure 8 illustrates
the set of parameters (f3,0) for a given 7.

The assumption in statement (i) ensures that the decisive voter can choose an interior
solution 7 = 720 . The young are taxed at the top of the Laffer curve, conditional on
their expecting no taxation when old as illustrated in panel (a) in Figure 4.

The first assumption in statement (ii) is the exact opposite of the assumption in
statement (i). This assumption implies that the decisive voter is unable to set an interior
solution 77 = 722 . The second assumption implies that it is feasible to set a corner
solution given by 77/ = 740, Therefore, the revenue from the young is maximized by
setting 7/ = 7%0 as long as the majority is the unskilled who expect no taxation on the

old.
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In this situation, there are, at most, two alternatives that may dominate the above-
mentioned corner solution: voting that induces a majority of the unskilled by setting
7, = argmax iy Z(7¢, 1) = 1/2; and voting that induces a skilled majority by setting
70 = 7¢(< 7). The former alternative cannot dominate the corner solution if it provides
less tax revenue from the young; that is, if Z(1/2,1) < Z(7%,0). The third assumption in
statement (ii) ensures that this condition holds. The latter alternative cannot dominate
the corner solution because it holds that Z(7%°,0) > Z(7%°,0) > Z(7¢,0).

As illustrated in Figure 7, given the discount factor 3, a higher ~ is required for
the existence of the unskilled-majority equilibrium with no taxation on the old. A high
~ implies that status in youth is less likely to persist into old age. Because efforts of
young individuals will be neutralized with a higher probability in the future, they have
a disincentive to invest in education; the unskilled agents form a majority. However, the
unskilled do not support a high tax rate on the old because of their hope for upward
mobility through educational investment in the later stage of life. Hence, given more
opportunity of upward mobility, there is a unique equilibrium that supports the POUM
hypothesis.

The parameter 6, solely capturing the effect of downward mobility risk, also affects the
realization of the unskilled-majority equilibrium with no taxation on the old. A higher
0 implies that the status in youth is less likely to persist into old age for the skilled
agents. This gives the young a disincentive to invest in education, thereby resulting in an
unskilled-majority equilibrium.

As a decisive voter, the unskilled choose no taxation on the skilled old rather than
taxation on them when 6 is high. The reason for this choice is as follows. A higher 6
implies a smaller number of skilled old and thus a smaller redistribution benefit from
taxation on the skilled old. Given a high 6, the redistributive benefit is outweighed by the
expected tax burden of the unskilled who become the skilled via reinvestment in education
in old age. Therefore, the equilibrium supporting the POUM hypothesis is more likely to
exist when 6 is high.

Proposition 1 shows that the number of upwardly mobile agents is larger than the
number of downwardly mobile agents. The mechanism behind this result is as follows.
First, yu is the number of unskilled who have an opportunity of becoming skilled in old
age. This is larger than the number of skilled who have a possibility of becoming unskilled
in old age, 0v(1—u), because u > 1/2 holds in an unskilled-majority equilibrium. Second,
for the unskilled who have opportunities of upward mobility, the probability of becoming
skilled is equal to the probability of becoming unskilled for the skilled who face the risk

5 = ¢ = 1/2. Therefore, the number of upwardly mobile

of downward mobility: 1 — e
agents is given by wy/2, which is greater than the number of downwardly mobile agents

given by (1 —u)fv/2.
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3.3.2 Unskilled-majority Equilibrium with Taxation on the Old

The next proposition provides a characterization of an unskilled-majority equilibrium with

taxation on the old.

Proposition 2:
Suppose that the following conditions hold:

1 1—9(1+96)

< .
VEgrgA<e —0y

and:

-0y 1-7(1+0)
4~ 1— 6~

() B> =g or () F<o o and <o

There exists a set of unskilled-magority equilibria with taxation on the old such that
Vt, T° is given by (9), U(7)) is given by (12) and TY = 1/2. The equilibrium
outcome is unique, such that Vt, 7¥ = 1/2,7° = 1,u = 3/4 and M = (0 < Mdvn,

Area P.2 in Figures 7 and 8 indicate the set of parameters satisfying the equilibrium
L implying

that given the expectation of 77, = 1, agents can choose 77 = argmax Z(7/,1) = 1/2

conditions in Proposition 2. The first condition is derived from 1/2 < 7%

to attain the top of the Laffer curve Z(7/,1). In addition, it is infeasible to set 7/ =
arg max Z(7/,0), which attains the top of the Laffer curve Z(7/,0).

In this situation, there are, at most, two alternatives that may dominate the current
option: voting that induces a skilled majority by setting 7/ = 7¢(< 7%9) with the expec-

tation of 72, = 0, and voting that induces an unskilled majority by setting 77/ = 7%

with the expectation of 77, = 0. The second condition, derived from el > 750 im-

plies that for the range of 77 € [0, 7], there are multiple, self-fulfilling expectations of
agents. The current option (7,77,) = (1/2,1) dominates the first alternative option
(1, 700) = (7%,0) with 7¢ < 7°0 as long as the expectation 7¢ is low. Whether 7¢ is set
to be low depends on the expectations of agents.

The first part of the third assumption, denoted by (a), implies that setting 7/ = 740
with the expectation of 7, = 0 is unavailable for the decisive voter; the second part,
denoted by (b), implies that such a setting is available but produces a lower revenue from
the young: Z(7%°,0) < Z(1/2,1). Therefore, under the third assumption, the current
option (7, 72,) = (1/2,1) dominates the second alternative option (7¢,72,,) = (7%, 0).

Proposition 2 shows that in the unskilled-majority equilibrium with taxation on the
old, the number of upwardly mobile agents is smaller than the number of downwardly

mobile agents. This result is opposite to that in the unskilled-majority equilibrium with
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no taxation on the old as in Proposition 1. The opposite result comes from the fact that
there are no upwardly mobile agents because of 100% taxation on the old. Whether the
old are taxed or not critically affects the relative size of upwardly and downwardly mobile

agents.

3.3.3 Skilled-majority Equilibrium with No Taxation on the Old
Having established the unskilled-majority equilibrium, we next provide the existence of a
skilled-majority equilibrium.

Proposition 3:

(i) Suppose that the following condition holds:

- 6
ﬁ>max{¢'l 17_(15 )’¢’1j9y}'

There exists a set of skilled-majority equilibria with no taration on the old such
that Vt, T° is given by (9), U(1}) is given by (12) and TY = 7°. The equilibrium
outcome is unique, such that Vt, 7¥ = 1750, 7° = 0,u = 1/2 and M*? > M%¥*". The

equality of M™ = M holds if and only if 6 = 1.

(ii) Suppose that the following conditions hold:

Y 1—~(1+0) 1
5>¢'1_67,5§¢'Wand52¢'(Z)-

There exists a set of skilled-magority equilibria with no taxation on the old such
that Vt, T° is gwen by (9), U(7Y) is given by (12) and TY = 7¢(< 7°9). The
equilibrium outcome is indeterminate, such that Vt, 7v = 7¢,7° = 0,u = 1 —
(1 —7¢) 4+ B{(1 —0y) —~v(1 —0)/4}] /2 and M = M@ if and only if ¢ =
(1—-6)/(1+40)+ 7.

The area marked P.3(i) in Figures 7 and 8 indicates the set of parameters satisfying
the equilibrium conditions in statement (i) of Proposition 3. The first assumption in
statement (i) is derived from the condition 7°° > 7%!. This condition implies that under

Y irrespective of the

the expectation of 77, = 0, the decisive voter can choose 77/ = 7°
expectation of 7¢. If the condition fails to hold, there are multiple expectations within
the range of 7 € [0,7%Y]; the decisive voter cannot choose 77 = 7% definitely under the
expectation of 77, = 0. That is, the choice of 7¥ depends on the expectations of agents.

The second assumption in statement (i) implies that it is infeasible for the decisive

voter to set the two tax rates on the young, demonstrated in Proposition 1, under the
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expectation of 72, = 0. If possible, either of them dominates the current choice 7/ = 7.

Therefore, under the second assumption, the available choice for the decisive voter is
limited to the range of [0,7°°] as long as he/she expects 72,, = 0. Given that Z(7/,0) is
increasing in 7/ for that range, setting 77 = 70 is the revenue-maximizing behavior under
the expectation of 77, ; = 0.

The area marked P.3(ii) in Figures 7 and 8 indicates the sets of parameters satisfying
the equilibrium conditions in statement (ii) of Proposition 3. The first assumption in
statement (ii) implies that it is impossible for the decisive voter to set the two tax rates on
the young, demonstrated in Proposition 1, under the expectation of 77, = 0. If possible,
either of them dominates the current choice 77/ = 7¢(< 7°}). Given that Z(77,0) is
increasing in 7/ for 7/ € [0, 7°), setting 7 = 7¢ is the revenue-maximizing behavior under
the expectation of 72, = 0 as long as [0, 7°) is a feasible range of 7/.

Given the above argument, the remaining alternative options for the decisive voter are

to set 7/ = 750

irrespective of expectations on 7{ under the expectation of 72, = 0, or to
set 7 = argmax Z(1/,1) = 1/2 under the expectation of 77, ; = 1. The second assumption
in statement (ii) implies that the option of (7¥,72,) = (7°°,0) is unavailable for the
decisive voter; otherwise, this option dominates the current choice: Z (7%°,0) > Z(7¢,0).

The third assumption in statement (ii) ensures that there exists a 77/ = 7° that sustains
the choice of (77, 77, ;) = (7¢,0) against the choice of (77, 77,;) = (1/2,1) as an equilibrium:
Z(7¢,0) > Z(1/2,1). This inequality condition is rewritten as 7¢ > 7 where:

14750 — /[1L+ 750 — 1
5 :

N
[l

0 7¢ must be set within the range [7, 7%°] in order that Z(7¢,0) >

As 7€ is bounded above 7°
Z(1/2,1) holds. The third assumption ensures that the set [, 7%°] is nonempty.

In the skilled-majority equilibrium, there is no taxation on the old. This implies that
the probability of becoming skilled for the unskilled who have opportunity for upward
mobility is equal to the probability of becoming unskilled for the skilled who face the risk
of downward mobility: e®* = 1 — €% = 1/2. Thus, the relative number of upwardly and
downwardly mobile agents depends on the number of unskilled with a mobility opportu-
nity, 7(1 — e¥), and the number of skilled with mobility risk, 0~eV.

When the economy attains the equilibrium in statement (i) of Proposition 3, the tax
rate on the young is 7¢¥ = 70, which results in ¢/ = 1/2. Thus, the number of unskilled
young, v(1 —e¥), is larger than or equal to the number of skilled young, #ve¥; an equality
holds if and only if # = 1. When the economy attains the equilibrium in statement (ii) of
Proposition 3, the tax rate on the young is 7¥ = 7°, which depends on the expectations

of agents. A higher 7¢ leads to a lower probability of becoming skilled in youth. Thus,
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(1 —e¥) > OyeY (that is, M > M) is more likely to hold if 7¢ is set to be higher by

agents.

3.4 Effects of Mobility Opportunity and Risk on the Character-

ization of Political Equilibria

In what follows, we provide an interpretation of the results established in Propositions
1-3 by focusing on v and 6, respectively. First, let us consider the effect of the parameter
~ by utilizing Figure 7 where 6 is fixed at § = 0.8. Given (3, there is a threshold value
of £ such that the equilibrium is characterized by the unskilled majority who support no
taxation on the old as demonstrated in Proposition 1. When v is above the threshold
value, agents have a high probability of second opportunities for upward mobility. This
implies that agents have excellent prospects of upward mobility in old age; this prospect
gives agents a disincentive to invest in education in youth. Therefore, a high v leads to a
majority of unskilled agents who prefer no taxation on the old. The POUM hypothesis,
supported by the US data (Benabou and Ok, 2001; Alesina and La Ferrara, 2005) holds
when v is above the threshold value.

When ~ is below the threshold value, there is no equilibrium that supports the POUM
hypothesis. This is because given few opportunities for second opportunities, the status
in youth is highly persistent in old age. The unskilled and skilled agents are expected to
remain unskilled and skilled in old age with a high probability; therefore, the unskilled
agents prefer taxation on the skilled old whereas the skilled prefer no taxation on the
skilled old. The majority becomes the unskilled when agents attach a low value to old-
age utility, whereas it becomes the skilled when they attach a high value to old-age utility.
The equilibrium outcome depends on the expectations of agents.

Next, consider the effect of 6 by utilizing Figure 8 where v is fixed at 0.4. By fixing
the value of 7, we can focus exclusively on the effect of downward mobility risk, and we
are insulated from the prospect of upward mobility captured by the parameter . As
demonstrated in Figure 8, given (3, the economy is more likely to be in the unskilled-
majority equilibrium with no taxation on the old when the risk of downward mobility is
higher. Therefore, a higher probability of downward mobility also produces the equilib-
rium that supports the POUM hypothesis. The mechanism behind this result is given in
the paragraph following Proposition 1. Although the parameters v and 6 have different
implications for mobility, they lead to similar results with regard to the emergence of the

equilibrium supporting the POUM hypothesis.
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4 Numerical Analysis

So far, we have characterized the political equilibrium and qualitatively assessed the
impacts of mobility opportunity (represented by ) as well as downward mobility risk
(represented by 6) on the determination of tax rates and earnings mobility. To facilitate
an understanding of the political equilibria, this section investigates numerically how
opportunity and risk affect the expected utility of the young via tax rates (7¥ and 7°) and
the probability of success in youth (e¥).

For the purpose of analysis, we assume a generation to be 20 years in length. The
first and the second periods correspond to, for example, ages 25-44 and 45-64 years,
respectively.> Our selection of 3 is 0.98. Because the agents under the current assumption

plan over generations that span 20 years, we discount the future by (0.98)% ~ 0.6676.

4.1 Effects of Upward Mobility Opportunity

The solid curves and shaded area in Figure 9 illustrate how the parameter 7y, representing
the mobility opportunity in the economy, affects the tax rate on the young (panel (a)),

the probability of becoming skilled in youth (panel (b)) and the expected utility of the
young (panel (c)).

[Figure 9 about here.]

In the current environment where 6 is fixed at 0.8, there is a threshold value of ~,
denoted by 4 = 0.3433, that divides the range of v into two intervals. One interval, which
is less than the threshold value, is called the “low-mobility economy” the other inter-
val, which is more than the threshold value, is called the “high-mobility economy.” The
low-mobility economy is featured by multiple equilibria: there is the skilled-majority equi-
librium as in Proposition 3(ii) and the unskilled-majority equilibrium as in Proposition 2.
The better-opportunity economy is featured by a unique, unskilled-majority equilibrium
supporting the POUM hypothesis as in Proposition 1. In particular, the equilibrium has
a corner solution as in Proposition 1(ii) for a smaller subinterval of v whereas it has an

interior solution as in Proposition 1(i) for a larger subinterval of .

4.1.1 Tax Rate on the Young

Panel (a) in Figure 9 depicts how the tax rate on the young is affected by the parameter

~. Let us first consider the low-mobility economy featured by multiple equilibria. The

3The length of this period is shorter than the usual assumption, for example, 30 years. We adopt
the shorter period because the current model assumes that agents work in both periods of life. Taking a
longer period does not qualitatively affect the result shown below.
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tax rate on the young in the skilled-majority equilibrium depends on the expectations
of agents. The young in the skilled-majority equilibrium may or may not bear a heavier
tax burden than in the unskilled-majority equilibrium depending on the expectations of
agents.

At the threshold value of 7, an increase in v leads to a jump in the tax rate. This
sharp increase comes from a change in the choice of the old who want to maximize the tax
revenue from the young. When 7 is below the threshold value, young individuals have a
strong incentive to invest in education. The old utilize this incentive by imposing a lower
tax rate on the young and thus expanding the tax base (i.e., the number of skilled young).
In contrast, when = is above the threshold value, young individuals have a weak incentive
for educational investment even if their tax burden is small. In this case, the old impose
a higher tax rate on the young to increase tax revenue from each skilled young individual.

Next, consider the high-mobility economy featured by a unique unskilled-majority
equilibrium supporting the POUM hypothesis. For this range of v, an increase in ~ leads
to a decrease in the tax rate on the young. In particular, a sharp decrease is observed
at first; then a gradual decrease is observed. The difference between the two cases comes
from the property of the equilibrium tax rates. The tax rate on the young is featured by
a corner solution in the former case, whereas it is featured by an interior solution (that
is, the top of the Laffer curve) in the latter case. This difference in solution properties
results in a quantitative change in the value of + that divides the range supporting the

POUM hypothesis into two subintervals.

4.1.2 Probability of Becoming Skilled in Youth

Given the determination of the tax rate on the young described above, we now consider
how the probability of becoming skilled in youth, €Y, is affected by the parameter v. The
probability is given by e¥* = [(1 —7Y) + S{(1 = 67)(1 — 7°) — (1 — 0)(1 — 7°)%/4}] /2.
This probability indicates that the parameter v has two effects on €Y : economic and po-
litical effects. The economic effect implies that an increase in v leads to less persistence of
agents’ status in youth. This gives young individuals a disincentive to invest in education,
thereby resulting in a lower probability of becoming skilled in youth. On the other hand,
the political effect implies that an increase in 7 affects the determination of the tax rates
7Y and 7°, which in turn affects the decision on educational investment.

Panel (b) of Figure 9 illustrates how the probability of becoming skilled in youth, €Y, is
affected by the parameter . For the low-mobility economy featured by multiple equilibria,
the tax burden over the life cycle is heavier in the unskilled-majority equilibrium than
in the skilled-majority equilibrium because the tax rate on the old is 100% in the former

equilibrium whereas it is zero in the latter equilibrium. Because of this tax-burden effect,
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the probability of becoming successful in education in the unskilled-majority equilibrium
is lower than that in the skilled-majority equilibrium.

Next, consider the high-mobility economy featured by a unique unskilled-majority
equilibrium supporting the POUM hypothesis. For the range of v that realizes a corner
solution, the political effect is positive and large because an increase in v leads to a sharp
decrease in the tax rate on the young. The positive political effect dominates the negative
economic effect, which results in an increase in €Y. However, for the range of v that realizes
an interior solution, the political effect is positive but small because an increase in v leads
to an imperceptible decrease in the tax rate on the young. The negative economic effect
dominates the positive political effect, which results in a decrease in e¥. Although patterns
of taxation are qualitatively similar between the two cases of solutions, the quantitative
effects of the mobility opportunity on the probability of becoming skilled in youth differ

between them.

4.1.3 Expected Utility of the Young

Panel (c) of Figure 9 illustrates how the parameter v affects the expected utility of the
young. First, consider the low-mobility economy featured by multiple equilibria. The
young obtain a higher level of expected utility in the skilled-majority equilibrium than
in the unskilled-majority equilibrium because the skilled-majority equilibrium requires a
lower tax burden for the old and thus realizes a higher probability of becoming skilled in
youth.

Next, consider the high-mobility economy featured by a unique unskilled-majority
equilibrium supporting the POUM hypothesis. In this economy, the effect on the utility
parallels the effect on the probability of becoming skilled in youth. In particular, for the
range of v that attains a corner solution, an increase in v improves the expected utility of
the young through an increase in the probability of becoming skilled in youth. However,
for the range of v that attains an interior solution, an increase in vy decreases the expected
utility of the young through a decrease in the probability of becoming skilled.

In the unskilled-majority equilibrium, a greater opportunity of mobility improves the
expected utility of the young only if the economy attains the corner-solution equilibrium
supporting the POUM hypothesis. This implication heavily depends on the endogenous
determination of the tax rates via voting. When the tax rates are exogenously given, the
expected utility is definitely decreased by increased opportunity of mobility because the
political effect is the only source of an increase in the probability of becoming skilled in
youth and an improvement in the expected utility of the young. Our analysis and results
suggest that redistributive politics could play an important role when we evaluate the

effect of mobility opportunity from the viewpoint of utility.
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4.2 Effects of Downward Mobility Risk

So far, we have conducted a numerical analysis by taking 6, representing the downward
mobility risk for the skilled individuals, as given. In order to demonstrate the effect
of downward mobility risk clearly, we set v equal to 0.4, and quantitatively assess the
impact of a change in #. The solid curves and shaded area in Figure 10 illustrate how the
parameter 6 affects the tax rate on the young (panel (a)), the probability of becoming

skilled in youth (panel (b)) and the expected utility of the young (panel (c)).
[Figure 10 about here.]

As in the analysis of v, there is a threshold value of 6, given by 6 = 0.5015, that
divides the range of 0 into two intervals. One interval, which is less than 0.5015, is called
the “low-risk economy”; the other interval, which is more than 0.5015, is called the “high-
risk economy”. The low-risk economy is featured by multiple equilibria: these are the
skilled-majority equilibrium as in Proposition 3(ii) and the unskilled-majority equilibrium
as in Proposition 2. The high-risk economy is featured by a unique unskilled-majority
equilibrium with a corner solution, supporting the POUM hypothesis as in Proposition
1(ii).

Figure 10 demonstrates that the effects of 6 on the tax rate on the young, the proba-
bility of becoming skilled in youth and the expected utility of the young are qualitatively
similar to the effects of v. For example, in the low-risk economy, the expected utility is
higher in the skilled-majority equilibrium than in the unskilled-majority equilibrium; in
the high-risk economy featuring a corner solution supporting the POUM hypothesis, a
higher risk improves the expected utility of the young. In other words, mobility opportu-
nity represented by v and downward mobility risk represented by 6 produce qualitatively

similar economic and political consequences.

5 Ramsey Allocation

In this section, we characterize a Ramsey allocation as a feasible plan chosen by a benev-
olent social planner who can commit to a policy sequence at time zero (Subsection 5.1).
The Ramsey allocation derived here will be compared with the political equilibria in order

to consider the normative aspect of the politics (Subsection 5.2).
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5.1 Characterization of the Ramsey Allocation

The Ramsey allocation solves the following problem:

max 3 {(1 — uo)V*(s0, 75) + oV (s0,75)} + Z NV (e, 51, 80401, T8 TH),s
=0

where A € (0,1) is a discount factor and uy € [0, 1] is the initial distribution. The term
(1 — ug)V? is the utility of the initial skilled old V° multiplied by their proportion
1 — ug, the term uoV°" is the utility of the initial unskilled old V°* multiplied by their
proportion ug and the term Y .o  A"V}? is the discounted sum of the utility functions of
the successive young generations.

Given the educational investments (4) and (5) and the government budget constraint,
the problem can be rewritten as a simple static problem (see the appendix for the deriva-
tion of the following expression):

max Lo+ (13)

9€[0,1] 1-X
where:
Lo = B1-78) [(1 = wo)(1 = 69) + 11— ) {1 — wo)6 + o} | + 5 (B+ X)W (58, w0) (14
and:

L=
4

N | —

(BN [Z(7Y,7°) + AW (72,1 — ¥ (7Y, 7)) |+ A |:<€y(7'y,7'0))2 + @(1 —7°)%| . (15)

The problem implies that after the initial choice of 7§, the problem reduces to a sequence of
identical static optimization problems over 7¥ and 7°. The next proposition characterizes

the solution of the Ramsey problem.

Proposition 4: The allocation solving the Ramsey problem has:

) 0 it A<p
Th =
7 min {1,352 (GG 0} it a8
and a constant sequence of tazes, 7Y and T°, given by:

(5 1+ 8(a—-0m-22)]0) it a<p
(79, 7°) = (0,0) if A=8
(0, min {1, 7°}) it A>p
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where 7° is a 7° that satisfies:

o A=ARA-0y) ~ (4/2)A-0A-7)}e’(0,7°) + (v/2) A - 7)]
(1/2)(B+ ) [v = (1 = 0)ev(0,7°) + B{(1 = 67) = (v/2)(1 = 6)(1 — 7°)}"]

Proposition 4 states that the tax rates in the Ramsey allocation depend on the relative
magnitude between § and \. For A > 3, the planner attaches a larger weight to the young
and a smaller weight to the old: the tax burden falls on the old. For A = 3, the planner
attaches the same weights to the young and the old, but finds it optimal to set no tax on
both of them. For A < 3, the planner attaches a larger weight to the old and a smaller
weight to the young: the tax burden falls on the young.

Based on the solution of the Ramsey problem in Proposition 1, we can show under
what condition the number of upwardly mobile agents is more or less than the number
of downwardly mobile agents in the Ramsey allocation. In particular, we focus on mobile
agents after period 1; the period-0 mobile agents are abstracted from the analysis because
their number is determined by the initial distribution wuy.

In period t > 1, the numbers of upwardly and downwardly mobile agents in the
Ramsey allocation are compared as follows. The derivation of the following result is given
in the Appendix.

(i) When A < g

M if and only if

>
Voo A A0+ {1 —07) — (1/)y(1 - 0)}]
ST AL+ 8{1—0y) - (/A1 -0}

(16)
(ii) When A\ > g:

MY = M if and only if

L= B{(L= (1 =) = (/)1 = 1= 7%} _ 1477
T+ B (= )T — ) — (A -0 -7 = 1—77

where 7° = min {1, 7°}.

For A\ < 3, there is no tax burden on the old and the tax burden falls entirely on the
young (Proposition 4). The former property implies that the probability of being skilled
in old age is high so that the number of upwardly mobile agents is large. The latter
property implies that the probability of being skilled in youth is low so that the number of
potentially upwardly mobile agents is large. Given these two features, a natural prediction
is that the number of upwardly mobile agents is larger than the number of downwardly
mobile agents.

This prediction is not necessarily true. When A is sufficiently low such that A is below
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the critical value, 5\, given in (16), the prediction is actually true. However, for A above
the critical value, the prediction fails to hold: the number of upwardly mobile agents
is smaller than the number of downwardly mobile agents. The mechanism behind this
counterintuitive result is as follows. A larger weight on the young leads to a lower tax
rate on the young. This results in a higher probability of being successful in youth and
thus a larger number of agents who potentially experience downward mobility in old age.
Because of this size effect, the number of downwardly mobile agents becomes larger than
the number of upwardly mobile agents when A is above the critical value.

For A > 3, there is no tax burden on the young and all the tax burden falls on the
old (Proposition 4). The former property implies that the probability of being skilled in
youth is high so that the number of potential downwardly mobile agents is large. The
latter property implies that the probability of being skilled in old age is low because of
the heavy tax burden. Given these two features, the number of downwardly mobile agents
is larger than the number of upwardly mobile agents as long as the effect of the latter
property is large such that a 100% tax rate is levied on the old. However, the opposite
result holds if the tax rate on the old is less than 100% and the downward mobility risk,
represented by 6, is low. Therefore, the relative size of upwardly and downwardly mobile
agents depends on the Ramsey tax rate on the old as well as the downward mobility risk

when A > (.

5.2 Normative Aspect of Political Equilibria

Based on the characterization of the Ramsey allocation above, let us discuss the normative
aspects of the political equilibria. Figures 9 and 10 illustrate numerical examples that
compare the political equilibria with the Ramsey allocation in terms of the tax rate on
the young, the probability of becoming skilled in youth, the expected utility of the young
and upward and downward mobility.

First, consider the unskilled-majority equilibrium with no taxation on the old (Propo-
sition 1). This equilibrium bears some resemblance to the Ramsey allocation in the case
of A < min(g, /A\)7 where the tax burden falls on the young and the number of upwardly
mobile agents is larger than the number of downwardly mobile agents (see Proposition
4). This implies that when the economy is featured by higher prospects of upward and
downward mobility such that the POUM hypothesis is supported, the political economy
attains an allocation qualitatively similar to the Ramsey allocation as long as the Ramsey
planner attaches a low weight to the young such that A < min(/, 5\)

Next, consider the unskilled-majority equilibrium with taxation on the old (Proposi-
tion 2). The equilibrium has a resemblance to the Ramsey allocation in the case of A > £,

where the tax burden falls on the old. However, there is a difference in that the Ramsey
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planner does not impose the tax on the young, while they are taxed in the political equi-
librium presented in Proposition 2. There is also a difference in mobility: there are some
upwardly mobile agents in the Ramsey allocation, while there are no upwardly mobile
agents in the political equilibrium in Proposition 2.

Finally, consider the skilled-majority equilibrium (Proposition 3). This equilibrium
bears some resemblance to the Ramsey tax in the case of A < 3, where the tax bur-
den falls on the young. However, this resemblance is not firm because under the set of
parameters that attain the skilled-majority equilibrium, there may also be the unskilled-
majority equilibrium presented in Proposition 2. In the situation of multiple equilibria,
the political economy may or may not attain an allocation qualitatively similar to the
Ramsey allocation depending on expectations of agents and the planner’s weight to the
young. In addition, the qualitative property of mobility in the political equilibrium may
or may not be similar to that in the Ramsey allocation depending on the expectations of

agents.

6 Conclusion

This paper presented a simple theoretical model that includes earnings mobility and
redistributive politics. The model demonstrates a mutual link between mobility and
redistributive politics, and gives a comparison between the political equilibrium and the
Ramsey allocation in terms of mobility and redistributive policy.

The contribution of this paper is twofold. First, the model draws a distinction between
upward mobility opportunity and downward mobility risk, but it shows that two factors
play similar roles in the characterization of political equilibria. That is, the economy
is more likely to attain a unique, unskilled-majority equilibrium supporting the POUM
hypothesis when the opportunity and risk are higher. Second, efficiency of the political
equilibria in terms of mobility and redistributive policy depends on the expectations of
agents.

The results established in the paper have the following empirical and policy impli-
cations. Empirical evidence shows that among Western European countries, there is an
appreciable difference in redistribution and earnings mobility. In particular, the US is
characterized by higher earnings mobility and lower redistribution compared with West-
ern European countries such as Denmark, France, Germany, Italy, Sweden and the UK
(OECD, 1996). In the US, the current poor do not support high redistribution because
of the hope of upward mobility in the future. By contrast, in Europe, people who fail in
education or acquisition of high skills are supported by high redistribution. Furthermore,

even in Western European countries, there is also a cross-country difference in earnings
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mobility and redistribution (Atkinson, Bourguignon and Morrisson, 1992; OECD, 1996).
For example, the UK is featured by higher mobility and lower redistribution compared
with the other countries. The difference is also observed between Scandinavian and con-
tinental European countries.

The analysis and the results in this paper provide one possible explanation for the
above-mentioned cross-country differences. Keys to the explanation are (i) upward mobil-
ity opportunity and downward mobility risk; and (ii) multiple, self-fulfilling expectations
of agents. A high-mobility economy featured by a unique, unskilled-majority equilibrium
with no taxation on the old, which supports the POUM hypothesis, gives an explanation
for the US economy with low redistribution supported by the majority of low-income
agents. In contrast, a low-mobility economy featured by multiple equilibria gives one
possible explanation for the cross-country differences among European countries.

Our numerical analysis provided an interesting policy implication for mobility; that
is, an increase in the mobility opportunity may improve the expected utility of the young
under a certain condition. This result depends heavily on the political determination of
redistribution taxes. An increase in mobility opportunity might induce voters to set a
lower tax rate on the young. This gives the young an incentive to invest more in educa-
tional investment, which results in an improvement in the expected utility of the young.
Such a positive mechanism never holds in an economy without an endogenous response of
tax rates via voting. Our result therefore indicates that the mobility opportunity might be
beneficial from the viewpoint of utility when the mobility is associated with redistributive
politics.

To obtain these results, we simplified the analysis by adopting a simple lump-sum
transfer scheme. We did not consider alternative policy methods, for example, transfers
that target the elderly or the poor. In addition, we did not consider differences in abil-
ity by assuming homogeneous agents. However, we believe that this paper provides a
tractable framework for explaining the cross-country differences in earnings mobility and
redistribution policy and for examining the efficiency implications of mobility opportunity

and risk.
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7 Appendix

7.1 Proof of Proposition 1

(i) Suppose that at time ¢, agents know that 77 = argmax Z(7/,0) = 72°_ and expect

max
o — .
77, = 0. Then:

Uppr = 1 — €' (7705, 0)
:1_211 [1+5{(1—97>—@H
> 1/2,

where the last inequality comes from g € (0,1] and v,0 € [0,1]. By (9), this implies
that 72, = 0, fulfilling initial expectations. Therefore, there exists an unskilled-majority

equilibrium with no taxation on the old if the decisive voter finds it optimal to set 77/ =
20
-

max*

To establish that setting 77/ = 72% is optimal for the decisive voter, we note the
y

following properties of the function Z : (a) Z(7/,0) is concave in 7/ and is maximized
at 7/ = argmax,vepq Z(7/,0) = 700; and (b) Z(7/,0) > Z(7/,1)V1{ € (0,1]. These

max’

properties imply that setting 77/ = 72% is optimal if this setting is feasible under the
expectation of 72, = 0, Le., if 7% < 720 . The inequality is rewritten as:
1—v-(1+4
B<¢-[1-2- w :
1—60~

which is equivalent to the assumption in statement (i) of Proposition 1. Panel (a) of
Figure 4 illustrates the revenue from the young under Proposition 1(i).

Given 7Y = 729

max

Y O R R

O.

and 7° = 0, €Y, €°° and e’ are calculated as:

4 4

IR G 11}

ppon — 0 [1+ﬁ{(1—97>—u}] -

which leads to:

MY =

bo =2

co

4

Direct calculation yields M"P — Mdown > ().
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(ii) Suppose that at time ¢, agents know that 7/ = 7%° and expect 72, = 0. Then:

U1 =1 —e€¥" (T“O, O)
T
2(1—0)

> 1/2,

=1

where the last inequality holds under Assumption 1. By (9), this implies that 77, = 0,
fulfilling initial expectations. Therefore, there exists an unskilled-majority equilibrium
with no taxation on the old if the decisive voter finds it optimal to set 77/ = 740,

To establish that setting 77/ = 7%° is optimal for the decisive voter, we first note that

setting 77/ = 740 is feasible if and only if 7/ = 70 < 1, i.e.:

(17)

This is the second assumption given in Proposition 1(ii).

Second, setting 7/ = arg max,yejo,1 Z (77, 0) is infeasible if and only if 770, < 7, that

max

is:
1—~(1+0)
|l =2 <. 18
¢ 1—0y P (18)
This is the first assumption given in Proposition 1(ii). If (18) fails to hold, 7/ = 7% is

dominated by 77/ = 72%_because Z(7,0) is maximized at 7/ = 720

max max"*

Given conditions (17) and (18), the revenue from the young is illustrated in panel

ot Figure 4. e relevant payoll function i1s Z(7;, or 77, < 7° an T, or
b) of Fi 4. The rel ff function is Z(7/,0) for 7/ ¢ and Z(7/,1) fi

77/ < 7%1. Given the properties such that Z(7/,0) is increasing in 7/ for 7/ € (0,7¢) with

7¢ < 79 and decreasing in 7/ for 7/ € (7%°,1), and argmax Z(7/,1) = 1/2, an alternative
option is to choose (i) 7/ = 7° under the expectation of 77, = 0, or (ii) 77/ = 1/2
under the expectation of 77, = 1. The original option dominates the first alternative if
Z(1"00) > Z(7%°,0) holds, i.e., if the second assumption in Proposition 1(ii) holds. The
original option dominates the second alternative if Z(7*Y,0) > Z(1/2,1) holds, i.e., if the
third assumption in Proposition 1(ii) holds.

O.

Given 7¢ = 79 and 7° = 0, €Y, €°® and e are calculated as:

e¥ — v €0 — %% — 1
2(1 —6v)’ 2’
which leads to: o )2
U i i down i
MP=—-11———| M = —
2 { 2(1 - 97)1 ’ 41— )

Direct calculation yields M"P — Mwn > (), ]

30



7.2 Proof of Proposition 2

The first assumption in the statement of Proposition 2, v < 1/(2 + 6), is rewritten as
1/2 < 741, The assumption therefore implies that it is feasible to set 77/ = 1/2 under the
expectation of 77| = 1.

Suppose that at time ¢, agents know that 7/ = 1/2 and expect that 77, ; = 1. Then, 1—
e¥*(1/2,1) = w1 = 3/4. By (9), this implies that 72, = 1, fulfilling initial expectations.
Therefore, there exists an unskilled-majority equilibrium with 72, = 1 if the decisive
voter finds it optimal to set 77/ = 1/2.

To establish that setting 77/ = 1/2 is optimal for the decisive voter, we first note that

under the first assumption, it always holds that 720 < 799 because this inequality is

—1+~(24+0) 1 v(1—0)
= < pda-en - 26204,

rewritten as:

where the left-hand side is nonpositive as long as the first assumption, v < 1/(2 + 0),
holds, while the right-hand side is positive. Therefore, it is infeasible to set 77/ = 72%
with the expectation of 77, = 0 under the assumption of v < 1/(2 4+ 6).

Given this result, there are two alternative options: setting 7/ = 7¢ under the expec-
tation of 77, ; = 0, and setting 7/ = 7%° under the expectation of 72, = 0 provided that
this alternative option is feasible. The second assumption in the statement of Proposition
2 is rewritten as 7°° < 7%, Under this condition, there are multiple, self-fulfilling expec-
tations of agents as long as 7/ < 7°°. The current option, (7/,77,,) = (1/2,1), dominates
the first alternative option, (7¢,77,,) = (7¢,0) as long as 7° is set to be low such that
Z(1%,0) < Z(1/2,1).

The first part of the third assumption, denoted by (a), is rewritten as 7“° > 1. Under
this condition, it is infeasible to choose the second alternative option (7, 77.,) = (7%, 0).
In contrast, under the second part of the third assumption, denoted by (b), the sec-
ond alternative option is feasible but does not dominate the current option because the

assumption (b) is rewritten as:

Z(r°,0) < Z G 1) :

With (7, 72,) = (1/2,1), M*“? and M?*" are calculated as M*? = 0 and M%"" =
v/4. 1

7.3 Proof of Proposition 3

(i) Suppose that at time ¢, agents know that 7/ = 7% and expect 72, = 0. Then, 1 —

ev*(7%°,0) = uzy1 = 1/2. By (9), this implies that 72, = 0, fulfilling initial expectations.
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Therefore, there exists a skilled-majority equilibrium with 7., = 0 if the decisive voter
finds it optimal to set 77 = 7.
To establish that setting 77 = 7°0 is optimal for the decisive voter, we first note that

the first assumption in statement (i) of Proposition 3,

— 0
5>¢.%19;—)’

is derived from the condition 7°° > 7%!. This condition implies that under the expectation

of 72, = 0, the decisive voter can choose 77 = 7% irrespective of the expectation of 7¢.

The second assumption in statement (i) of Proposition 3,

"
8>¢ g

O implying that it is infeasible for the decisive voter to set the

two tax rates on the young, 77/ = 72% and 7%, demonstrated in Proposition 1, under

max

1s rewritten as 1 < 7%

the expectation of 77, = 0. Therefore, the available choice for the decisive voter is
limited to the range of [0,7°°] as long as he/she expects 72,; = 0. Given that Z(7/,0) is
increasing in 7/ for that range, setting 77/ = 70 is the revenue-maximizing behavior under
the expectation of 77, = 0.

Given (77, 721) = (79,0), we obtain eV = 1/2 and e®* = ¢°% = 1/2. M*? and M "™ are
calculated as M"P = (1—e¥)ye® = /4 and MP¥" = e¥0y(1—e%) = Ov/4. M > Miown
holds where an equality holds if and only if 6 = 1.

(ii) Suppose that at time ¢, agents know that 77/ = 7¢(< 7°%) and expect 77, = 0.
Then, 1 — e¥*(7%,0) = w1 < 1/2. By (9), this implies that 72, = 0, fulfilling initial
expectations. Therefore, there exists a skilled-majority equilibrium with 72, = 0 if the
decisive voter finds it optimal to set 7/ = 7°.

To establish that setting 7/ = 7¢ is optimal for the decisive voter, we first note that the
first assumption in statement (ii) of Proposition 3 is rewritten as 1 < 7“0, implying that it
is infeasible for the decisive voter to set the two tax rates on the young, demonstrated in
Proposition 1, under the expectation of 72, = 0. Given that Z(7/,0) is increasing in 7/
for 77 € [0, 7°), setting 77 = 7¢ is the revenue-maximizing behavior under the expectation
of 72,1 = 0 as long as [0, 7°) is a feasible range of 7.

Given the above argument, the remaining alternative options for the decisive voter

are to set 77/ = 7%

irrespective of expectations on 77/ under the expectation of 72, = 0,
or to set 7/ = argmax Z(7{,1) = 1/2 under the expectation of 72, = 1. The second
assumption in statement (ii) of Proposition 3 is rewritten as 7°° < 7%!_ implying that the
option of (7, 72,) = (7°°,0) is unavailable for the decisive voter; otherwise, this option

dominates the current choice: Z (7°,0) > Z(7¢,0).
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The third assumption in statement (ii) ensures that there exists a 7/ = 7¢ that sustains
the choice of (77,77, ,) = (7, 0) against the choice of (77, 7%,;) = (1/2,1) as an equilibrium:

Z(1¢,0) > Z(1/2,1). This inequality condition is rewritten as 7¢ > 7 where:

14 B{ =00 = (0/4) (1=} = L+ {1 =) = (1/4) - (- )} — 1
2

T =

14759 — [1+TSO]2—1
2

s0

As 7¢ is bounded above 7°°, 7¢ must be set within the range [7, 7°°] in order that Z(7¢,0) >

Z(1/2,1) holds. The third assumption ensures that the set [7, 7°°] is nonempty.

O.

Given that 7¥ = 7¢ and 7° = 0, €Y, ¢® and e’ are calculated as:

[ I e

s = N1 = vy f - o - 0224

Direct calculation leads to M* = M%® if and only if 7¢ = (1 —0)/(1+60) + 7. W

7.4 Proof of Proposition 4

We first show that the Ramsey problem is written as a static optimization problem given
by (13)—(15). To show this, we calculate the indirect utility functions of the initial old

and the young in generation ¢ :

oS o 97 o 1 o o
Vi = (L= ) (1= 78) + (1= )2+ AW (78, w0) + Z(7, )},
ou ,y o 1 o o
Vit = 21— )+ AW (8, w0) + Z(8, 7)),

* o * o 1 o o
V¥ = e () - (L= 7)) = (¥ (¢, 7000)) + ST w) + Z(7 i) }
y*( .Y o o 97 o 2
+ B |e¥* (7 7Tt+1) (1- 97)(1 - Tt—l—l) + z(l - Tt+1)

+ (1= (7, 770))

[

o 1 o o
(U= 20 5 W () + 20t 7))
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We substitute these functions into the social welfare function, denoted by €2, to obtain:

0 1 1
Q= B(1 - o) | (1= 67)(1 = 78) + (1= 7)o+ SW (5 w0) + 5 28, 70)

S/

-~

(a-1) (a.2) (b1)

1 1
+ Bug - (1- 7'(‘)’)2 + §W(Té’, uy) + 52(7’8”, 7))

v~ e '

(a.3) (a.4) (b.2)

(|2

1 1
+A e (g, 1) - (L= 7)) — (e (7, 7))% + W5, wo) + 5 Z(m5, 77)

(a.5) (b4)

(1 =)

J/

soederan { - -+ Ta-mrh s - et

g

\ (b.5)

=2

1 1
+§W(Tf’u1)+§z(7fﬁzo)

(b6) (c1)

- 4

* (0] * o 1
A2 e () - (1= 1) = (¥ (e, 75)) +2W<T17U1)+§Z(le772)
(c2) (b.7) (c:3)

v entata) {1 = o - )+ - 2+ (- e et -

[\ J/

(c4)

1 1
+§W(T§au2) + §Z(T2y»7§7)

e —
(c.5)
3 yx( Y o Y yx (Y __0\\2 1 o 1 Yy o
+ AT eV (), ) - (1= 1) — (e (739, 73)) +§W(Tzau2)+§z(72773)
(c.6)
c.6

ro- et {a-emna -+ Fa-mrf - et fa-
W (7, us) %Z(Tg,ff)}]

+ i LYY

t=3
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where the terms (al)—(ab) include 7, the terms (b.1)—(b.7) include 7§ and/or 77, the
terms (c.1)—(c.6) include 77 and/or 75, and so on. Given this feature, the equation above
is rewritten as: -
Q=1Lo+ > NL,
=1

where:

Lo = B0~ 7) [(1 = uo)(1 = 07) + 2(1 = 7)1~ w0)0 + wo}] + 3 (84 MW (5. ).

= 505+ N[220 + AW (1= (et 7o)+ [ (et )+ G -

The function Ly is the sum of the terms (al)—(a5), the function L, is the sum of the terms
(b1)—=(bT7), the function L, is the sum of the terms (c1)—(c6), and so on. The function L;
(t > 1) indicates that the solution of (7, 77) that maximizes L, is stationary over time.
Therefore, we can write the Ramsey problem as (13)—(15).

Part 1 of Proposition 4

The solution of 7§ is derived by solving (14). The first derivative of Ly with respect

to 75 1s:

gL = (=8) [(1—w)(1 = 09) + 20— ) {1~ )0+ w0}] + (~B)(1 — ) {1 — )0 + o)
+§<ﬁ+A> [(1—uo)(1—97) Ta=m 1= (1= 6)(1 - w)}]
+ (- )(ﬂ+)\) -{1—( 0)(1 —uo)} 7.

Therefore, the solution is given by:*

70 =0 if  OLo/07G] 09 <0
=1 it OLo/075]5_, > 0
o A— 1—up)(1—06 3
70 = A_f [% +2 otherwise.

The condition 0Lg/07§|, oo < 0s rewritten as A < . The condition 0Ly/07§ |TS=1 >
0 is reduced to (1 — 0v)(1 — ug)(A — 5) > (7/2)(5 + N) {(1 — up)8 + up}. Therefore, we

4The second-order condition, 9*Lg/d75% < 0, is satisfied:

2263 = 627 (1 —u0)d +uo} — 3 (54—)\)7{1 —(1=6)(1 —ug)}
70
= %{(1—%)9%—“0}— 7{1—(1—9)(1_%)}

=0.
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obtain:

70=0 if A< B
o : (1-67)(A\—B)— (46/2)(B+)
70 =1 it A>fand w < RSG5
o = % [% + } if otherwise.

The last two solutions are summarized as:

o A—B [0 —u)1—0y) ] .
To—mm{l, e {(1_%)9_’_% +§}}1f)\>5.

Part 2 of Proposition 4
Next, we derive the solution of the pair (7Y, 7°) by solving (15). The solution must

satisfy the following first-order conditions:

T OLJOTY — &+ &5 =0, (19)
T°:0L/OT° — &7+ &5 =0, (20)

where & and &) are Kuhn—Tucker multipliers associated with the constraints 7¥ > 0 and
7° > 0, respectively, whereas & and & are the Kuhn—Tucker multipliers associated with
the constraints 7Y < 1 and 7° < 1, respectively.

The first-order conditions with respect to 7¥ and 7° are given by, respectively:
1 » o 1 1 v o) o
S (B4 N (,7%) = 2B+ N7 + 2(B+ A { (DA =07 + 21 =) (1 -7 } 7
o 1 1 _ _ 1 __ 40 _ Yy
(84N {25{( DI =67+ 21 =) 1=}

A {(1=07) = 21 =01 2r) } (74, 7°)

#3202 - L {a-om-Ja-oa-m) 7]
e {00 -0+ Ja - -0} - Za -]
=& — & (22)

First, assume that 70 = &/ = &) = & = 0. Then, from (21) and (22), we obtain:

—55B-N {1+a-0m-Ju-on}eo.

&= -3 [{a-on-Ja-olewrzeen Y,
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where £§ > 0 as long as § > \. If g = A, then (7Y, 7°) = (0,0).

Next, assume that 7¢ = £/ = £ = £§ = 0. Then, from (21) and (22), we obtain:

(23)

)

(A= B) [{(1=07) — 31— 0)(1 = )} e (0,7) + (1 — 7°)]
(B4 [y =21 = 8)ew=(0,79) + {(1 - 07) — 31 = 0)(1 — ) }]

(<)

& = i(k - B) [1 + 5 {(1 —0y)(1—1°) — %(1 —0)(1— 7_0)2}]
+ }l(ﬂ + M)A {(1 —07) — %(1 —0)(1 — ,,_o)} o

where 7° > 0 and & > 0 as long as A > 3.
The left-hand and right-hand sides of (23), denoted by LHS and RHS, respectively,

have the following properties:

LH
aa OS >0,LHS| ., ,=0,LHS|,_, =1
-
(A—B)1—6)

ORHS
5o <0 BHS| o> 0, RHS| ., = B+ {1—1/2)1 -0+ 810 —-67)?

Given these properties, there exists a 7°, denoted by 7°, that satisfies (23), where 7°

is defined in Proposition 1. If LHS| ,_, > RHS| ._,, then 7° = 7°; otherwise, 7° = 1:

7% = min(7°,1).
It remains to be checked whether 7¥ = 0 continues to be a solution. Given 7° =
min(7°,1), we obtain:

5(2); - = aL/aTy|7—y:0
= 0= [t+s{a-ma-)-Ta-a0-7}]
+}1(5+A>A{(1 —0y) — %(1 — o)1 —TO)}TO
> 0,

where the last inequality holds under the assumption of A\ > 3. Therefore, we obtain

(7Y,7°) = (0, min(7°,1)) if A > 3. M
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7.5 Mobility in the Ramsey Allocation

By definition, M“? and M%"" in period t > 1 are given by:

(i) Suppose that A < .
If A < 3, the pair of Ramsey tax rates is:

o= (P2 s {a-om - Ja-0)}]0).

Then, direct calculation leads to:

e ypte) = (2 [1- 22 {1 (w-om - Ja-0)}].

2 Ap y
BN (s (-0 - 20-0)}).

which results in:

up down A 4— (1+0) [1+ﬁ{(1 _97) — (1/4)7(1_0)}]
M M S AS A= L1 51— 0) - /(L))

(24)

If A = 3, the pair of Ramsey tax rates is (7¥,7°) = (0,0). Then, direct calculation

leads to:

(M2, Mdown) — (% {1 _ % {1+5 ((1 — ) — %(1 —9))}} %7 {1+5 ((1 —9y) — %(1 —9))}) ,

which results in:

1+6

M 2 M e 12 == {1+6<(1—97)—%(1—9)>}. (25)

Setting A = (3 in (24) leads to (25). The results when A\ < [ are summarized as those in

(24).
(ii) Suppose that A > 3. The pair of Ramsey tax rates is (7¥,7°) = (0, min(1,7°)).
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Then, direct calculation leads to:

() = (F =) {1=8 (1 =001 =) = J0 =01 7))},

Dase {14s(0-ma-r-Ja-oa-ep)}).
which results in:

M 2 Mdown (26)
_ 40 _ _ __ 40 _1 _ _ 0)\2
- 1-s{a-ma-r)- 10 -00 -7}
z0(1+7) |1+ 8{(1-09)(1 - ) = T - -7} ).
If 7 = 1, then the left-hand side is zero whereas the right-hand side is positive:

M < M holds. If 7° < 1 and 6 = 0, then M“P > M9" holds; if 7° < 1 and 6 = 1,
then M" < M9 holds. [
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Figure 1: The figure illustrates the timing of events and the distribution of the skilled
and the unskilled for generation t¢.
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Figure 2: The figure illustrates the determination of 7° under Assumption 1.
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Figure 3: Panel (a) illustrates the case of 7% < 7% 7¢ is the highest tax rate that
produces the skilled majority. Panel (b) illustrates the case of 75 > 7v1: 70 is the
highest tax rate that produces the skilled majority.
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Figure 4: The unskilled-majority equilibrium with no taxation on the old. Panel (a)

depicts an interior solution of 7= 72 : panel (b) depicts a corner solution of 7 = 74,
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Figure 5: The unskilled-majority equilibrium with taxation on the old. Panel (a) depicts
an interior solution of 7¥ = argmax Z(7Y,1) = 1/2; panel (b) depicts a corner solution of

7Y =74,
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Figure 6: The skilled-majority equilibrium with no taxation on the old. Panel (a) depicts
the case where the solution is 7¢ = 7¢; panel (b) depicts the case where the solution is

7Y = 7%,
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Figure 7: The figure displays the set of parameters (5, ), where 6 is fixed at 0.8, classified
according to the characterization of political equilibria.
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Figure 8: The figure displays the set of parameters (5, #), where ~ is fixed at 0.4, classified
according to the characterization of political equilibria.
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Figure 9: Solid curves and shaded area depict how the parameter ~ affects the tax rate on
the young (panel (a)), the probability of being skilled in youth (panel (b)), the expected
utility of the young (panel (c)), the downward mobility (panel (d)) and the upward mo-
bility (panel (e)) in the political equilibria. Bbtted curves depict the corresponding values
in the Ramsey allocation investigated in Section 5.
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Figure 10: Solid curves and shaded area depict how the parameter 6 affects the tax rate
on the young (panel (a)), the probability of being skilled in youth (panel (b)), the ex-
pected utility of the young (panel (c)), the dgymward mobility (panel (d)) and the upward
mobility (panel (e)) in the political equilibria. Dotted curves depict the corresponding
values in the Ramsey allocation investigated in Section 5.
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