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Abstract

This paper studies the problem of a monopolist who sells a network good
through a price posting scheme. The scheme posts a price of every possible
allocation for each buyer, who are then asked to report their private information
to the seller. The seller then implements the allocation based on the reports.
The social choice functions that are ex post implementable through such a
sales scheme are characterized, and the conditions are identified under which
the revenue maximizing scheme has the property that the price of a larger
network is more affordable than that of a smaller network.
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1 Introduction

Goods have network externalities when their value to any consumer depends on
the consumption decision of other consumers. A classical example of a good with
network externalities, or more simply a network good, is a telecommunication device
whose value depends directly on the number of other people using the device. Other
leading examples of network goods include the operating system (OS) of PC’s, fuel-
cell vehicles, social networking services, industrial parks, and so on. The nature of
network externalities may be purely physical as in the case of the telecommunication
device, but may also be market-based or psychological. Market-based externalities

arise when more users of a good induces the market to provide complementary goods
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that enhance the value of the good. More users of a fuel-cell vehicle, for example,
encourages entry into the market of charge stations, which leads to the increased
value of such vehicles. On the other hand, much of bandwagon consumption in
the fashion, toy and electronic industries can be explained through psychological
externalities where consumers’ tastes for a particular good are directly influenced
by the size of its consumption. When all types of externalities are accounted for, it
would be no exaggeration to say that a substantial fraction of consumption goods
have network properties.

Despite their importance, network goods have received relatively little attention
in economic theory.! Analysis of network goods in the literature has mostly been
focused on the resolution of the coordination problem arising from the multiplicity
of equilibria. When every consumer expects others to adopt the good, its expected
value is high enough to render adoption a rational decision (at least for some price).
On the other hand, when every consumer expects no other consumers to adopt,
then its low expected value makes no adoption rational. Expectation is self-fulfilling
in both cases, leading to multiple, Pareto-ranked equilibria. A subsidy scheme
as proposed by Dybvig and Spatt (1983) is one way to eliminate the problem by
promising to compensate the adopters when the number of adoptions is below some
threshold. The existence of Pareto-ranked equilibria is also the main focus of the
analysis of intertemporal patterns of adoption of a network good.? In contrast, the
problem of revenue maximization by a monopolist has been analyzed only partially
either through the analysis of subsidy schemes under the implicit assumption that
higher participation implies higher revenue, or through the analysis of introductory
prices, a common practice of setting a low price for early adopters and a higher,
regular price for others.? In contrast, our objective in this paper is to directly explore
the revenue maximization problem in the incomplete information environment.

In the present context, an allocation is the list of all buyers’ adoption/non-
adoption decisions. Each buyer ’s valuation function v; depends on an allocation,
and also is an increasing function of his private signal distributed over the unit
interval. A price-posting scheme is described as follows: The seller first posts a
price of every possible allocation for each buyer. The buyers then report their

private signals to the seller. An allocation is determined by the reports through

'Rofles (1974) is the first to give a theoretical analysis of network goods.
2See Gale (1995, 2001), Ochs and Park (2009) and Shichijo and Nakayama (2009).
3See Cabral et al. (1999). Sekiguchi (2009) examines the monopolist’s revenue in the dynamic

setup as in Gale (1995) when the price is held constant over time and across consumers.



an allocation rule, and offered to the buyers at the originally posted price. Finally,
each buyer who is supposed to adopt in the proposed allocation chooses whether to
accept the offer or not.*

We analyze a revenue maximizing price posting scheme that is strategy-proof
and ex post individually rational. Our analysis focuses on the “regularity” property
defined as follows: We say that for buyer i, price p of an allocation a is more
affordable than price p’ of allocation a’ if for some signal s;, i’s valuation of a is above
p but his valuation of @’ is below p’. In other words, buyer i is willing to accept a
at p whenever he is willing to accept a’ at p’. A price-posting scheme is regular if
(1) whenever allocation a is larger than allocation a’ (i.e., a has more adopters than
a’), the price of a is more affordable than the price of @’ for every buyer, and (2) the
allocation rule chooses the largest allocation as permitted by individual rationality.
When the buyers’ private signals are independently distributed, we find that the
optimal scheme is regular when there are only two buyers. For a general number
of ex ante symmetric buyers, we demonstrate the optimality of a regular scheme
among the class of symmetric schemes when the externalities are sufficiently strong.
We also show that a regular scheme is coalitionally strategy-proof in the sense that
no group deviations are profitable, and that there exists a regular scheme that is
optimal among the class of symmetric coalitionally strategy-proof schemes. The
latter findings indicate the robustness of the optimality of a regular price-posting
scheme against buyer collusion.’

The idea of price-posting schemes is most closely related to the concept of an
inducement scheme proposed by Park (2004). An inducement scheme, which is itself
a generalization of the subsidy schemes discussed above to the incomplete informa-
tion environment, is a sales mechanism in which the transfer between the seller and
buyers depends on the final allocation. We may think of an inducement scheme as
first posting a price of each allocation, and then letting the buyers simultaneously

decide whether to adopt or not. Hence, an inducement scheme is a subclass of price-

“In the sense that the adopters may be a subset of agents, the network good problem is related
to the problem of excludable public goods, where agents can be excluded from the use of the good.
However, the value of the public good depends on the amount of contributions from the agents
rather than their adoption decisions, and the focus of analysis is on the efficient cost sharing rather
than revenue maximization. See, for example, Moulin (1994), Deb and Razzolini (1999a, b), and

Bag and Winter (1999).
5For example, potential buyers of an industrial park may be from the same industry and know

each other well.



posting schemes in which the buyers’ adoption decisions are made independently of
one another. In contrast, a price-posting scheme coordinates their decisions through
the reported signal profile.

The paper is organized as follows: The next section introduces a price posting
scheme. Ex post implementable schemes are characterized in Section 3. We study
the problem with two buyers in Section 4, and optimal symmetric schemes with a
general number of ex ante symmetric buyers in Sections 5 and 6. Section 5 analyzes
the case of strong externalities, and Section 6 analyzes coalitionally strategy-proof

schemes. We conclude in Section 7. All the proofs are collected in the Appendix.

2 Model

There are I potential buyers of a network good indexed by i € I = {1,...,1}.
Buyer i’s decision is either to buy the good (a; = 1), or not (a; = 0). An allocation
(or a network) is a profile of adoption decisions a = (a;);ecr, and an element of the
set A = {0,1}. Let A; be the set of allocations in which buyer i buys the good:
A; ={a € A: a; =1}. The value of the good to buyer i, denoted v;(a, s;), depends
on the allocation a as well as his own private signal s;. The signal profile s = (s;)ier
has a strictly positive joint density g over S = [];c; Si, where S; is the unit interval
0,1 C R,

A social choice function determines the allocation of the good and monetary
transfer from each buyer as a function of the private signal profile. Formally, a
social choice function is a pair (f,7) of an allocation rule f : S — A and a transfer
rule 7 = (11,...,77) : S — R!: f(s) € A is the allocation under the signal profile
s € S, and 7;(s) € R is the monetary transfer from buyer i under s. A social choice

function (f,7) is strategy-proof if
vi(f(5i,5-3), 8) — Tilsi,5-0) = vi(f (85, 5-4), 80) — Ti(s5, 5-4)
for every i, s;, s; and s_;,
and ex post individually rational if
vi(f(SiyS—4),8i) — Ti(si,8—;) >0 for any i, s;, and s_;.

A social choice function (f,7) is ez post implementable if it is both strategy-proof
and ex post individually rational.
Given the concern for the multiplicity of equilibria in the network good problems,

strategy-proofness is a particularly suitable requirement compared with Bayesian



incentive compatibility, which does not address the multiplicity issue.® Ex post in-
dividual rationality also adequately handles the possibility of withdrawal by a buyer
after they update the value of the good upon learning the seller’s recommendation.”

The social choice function (f, ) is simple if for any s, s’ € S, f(s) = f(s’) implies
7(s) = 7(s’). Under a simple social choice function, hence, the transfer depends on
the signal profile only through the allocation. When (f,7) is simple, we express it
as (f,t), wheret: A — R! is a function of the allocation a. A price posting scheme
is a mechanism described as follows: For every buyer i and every allocation a € A,
the seller first posts price ¢;(a) charged to buyer i when allocation a is realized.
Facing the price schedule, the buyers report their private signals to the seller. The
seller then determines and announces the allocation f(s) € A as a function of the
report profile s. Finally, every buyer 7 responds by either accepting or rejecting
the proposed allocation. When any buyer rejects, no transaction takes place and
every buyer receives the reservation utility of zero. Formally, a price posting scheme
can be described by (S,{0,1}!, f,t), where S is the set of message profiles, {0,1} is
the set of each buyer’s decisions to accept (d; = 1) or reject (d; = 0) the proposed
allocation, t = (t;(a))aca,icr is the posted price schedule, and f = (f;)icr: S — A
is the allocation rule.

A strategy for buyer i in the price-posting mechanism is a pair (p;, 0;), where
pi © S; — S; determines the reported signal given his true signal s;, and o; : S;x A —
{0,1} determines whether to accept or reject the proposed allocation as a function
of the proposal a and the own signal s;. The participation strategy (p;, o) of buyer
i is honest and obedient if p}(s;) = s; and 0 (s;,a) = a; for every s; € S; and a € A.
Note in particular that buyer ¢ cannot adopt if the proposed allocation f(s) ¢ A;.
The profile of the honest and obedient strategies (p*,c*) is an ex post equilibrium if

i (s 5240, ) = i (s, 53)) 2 mae { e 0i(7 (s}, 5-0),50) = 1a(F (s 5-0), 0

for every i, s;, and s_;.

Park (2004) presents an analysis of Bayesian implementable sales mechanisms for a network

good.
"That is, when buyer i with signal s; has reported s; and is recommended to adopt for the

payment of x;, his updated utility equals
Es—i[vi(f(5i7s—i)7si) — T | Sufi(sz', S—i) = 1,7'1'(81',8—1') = l’z]

Ex post IR guarantees that the above is non-negative whereas interim IR condition
Es ,|vi(f(si,s—i), i) — Ti(si,5—i) | 8] > 0 does not.



The first term in the parentheses on the right-hand side corresponds to i’s payoff
when he makes a false report and then accepts the proposed allocation, and the
second term to his payoff when he rejects the proposal. The following result is

immediate.

Proposition 1 Let (f,t) be a simple social choice function. Then (f,t) is ex post
implementable if and only if honesty and obedience is an ex post equilibrium of the
price posting scheme (S,{0,1}1, f,t).

This proposition allows us to identify a simple ex post implementable social
choice function with a price posting scheme that has honesty and obedience as an
ex post equilibrium. In what follows, hence, we call such a social choice function
(f,t) an ex post implementable price posting scheme.

As seen, a price-posting scheme determines the price of the good only as a
function of the publicly observable final allocation. As such, it leaves little room for
the seller to deviate from his announced mechanism compared with more general
mechanisms in which the transfer may vary with the reports even when the allocation
is the same.® Let the seller’s expected revenue per buyer under a price posting
scheme (f,t) be defined by

1
R(f.t) =7 > Balti(f(s))]
i€l
An ex post implementable price posting scheme (f,t) is optimal if it maximizes the

seller’s expected revenue:

R(f,t) = max {R(f',t') : (f,t') is simple and ex post implementable}.

3 Characterization of Ex Post Implementability

In this section, we present a basic characterization of ex post implementability
that will later be used in the analysis of optimal schemes. We make the following

assumptions on the valuation function v; : A x S; — R,:

Assumption 1 For anyi € I and a € A,

8Suppose that buyer i’s payment is higher when some other buyer j reports s; than when he
reports sj. Since j’s report is privately solicited by the seller and unknown to i, the seller may
pretend to 4 that j has reported s; when in fact he reported s in order to demand the higher

payment. A similar problem arises in a sealed-bid second-price auction.



1. vi(a,0) =0,

2. a¢ A; = vi(a,r) =0,

3. €A = 3%(a, ) >0,

4' Ui(a7') 7& Ui(bv') = ggz (av') > ggz (b7 ) or ggz (bv) > ggz (a'7 )

That is, the value of the good equals zero (1) to a buyer at the lowest margin,
and (2) to a non-adopter. Moreover, (3) the value is strictly increasing with the
private signal, and (4) when the two allocations are not equivalent to any buyer, the
rate of increase in his value is strictly higher for one of them. We introduce some

notation as follows. First, let
Ci(a) ={d € A: vi(d,") =vi(a,-)}

be the set of allocations among which buyer ¢ is indifferent. For example, when
the level of externalities depends only on the size of an allocation defined by |a| =
Y icr @i, then Ci(a) = {a’ € A; : |a’| = |a]} for a € A;. Next, fix any s_; € S_; and
let

Bi(s—i) ={f(si,s-i) : 8; € S;}

be the set of possible allocations that buyer ¢ can achieve by changing his report
when the signal profile of other buyers is fixed at s_;. Further, for any allocation
a € A and profile s_; € S_;, let

Li(a,s—;) =cl{s; € Si: f(si,s—;) =a}

be the (closure of the) set of i’s signals that would lead to allocation a when others’

signal profile is fixed at s_;, and for any allocation a € A,
Ly=cl{seS: f(s) =a}

be the (closure of the) set of signal profiles that induce allocation a.
Now suppose that (f,t) is a price-posting scheme. Given any allocation a € A;,
define y¢ € [0,1] to be the marginal signal at which buyer 7 is indifferent between

accepting allocation a at price t;(a), and not accepting:

vi(a,yd) —ti(a) = 0.



Such a signal y¢ is unique by Assumption 1 if it exists. If v;(a,0) — t;(a) > 0, then
let y¢ = 0 and if v;(a,1) — t;(a) < 0, then let y¢ = 1. Likewise, given any pair of
allocations a, b € A; such that v;(a,-) > v;(b,-), define y® = y?* € [0, 1] to be the
marginal signal at which buyer i is indifferent between allocation a at price t;(a)

and allocation b at price t;(b):

vi(a, y®) — ti(a) = vi(b,y*) — t:(b). (1)

Again, such a signal y% is unique if it exists. If v;(a,0) — t;(a) > v;(b,0) — t;(b), set
y® =0 and if v;(a, 1) — t;(a) < vi(b, 1) — t;(b), set y® = 1.

For each i € I and a € A;, we may restrict attention to the price t;(a) such that
0 < ti(a) < vi(a,1). Since there is a one-to-one correspondence between t;(a) and
y¢ for any such t;(a), we will interchangeably use the profile y = (y¢)icr,aca, and

the transfer rule ¢ in what follows.

Proposition 2 A price posting scheme (f,t) is ex post implementable if and only if
the following holds. For any i and s_;, if a*,...,a™ € A are all distinct allocations
such that

1. g—:(al,-) < e < g—:(an,-), and
2. {a',...,a"} C Bi(s—;) C Ui_, Ci(a"),
then fork=1,...,n,

1. ti(a) = t;(a¥) if a € C;(a*) N Bi(s_y),

b B = [ where g <o
a€C;(a*)NB;(s—;)

The above proposition can be illustrated as follows: Fix the signal profile of

buyers other than ¢. The allocations that may be chosen for different reports of

1’s signal should be lined up in the order of the marginal values gg: (a,s;): The

allocation a with the kth smallest %(a, s;) is chosen for the kth partition interval

i

of reports. (Figure 1). Any two allocations with the same g—zj are equivalent to 4,



vi(a, s;)
vi(a®, s;)

vi(a?, s;)

vilal, ;)

Figure 1: Ex post implementable allocation rule

and the relative ordering between them is indeterminate. It is also clear from the
figure that

k—1,k k k+1
[y gt }:{si:mdf,si)—ti(ak): max w(a,si)—ti(a)}. (2)
aEBi(S,Z’)

4 Optimal Schemes against Two Buyers

Suppose now that there are only two buyers I = {1,2}. The set of possible alloca-

tions in this case is given by
A ={11,10,01,00},

where
11=(1,1), 10 =(1,0), 01 = (0,1) and 00 = (0,0).

We assume positive network externalities as follows.

Assumption 2 For each a € A;, vi(a,0) = 0. Furthermore,

vy vy 0vsy Ova
8—81(11,') > 8—31(10’ )5 6—82(11,') > 8—32(01")'



The following theorem characterizes the optimal schemes in a general environ-

ment with two buyers.

Theorem 1 If (f,t) is an optimal ex post implementable price posting scheme
against two buyers under Assumption 2, then it takes one of the following forms.
(40) yi' < yi°, y3' < o8
(A) yrts ' <1yt 93t €(0,1), (A1) yi' <yi®, 3! > v,
(A2) yi' > y1°, y3' <y

Lll = [yila 1] X [yél’ 1]
Lo = [y1°, 1] x [0, y3']
LOl = [ij%l] X [yglv 1]

11,10
(B1) 0 <y <yl <y, <1, yit <1, 49 €(0,1),

Lu = [y 1] x [y3, 1]
Llo = [yioa 1] X [0, 1] \ll'lt Lll
Lot = [0,1°] < [", 1].

11,01
(B2) 0 <y <w' <yp© <1,9°€(0,1), yi' <1,

11,01
Lll = [y%lv 1] X [y2 ) 1]
LlO = [y%o’ 1] X [Oa ygl]
Lor = [0,1] x [yp9",1] \'int Lq;.

(C1) yi® <yit <1, 0 <y < yit <1,

Lll = [yila 1] X [yil’ 1]
LlO = [y%O’ 1] X [Oa yél]
Lor = [0,91°] x [y3",1].

(C2) 0 <yl® <yi' <1 gy <ya' <L,

Lll = [yila 1] X [yél’ 1]
Lo = [y1°, 1] x [0, y3"]
LOl = [ij%l] X [yglv 1]

These configurations are depicted in Figures 2, 3 and 4. As seen, an optimal
scheme permits various allocation rules. Which one of these is optimal depends on

the specific distribution of signal profiles.

10
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Figure 2: Configurations (A0) (left) and (A1) (right)
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Figure 4: Configurations (C1) (left) and (C2) (right)




s1=0 7l 210 s1=1

Figure 5: Functions r1(10,-) and (11, ).

4.1 Independent Signals

A more precise characterization of an optimal scheme becomes possible when we
make some additional assumptions on the valuation functions and the signal distri-
bution. Assume specifically that the signals s; and sy are independent. Let G; be

the cumulative distribution function of s;, and for ¢« € I, a € A and s; € S;, define
ri(a, i) = {1 — Gi(si)} vi(a, s).

to be the seller’s expected revenue from buyer ¢« when he offers allocation a for price

vi(a, s;). We make the following assumptions.

Assumption 3 1. vi(a,-) is strictly log-concave for each a € A;.°

v1(11,-) v2(11,-)
2. vi(lO,-) d é(m,)

gi()

3. -G.() is strictly increasing.

are weakly decreasing.

The first two conditions hold, for example, when v;(a, s;) = v(a) h(s;) for some
functions v : A — Ry and h : [0,1] — R, such that h is strictly log-concave.
The increasing hazard rate condition in the third line is known to hold for most
distributions. As summarized by the following lemma and depicted in Figure 5, the
above assumption implies that the graph of ri(a,-) has a single peak when a = 11
or 10 and that the peak of r;(11,-) is located to the left of that of r;(10,-).

Lemma 1 Suppose that Assumptions 2 and 3 hold. Then

1. For each a € A;, 1i(a,-) is strictly log-concave with the (unique) mazimizer Z{

: : 511 ~ 310 511 ~ 01
which satisfies z;* < Z° and Z5- < Zy.

9That is, log vi(a,-) is strictly concave for each a.

12



67'1 87“1 ~10
—(11 —(10

851( ,81) < 851( ,81) for sy >z,
87“2 8r2 _
8—52(11’82) < 8—52(01’82) for sy > 291

We say that a price posting scheme (f,t) against two buyers is regular if

Loyt <o ya' <99 and

1 if sy >yl or s > (yit, ysh),
5 f1(8) _ 12Y = (?Jl Y5 ) and
0 otherwise,
1 if sg > 99t or s > (yit,vah),
fa(s) =

0 otherwise.

Under a regular scheme, hence, the price of a larger network a = 11 is more
affordable than that of a smaller network a = 10 or 01, and the network size is
maximized subject to the individual rationality constraints. The second property
can also be interpreted as saying that the good is allocated to a single buyer only
when the other buyer’s signal is too low for joint adoption. Configuration (A0)
in Figure 1 corresponds to a regular scheme. If a regular scheme is optimal, then

(1% y9h) = (21°,29") and

(yi',y3") € argmax {1 — Ga(ya")} r1(11,311) + {1 — G1(yi")} r2(11,93")
+ Ga(y3') r1(10,2°) + G1(y1") r2(01, 231).

Theorem 2 Suppose that (s1,s2) is independent. If (f,t) is an optimal ex post
implementable price posting scheme against two buyers under Assumptions 2 and 3,

then it is reqular.

Proof. See the Appendix. m

When yi! < 19 and yi! < 99!, it is impossible to replicate the allocation rule f
of a regular scheme by any scheme in which the buyers’ decisions are based only on
their own signals or on the decisions of other buyers: In any such scheme, at least
one buyer’s decision (e.g, the first-mover’s decision) must be independent of other

buyers’ signals.

13



Example: Suppose that s; has the uniform distribution G;(s;) = s;, and that the

buyers’ valuation functions are given by

v1(10,51) = vs1 v2(01, 82) = vs2
1)1(11,81) = (581, 02(11,82) = (582,

where 0 < v < §. Given that the optimal scheme is regular, the marginal value

for the single adoption 10 or 01 equals i = y9! = % By (3) and symmetry, the

marginal value yi! = yd! for the joint adoption 11 solves

yit =yt € argmax 6x(1 — z)? + %x
xT

Solving this, we get!?

1 / 3
n_ 12 )5 2 9 .
n Ys 35{5 0 475}

We can confirm that yi! = yil < % = yi% = 9! if and only if v < §. Consider now

the price of each allocation associated with these marginal values. They are given

by
0% 1 / 3
t1(10) = tg(Ol) = 5, and tl(ll) = tg(ll) = 5 {2(5 — (52 — nyé} .

From these, we can check that the price of the size 2 network 11 is higher than that

of the size 1 network if and only if

o 3
v o4
In other words, when the network externalities are strong, the actual price of the

larger network is higher than that of the smaller network, and vice versa.

5 Optimal Symmetric Schemes

With more than two buyers, the problem of identifying all the ex post implementable
schemes becomes intractable. In this section, we focus on an optimal symmetric

scheme when the buyers are ex ante symmetric. We show that the optimal scheme

10As seen, the explicit derivation of the marginal values is possible only under very limited

specifications of the distribution and values.
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is regular when the network externalities are strong, or when a stronger notion of
incentive compatibility is imposed.

Suppose that the signals s, ..., s; are independent and identically distributed,
and denote by g the density of s; and by G the corresponding cumulative distribu-

tion. The valuation functions are symmetric in the sense that

vi(a,s) = vj(a,s’)
for any a € A, i # j, and s, s’ € S such that (si, sj,5-i—j) = (s}, s,5-i—;). The
symmetry condition implies that the network externalities depend only on the size
of the allocation a € A, defined by |a] = >, a;. For this reason, we denote by
v

allocation of sizen € N ={1,...,I}.1

[0,1] — Ry the valuation function of any single buyer when he adopts an

We say that a price posting scheme (f,t) is symmetric if for any i # j,

(fi(s), £i(s), f=imi(8)) = (£i (), fils), f=imi(s"))

for any s, 8" € S such that (s;, sj,5-i—;) = (s}, 8}, 5-i—;), and

(ti(a),tj(a),t—i—j(a)) = (tj(a), t:i(a"),t—ij(a’))

for any a, a’ € A such that (a;,a;,a—i—;) = (a},aj,a’;_;). That is, when (f,?) is
symmetric, swapping the private signals of any pair of buyers results in the swapping
of their allocations but does not affect those of any other buyers.'?> When the scheme
(f,t) is symmetric, the transfer depends on the allocation only through its size. That
is, ti(a) = t;(a’) for any 4, j € I and any a € A;, a’ € A; such that |a| = |a’|. Hence,
we let t"" denote the transfer required of any single buyer when he is one of n adopters
of the good. The following assumption is a symmetric generalization of that in the

previous section.

Assumption 4 1. v'(0) =--- =0/ (0) =0 and (V1) (-) <--- < (1) ().

. 1_(;(.) 1s strictly increasing.
3. vt ... vl are strictly log-concave.

4. g:;—(()) is weakly decreasing if m < mn.

' Although the set of sizes of positive networks equals the set I = {1,...,I} of buyers, we use
different notation N to avoid confusion.
12Tn the social choice literature, this property is often called anonymity.
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Recall from (1) that for any a, a’ € A;, y¢ denotes the signal at which buyer ¢ is
indifferent between allocation a priced at t;(a) and no-adoption, and y?’a, denotes
the signal at which he is indifferent between a and a/. For any m, n € I, m # n,
and a, a’ € A; such that |a| = m and |a/| = n, we let y™ =y, and y"™" = yf’a/. In

the present context, y” is defined by
o™ (y") =" if t" € [0,0™(1)],

and y" = 01if " < 0, and y" = 1 if t" > v"™(1). Likewise, for m < n, y™" = y™™ is
defined by

V(Y™ — " =0 (Y™ — ™ it — ™ e [0,0™(1) — 0™ (1)],

and y™ = 0if t" —t™ < 0, and y™" = 1 if " — "™ > v"(1) — v™(1). Just as in
the general formulation of Section 3, restricting the range of the transfer rule t" to
[0,0™(1)] for each n € N entails no loss of generality as far as the expected revenue
is concerned. Given the one-to-one correspondence between such a transfer rule
t = (t',...,t") and the profile of marginal signals y = (y',...,y!), we again use ¢
and y interchangeably when describing a price-posting scheme.

Let \0 = )\?71 =1, and for each k = 1,...,1 — 1, let \F = )\l}Ll be the kth
highest value among I — 1 signals s_; = (s;)j;. A symmetric price-posting scheme

(f,t) is regular if
Lyl <. <y' and

1 if s; > 9™ and A"~ ! > ¢y for some n € N,
2. fZ(S) =

0 otherwise.

Again, a regular scheme (1) sets a more affordable price for a larger network, and (2)
maximizes the network size subject to individual rationality. The second property
is implied if for any k € N, |f(s)| = k if and only if |[{i € T : s; > y*}| = k: To
see the “only if” part, suppose that |f(s)| = k. Then IR implies that [{i € I : s; >
y*}| > k. If the inequality is strict, then take any i such that s; > y*. For this 4,
e > gk > yk+1 5o that |f(s)| > k+ 1 must hold by definition, a contradiction. It is
also not difficult to see from Proposition 2 that a regular scheme is strategy-proof.'3

As in the case with two buyers, we consider the seller’s expected revenue from

a single buyer i. Specifically, take any set K C N and write K = {ki,...,kny}

13Proposition 4 below proves that it satisfies a stronger condition of coalitional strategy-proofness.
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for ki < --- < ky,. Let also the marginal signals y = (y',...,y’) € [0,1]! be
given. Suppose now that the seller simultaneously offers buyer ¢ an allocation of
size ky for price v¥1(y*), an allocation of size ks for price v*2(y*2), and so on.
Letting ¥ = (y*)rek, we will denote by % (y¥) the seller’s expected revenue from
these offers to buyer i."* When K = {k}, we denote 7 (y¥) = r¥(y*), and when
K = {k, £}, we denote X (y&) = r*(y*, 4*). Under Assumption 4, we have:

Lemma 2 Suppose that Assumption 4 holds. Then the following hold.

1. For m < n,

@0 < (v’")’()-)

CHONE T C

2. For eachm € I, 1™ is strictly log-concave with the (unique) mazimizer 2" which
satisfies 1>zl>...>z >0.

5 GGy > ey Y < mands <o

4o Afm <n, y™ <y, and (7)Y (y™") = (r™) (y™"), then 17 (y") > (Y™, y").

The last observation above says that for the seller, offering two allocations is
dominated by offering just one of them when 3™" is not so large.!> Let the marginal
signals y = (y',...,y’) and set K C N be given. Define L¥(y) by

LX) ={s_; €S_;: min(\""1 —¢*) >0 AL — by <0}
(y) = {s—i € S : min( y)_,rkngalg( y') <0}
The interpretation of L (y) is as follows. L (y) is the set of signal profiles of buyers
other than 7 such that when s_; € L®(y), an ex post IR price-posting scheme (f,t)
may assign an allocation of size k € K to (s;,s_;) if s; > %", but not an allocation
of size k ¢ K for any s;. Let

Q" (y) = P(s—i € L™ (y)).

5.1 Optimal Symmetric Scheme under Strong Externalities

We assume that the network externalities are sufficiently large in the sense specified

below.

14 An explicit formula for 7 (y™) is presented in the Appendix.
)

)
Note that (™)' (y™") > (r™) (y™") holds only if y™" < z".
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Assumption 5 1. For any m <n and y™, y™ € (0,1), if r"(y™) < r"™(y™) and

y* < y™, then
"))
———2{Gy"™) - Gy")} > g(y").
() {G(y™) = Gy")} > 9(y")
2. Let p™ = z)z,:—(ll()l) and p" = lim,_¢ L7 forn— 2,...,1. If
/Z”< )Hk 2 M 7

n—1

form=2....1—1,

The following proposition verifies that Assumption 5 is a requirement on the

degree of network externalities for the linear valuation functions.'®

Proposition 3 Suppose that v"(s;) = p"s; for every n = 1,...,I, where 0 <

pt < - < pl are constants. Suppose also that the density g is continuous and

strictly positive. Then there exists € > 0 such that Assumption 5 holds when
k

max2<k<1 ! < eE.

Now define w : [0,1) — Ry by

> Q) pa% r(y").
1€KCN
w(y) is the maximal revenue that the seller can raise from any single buyer ¢ when he
only takes in account (i) IC of buyer i, and (ii) ex post IR of all buyers. It hence gives
an upper bound on the expected revenue under a symmetric, ex post implementable
price-posting scheme (f,y). We can also make the following observation. Suppose
that (f,y) is a regular scheme. Suppose further that s_; € L% (y) for some 4 and
K C N with 1 € K. Since y™* K < y* for any k € K, if s; < y™** X then s; < y/*
for any k£ € K so that f;(s;,s—;) = 0. On the other hand, since the network size is

maximized subject to IR, if s; > y™®* X then |f(s;, s_;)| = max K. Therefore, the
ymax K)

)

expected revenue from buyer ¢ conditional on s_; € LK (y) equals pmax K (

and the unconditional expected revenue from buyer ¢ equals

Z QK maxK( maxK). (4)

1eKCN

SFor a more general class of valuation functions, the first condition in Assumption 5 also requires

some condition on their derivative.
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If pmax K (maxKy — maxy,rcx r7(y*) for any such K, hence, we have w(y) =

R(f,y) by the definition of w(y) and (4). The following lemma summarizes this

observation.

Lemma 3 Let y € [0,1]7 be such that y' < --- <y', and

max K (max Ky — max rL(y*) for any 1 € K C N.

0#LCK

r

If (f,y) is a regular scheme, then R(f,y) = w(y).

The following theorem proves the optimality of a regular scheme by showing that

any maximizer y of w satisfies the conditions of Lemma 3.

Theorem 3 Suppose that Assumptions 4 and 5 hold. Then the optimal symmetric

price-posting scheme s reqular.

When the externalities are positive but weak, preliminary analysis indicates that
an optimal ex post implementable symmetric scheme is not regular. Full charac-
terization of an optimal scheme in such an environment appears extremely difficult
as it entails a very complex allocation rule. As seen in the next section, however,
requiring a stronger version of incentive compatibility recovers the regularity of an

optimal scheme for any positive degree of externalities.

5.2 Optimal Symmetric Scheme under Coalitional Implementabil-
ity
Given a price-posting scheme (f,t), a subset J C I of buyers, and signal profiles

s=(sj,s_y) and §;, §; is a profitable deviation for the coalition J at s if

vi(f(85,8-7),8) —ti(f(87,5-7)) = vi(f(s),s;) — ti(f(s)) for every i € J, and
vi(f(87,5-0),8i) —ti(f(87,5-0)) > vi(f(s),si) — ti(f(s)) for some i € J.

(f,t) is coalitionally strategy-proof if no coalition of buyers has a profitable devia-
tion at any signal profile. Coalitional strategy-proofness is hence a strong robustness
requirement since even if there exists a group of buyers who share the information
about their private signals and jointly misreport them, the deviation is not prof-
itable. (f,t) is coalitionally ex post implementable if it is coalitionally strategy-proof

and ex post individually rational.
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Proposition 4 A reqular scheme (f,t) is coalitionally ex post implementable.
Given the marginal signals y = (y',...,y!), define
M@y)={m:m=1,....1 -1, y™ < max y‘}.
I>m

M (y) is the set of sizes of a network whose marginal value is smaller than the

marginal value for some larger network. Also, let
K(f)={n€ N: |f(s)|=n for some s € S}

be the set of network sizes that may be achieved under an allocation rule f. If (f,y)
is a regular scheme, then K(f) = N, and also M(y) = 0 since a larger network is
always more affordable (y! < --- < y'). Hence, M(y) N K(f) = 0 for a regular
scheme. For K C N and y € [0, 1], let w(K,y) be defined by

»op (A’H > y*, max (A —yf) < o) r*y*) if KN M(y) =0,
w(K,y) = keK oK

0 otherwise.

The following proposition shows that for any coalitionally ex post implementable
scheme, (1) y™ < y* holds whenever k, m € K(f) and k& < m, (2) its expected
revenue is bounded above by w(K(f),y), and (3) when it is regular, the expected
revenue R(f,y) equals w(K(f),y) = w(N,y).

Lemma 4 Let (f,y) be a symmetric, coalitionally ex post implementable price-

posting scheme. Then
1. M(y)NK(f)=10.

2. R(f.y) < w(K(f),y).
3. If (f,y) is regular, then R(f,y) = w(N,y).
Given that the expected revenue from a regular scheme (f,y) equals an upper

bound w(N,y), it is optimal if the function w(K,y) is itself maximized at some
(N,y). The following theorem shows that this in fact holds.

Theorem 4 Suppose that Assumption 4 holds. Then there exists a reqular price-
posting scheme that is optimal in the class of symmetric, coalitionally ex post im-

plementable price-posting schemes.
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6 Conclusion

Most of the sales schemes for network goods proposed in the literature specify a fixed
price or transfer for each allocation but do not coordinate the buyers’ adoption de-
cisions. A price-posting scheme maintains a one-to-one correspondence between
the price and allocation and allows the seller to coordinate the buyers’ adoption
decisions through the reported signals. As such, hence, it presents a reasonable
generalization of many sales schemes studied in the literature. The ex post imple-
mentability eliminates the multiplicity of equilibria, a central issue in the network
adoption problems. We identify the conditions under which the optimal scheme is
regular. In a regular scheme, a more affordable price is set for a larger network, and
given those prices, the network size is maximized as allowed by individual rational-
ity. Given that regularity is defined in terms of the private signals, it has no direct
implication on the actual price levels for different allocations. As observed in the
example in Section 4.1, it is consistent with a lower price for a smaller network when
the network externalities are strong, and a lower price for a larger network when the
externalities are not so strong. The observation in the first case corresponds to a
refund from the seller to the adopters when the number of adoptions is below some
threshold.

In this paper, we have only looked at positive network externalities. It would be
interesting to study optimal sales schemes under negative externalities as seen in the
case of snob consumption, or more complex forms of externalities based on graph
structure.!” Network goods are often supplied competitively as in the case of cellular
phones or PC operating systems. While some aspects of such competition have been

analyzed by Katz and Shapiro (1985, 1986), much remains to be understood.

Appendix

Proof of Proposition 2 (Necessity) 1. We first show that if f(s;,s_;) = a* and
f(sh,s—i) = a™ for k < m, then s; < s,. Since (f,t) is strategy-proof,

vi(a™, st) — ti(a™

= vi(ak, ;) — ti(ak),

'7See Sundararajan (2007) for one such formulation.
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and

It hence follows that
(a™ & (aF & (™ (aF (a™ s NOLEY
vi(a™, s;) —vi(a”®,s;) > ti(a™) — ti(a") > vi(a™, s;) — vi(a”, sp).
This further implies that

!/
i 8%

F(am, i) ds; = vi(a™, st) — vi(a™, s;)
S 8i
i Qv
> vi(ak, sh) — vi(a®, s;) = a—l(ak,si) ds;.
Si Si

Since gg: (@™, ) > gg: (a*,-) by assumption, this implies that s; < s.

2. If t;(a) > t;(a¥) for a € C;(a*) N Bi(s_;), then v;(f(si,5_),8:) — ti( f(si,5-4)) <
vi(f (s}, s-i),8) —ti(f(s,,s—;)) for s; and s} such that f(s;,s_;) = a and f(s},s_;) =
a”, contradicting the strategy-proofness of (f,t).

3. Ex post IR requires that v;(a',0) — t;(a') = —t;(a!) > 0.

4. For s; and s such that f(s;,s_;) = a* and f(s},s_;) = a**!, we have
0i(f(siy5-i), 8i) — ti(f (84, 5-4))
vi(f (s 5-4),81) = ti( f (s, 5-4))

vi(akH, Si) - ti(ak-ﬂ).

vi(ak, si) — ti(ak)

Y

Hence,
ti(@™ ) — ti(a") > vi(ags, si) — vi(a®, s;) > 0.

(Sufficiency) Fix i € I and s_; € S_;.
Strategy-proofness:
k—1_k ak:ak:Jrl

Suppose that s; € [y @, y¢
k0. Then

vi(f(8i,8-4), 8i) — ti(f(si,5-i))

-1 0 alagt+l

| and that s, € [y¢ @, yf

; | for some

vi(ak, si) — ti(ak)
vi(az,si) — ti(ag)

Ui(f(séa S*i)’ Si) - ti(f(séa S*i))’
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where the inequality follows from (2).
Ex post IR:

. k k—1 k+1_k
Since for s; € [y * arrar]

; Y5 , we have

vi(a®, ;) — t;(a¥)

> vi(af, g ") — ti(ah) = vy ) — i(a" Y

> vy ) — (@) = w2y — ti(ah )
Z .

> —t;(a') >0

Proof of Theorem 1 We begin with the following lemma.

Lemma 5 Suppose that (f,t) is an optimal ex post implementable price posting

scheme against two buyers under Assumption 2. Then

1. There exist no 0 < ay < (1 < 1 such that f(s) = 0 for every s € (a1, 1) X
(v9",1].

2. There exist no 0 < ag < B9 < 1 such that f(s) = 0 for every s € (yi° 1] x
(a2, B2).

3. L1y is a rectangle with a non-empty interior such that (1,1) € L11 and (0,0) ¢
Lll.

Proof.
1. Suppose that there exist such a; and 4 and denote D = (a1, 31) x (y3%,1]. We

will show that (f,t) is suboptimal. If y91 = 0 or 1, let (f.1) be such that §; = y,

(@' 93") = (3.5"), and

Fs) = 01  ifs€ (a1, B) x (3,1,

f(s) otherwise.

Then (f,1) is ex post implementable and raises a strictly positive expected revenue
€ (a1,61) x (3,1]) v2(01, 3) from D. When y3! € (0,1), let (f,#) be such that
y =y and
. 01 if se D,
f(s) =

f(s) otherwise.
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Again, ( f ,1) is ex post implementable and raises a strictly positive expected revenue
P(s € D) vy(01,y9") from D. In both cases, R(f,%) > R(f,1).

3. If Ly; # 0, then it contains (1,1) by Assumption 2 and Proposition 2. Suppose
that int L1y = (). The optimality of (f,t) would then imply that (1,1) € L1o U Lo;.
Assume without loss of generality that (1,1) € Ljp. We will show that (f,¢) is

dominated by an alternative scheme ( f ,1) defined as follows:

A 11 ifsey%1x0,1, | . oL .
f(s) = ' @0 =’ n”), @R = u2",0)
f(s) otherwise.

Then ( f, t) is ex post implementable. Furthermore, the expected revenue under
(f,1) from [y1°,1] x [0,1] equals

P(L11)v1(11,y1%).

This is strictly greater than the expected revenue under (f,¢) from the same set

since the latter is bounded above by
P(Lll) /Ul(lo) yio)a

and v (11,y1%) > v1(10,41°) by Assumption 2. The expected revenue under (f.t
and that under (f,t) are the same elsewhere. We hence conclude that R(f,t) <
R(f,1).

Next, we show that Ly is a rectangle. If yi® > yi!, then L1 = [yit, 1] x [y3!, 1]

or Ly = [yit, 1] x [y%l’m,l]. It is also a rectangle if y9' > yil. Suppose then

that yil’lo > yil and y%l’m > yal. Li; may fail to be a rectangle only if Li; =
it < st N[t o) x [ wy ). However, if f(s) = 10 for s € [yi!, 51" x
[y%l,y%wl], f is not ex post IC since for s; € (y%l,yil’lo), Ly(10,81) = [y%l,y%wl]
and Ly(11,51) = [y3-°", 1] and violates Proposition 2. Likewise, f(s) # 01, 00 for
s € [y%l,y%l’lo] X [y%l,yél’m]. Therefore, Li; is a rectangle in all cases. Finally,
(0,0) ¢ Li; since otherwise, Li; = [0,1]? and the expected revenue under (f,¢)

would equal zero. m

We now return to the proof of the theorem.
Case 1) yi! < yi% and yi! < 98, For s < (yit,ydl), f(s) = 00 by ex post IR.
For s € [0,91%) x [0,%1), f(s) = 00 by ex post IR. It then follows from Lemma
5.1 that yi® < 1 and that f(s) = 10 for s € (yi° 1] x [0,y3!). The symmetric
argument shows that ¢! < 1, f(s) = 00 for s € [0,y{!) x (31, y31), and f(s) = 01
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Figure 6: Configuration (D)

for s € [0,91') x (¥8%,1]. By Lemma 5.3, it must be the case that f(s) = 11
for s € (yi%1] x (¥8%,1]. By ex post IC, we must then have f(s) = 11 for s €
(yit, yi9% x (¥8%,1] and s € (y1°, 1] x (ya',y9'). Since Ly; is a rectangle, we can then
conclude that L1y = [yit,1] x [ydt, 1].

11,10 11,01
Case 2) yi¥ <y}l < y; and y9! < yil <y, . For s < (yi% y9h), f(s) = 00

by ex post IR. For s € (y1°, 1] x (0,9%), f(s) € {00,10} by ex post IR, and hence
f(s) = 10 by Proposition 2 and Lemma 5.1. The symmetric argument shows that
f(s) = 01 for s € [0,41°) x (y9',1]. We now proceed by separately considering
possible configurations of Li;. Since Lq; is a rectangle containing (1,1) by Lemma

5.3, there are four possible cases as follows:

1 Ly = [y1"" 1) x [13"%",1]. Proposition 2 shows that f(s) = 10 for s €

(1% 91710 x (y5"°', 1] and that f(s) = 01 for s € (y;"'°,1] x (¥, 45 "").
Proposition 2 further implies that f(s) = 00 for s € (y1?, yil’lo) x (y9t, y%l’m).
This configuration, called (D), is depicted in Figure 6.

Now consider configurations (B1) and (B2) which have the same ¢ as (D) above.
We show that (D) is dominated by (B1) if ¢1(10) > ¢2(01) and dominated by
(B2) if t1(10) < t2(01). To see this, note that the expected revenue under (D)
minus that under (B1) is written as
RF = RP = P([yi® y1"] x [y3" 9" ') {~11(10)}
+ Py "1, 1] x 18", 43']) {£2(01) — t1(10)}
+ Py 1) [ya ") {22(01) — t1(11) — t(11)}

Since yi! > yi® > 0 implies t1(11) = v1(11,y1%) > v1(10,91°%) = #1(10) > 0,
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this difference is strictly negative if ¢;(10) > ¢2(01). Likewise, the expected

revenue under (D) minus that under (B2) is written as

RF — R = P(lyi®, 51" x 53" 92 ']) {—t2(01)}
+ P([yi% vi'] x [y, 1]) {#1(10) — t2(01)}
+ Pyt o x [y 1) {41(10) — 01(11) — 2(11)}.

Since ya! >y > 0 implies t2(11) = v (11, yd!) > v2(01,y91) = ¢2(01) > 0, the
difference is strictly negative if ¢2(01) < ¢1(10). Hence, (D) is never optimal.

2. Ly = [y1"", 1] x [y!,1]. By Proposition 2, f(s) = 10 for s € (y12,y; "' x

(yél’l], Furthermore, Lemma 5.1 shows that f(s) = 10 for s € (y%o,l] %
(y9',y3'). This yields (B1).

3. Lip = [yt 1] x [y%l’m, 1]. A similar reasoning as above shows that f(s) = 01
for (y19 1] x (y9%,1] \ L11. This yields (B2).

4. L1y = [yit, 1] x [y3t,1]. In this case, we have two possibilities:

(a) f(s) =10 for s € (y1°,1] x (y9*,931) and f(s) = 00 for s € (yi°, y}') x
(ya!,1]. This yields (C1).

(b) F(s) = 01 for s € (51%,1] x (49%,48") and f(s) = 00 for s € (51, 1") x
(y3',1]. This yields (C2).
Case 3) y10 < ylt < ;1% and yd! < 43"
By ex post IR and Lemma 5.1, f(s) = 00 for s € [0,y1%) x [0,491), f(s) = 01
for s € [0,y1%) x (y91,1], and f(s) = 10 for s € [yi%, 1] x [0,y3!). By Lemma 5.3,

L1y can be either (i) [y;"'%,1] x [yd1,1] or (ii) s € [yi',1] x [y3!,1]. In case (i),

it must be the case that f(s) = 10 for s € (y%o,y%
configuration (B1). In case (ii), f(s) = 00 for s € (y1°, yi1) x (y3!, y9') by Proposition
2. Proposition 2 also implies that that f(s) € {10,00} for s € (yi% yit) x (¥9%,1].

However, Lemma 5.1 implies that f(s) = 10. This yields (A).

110y 5 (y31,1]. Hence we obtain

Case 4) y%l < y%o and ygl < y%l < y%l’m.

The reasoning similar to that of Case 3 above yields (A) and (B2).

26



Proof of Theorem 2 We first examine the optimality of configuration (B1),

11,10 11,10

which requires yi¥ < yil < y; < 1. Since y; is uniquely determined as a

function of y; = (y1°,y!!) in this case, we can use the pair of variables (y10,4"'")
instead of y; to express the seller’s expected revenue.

11,10
RB(y > ,yio,yél,m )

= {1- Gy} {1 - Gr (™))

% {or Ly ) = 01 (10,5171) + 01 (10,41°) + (11,31 }

+[1= Gi(1®) = {1 = Ga(yd)}H {1 = Ga (1)} w1 (10,41°)

+ G1(yi”) {1 — Ga(y5")} v2(01,13")

= {1= Ga)H{r (151" = 1110, 57') + {1 = Gr(™ )b ea(11, 531 |
+71(10,41%) + G1(y1°) 201, 55").

Differentiation of R? with respect to y10 yields:
ORP 1110 ory
Wy ue) = 5—(10,41%) + 91 (u1°) r2(01, 3.
0y, 1

If y1% < z{9 then %(10 y1%) > 0 by Assumption 3 and hence the above partial
derivative is strictly positive. It follows that the optimal y3° must satisfy y1° > z{°.
Next, differentiation of RP with respect to yil’lo yields:

OR? 1110 10 11
T YL Y2 R
Oy

67“1

or
= {1 = G {5 (11" = Z 0. — qa (w1 e (11431 |-
S1 S1

Since yil A0S yi0 > 210 %(11,yi1’10) < gg (10, yil 10) by Assumption 3. It follows
that

8RB 11,10 10 11,10 10
alllo(yl 7y17y27y2)<0 fory >y1’

suggesting that (B1) cannot be optimal. The symmetric discussion shows that (B2)

is also suboptimal. Consider next configuration (C1) which requires yi® < yi! < 1.
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The expected revenue can be written as:

RP (it 1% w3, y9h)
= (1= o)} 1 - Gau!} {ma (1) + (11,8}

1= Gau1)} Galod!) 01 (10,19) 5
+Giy1") {1 = G2(3")} v2(01, y3")

= {1 - Ga(ya" )} (11, 51") + {1 = Gi(y ")} r2(11, 3")

+ Ga(ys!) r1(10,51°) + G1(y1”) ra(01, 93").

Differentiation of R” with respect to yi9 yields

ORP

1131
310 )

(i 01" 92", 93Y) = Ga(n') 5 (10,31°).
Hence, the optimal yi° should equal z{°. Differentiation of RP with respect to yi!
on the other hand yields

or

ORP 1
=yt i e yst) = {1 — Ga(ya')} a—&(ll,yil) — g1(yth) ra (11, y31).

oyt

Since yit > yi% = 20, ggl (11,y1!) < ggl (10,y}!) < 0 by Assumption 3. Therefore,
the derivative is strictly negative and (C1) cannot be optimal. That (C2) cannot be
optimal is shown by a symmetric argument. We are then left with configurations in
(A), which require either yi! <y, or ya! < y9'. The expected revenue under each
one of (A) has the same expression as that under (B2) in (5). It then follows from
the discussion there that the optimal values satisfy yi® = 210, y§! = 291yt < 210
and ya! < 2%, The optimal scheme is hence (A0), which is regular.

K ( K ):

Formula for r We can verify that the seller’s expected revenue from these

Yy
price offers equals

= max {0, G(min {ykﬂm’ o 7yk1km}) . G(ykl)} vkl (ykl)
m—1

+ Z max {07 G(min {yknkn+l’ . ’yknkm})
n=2

o G(max {yk‘n’ yklk}n’ . ’yk‘n—lkn})} ,Uk?n (ykn)

+ max {0, 1 — G(max {y*m,y"*m, ... ,y’“’”‘lk’"})} vfm (yhm).
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When yFekn < yFmbn for every £ < m and n, we can express r&(yX) as
Py = {rkn(yFnthn) = pkeor ek ) ek ), (6)
n=2
Proof of Lemma 4 (i) For m < n, (Qi;)('_()') < (%7:;)('_()').
n /
This readily follows from Assumption 4(iv), which implies that (—;’m((?)> <0

when m < n.

(ii) For each n € I, r™ is strictly log-concave with the (unique) maximizer z" which
satisfies 1 > z1 > ... >zl > 0.
Note that

(r")'(s) = —g(s)v"(s) + {1 = G(s)} (v")'(s)

-0 {2 )

Since 1—g(—c§()s) is strictly increasing and (1:;)(/;)8 )

decreasing, implying that r™ is strictly log-concave. Hence, the maximizer z" of r"

is strictly decreasing, (1:;)(,.()') is strictly

is unique and satisfies 2" € (0,1) as 7*(0) = (1) = 0. For m < n, 2™ and 2"

satisfy
Y™ _gE™) Y E) g
vm(zm) 1—G(z™) v (zn) 1-G(z)
If 2™ < 2", then
9(z") g9(z")

and hence

which contradicts (i).

(iii) Ezzgigg > Ezzgigzg ifm<mnands<¢.

The inequality is equivalent to

) ) Ty e vm(s)
(=060 1~ T2 o) < 0 OO - e wmy)

Since s < §’, this holds if 15(—6;‘)(-) is (strictly) increasing, and (1::;)/ 5 < (1;:;)(/5; ), By
the log-concavity of v™, the latter inequality holds if (Q:j;)(é,s)) < (l;?n)(s(f ) which is

true by (i).
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(iv) If m < n, s < &, 8 = ¢™(s,s), and (r")(s") > (r™)'(s"), then r"(s") >
(s, s).
We first show that (r™)'(s) > (r™)(s) implies that (r™)'(s), (r™)(s) > 0. Note
that (r™)(s) > (r™)'(s) is equivalent to
(v")'(s) = (™)' (s) 9(s)
vils) —vn(s) = T-G(s) @

and that (r)'(s) > 0 is equivalent to

Furthermore, since (vn)/.()') < (vm)/.()') by (i),

9)

(8) then follows from (9) and (7). That (r™)'(s) > 0 can be obtained in a similar
manner.

Now, since (r™)'(s"), (r™)(s") > 0, we have (r™)'(s) > 0 and (r")'(s") > 0 for
any s, s’ < s” by the strict log-concavity of ™ and r™. It hence follows from (iii)

that for any such s and s/,

(") (s) _ (MY (s) w0)

Now fix s” such that r™(s”) > r™(s”), and consider the following functions of
s € [0,s"]:

8/ — (vn)—l (vm(s) + vn(su) . ’Um(SH)) ’
and

s = (rn)—l (Tm(S) + 7“”(8”) _ Tm(S”)) )
Both functions are differentiable over the domain, and the graph of the former lies
above that of the latter since both of them go through (s”,s”) and have a single
crossing point because of (10), which shows that the latter has a steeper slope than

the former at any point of intersection between the two. Hence, for any s < s, we

have

(Un)fl (’Um(s) + ,Un(sll) o Um(sll)) > (rn)fl (Tm(S) + Tn(sll) o Tm(sll)) )
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In other words, whenever v™(s") = v™(s)+v"(s")—v™(s"), r™(s") > r™(s)+r"(s")—
r™(s"). Equivalently, we have r™(s) > r™(s)+r"(s")—r™(s") when s” = ¢™"(s, s),

and s < s’. The desired conclusion then follows since by (6),

P, ) = () = () ()

Proof of Proposition 3 Since the density g is continuous and strictly positive

over [0, 1], we have
Gy™) —G")

o > Bgy"),
where 0 = % > 0. Hence, Assumption 5.1 holds if
(r")'(y")
Myt ——"" > 1.
Bly™ —y") )

Since ™ (y™) > r"(y"™) and y™ > y" imply v™(y™) > v"™(y™), using the linearity of
the value functions, we see that the above inequality holds if
() n\/(,mn
™ (y")
Substituting

into the above, we obtain

Since y" < f)—f < g, the increasing hazard rate condition then implies that the above

holds if
() (oerth)

which is true for a small € > 0.

n—1

pr

p

For Assumption 5.2, the assumed linearity of v™ implies that " = u" =

€. The inequality then holds if

1+ (n—2)e" 2
€< :
n—1

which is true for a small € > 0.
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Proof of Theorem 3 The proof of the theorem begins with Lemmas 6, 7 and 8.

Lemma 6 If z € argmax,eg, 1)/ w(y), then there exists a permutation my,...,mr of
1,...,1 such that for eachn=1,...,1,

™ (z™) = max rZ(zF
( ) 0#LCII, ( )

)

where IlI; = N and I, = N\ {mp41,...,77}. In particular, ™ (271) > --- >

rT(2™). -

Proof.
Step 1. 7™ (2™) = maxgjc; 7’/ (27) for some 7 € I.
Suppose to the contrary that there exists K such that K C I, |K| > 2, and

K/ K JJ
r z = max 7r (2 ). 11
( ) DA£JCI ( ) ( )

If there exists more than one such set that satisfies (11), choose any one with the
smallest cardinality |K|. Write K = {k1,...,k,} for some 2 < n < [ and k1 <

-+ < kp. Now consider y such that
0< y“l < e < ylin <1, and ylin—l < yﬂn < ylin—llin < 1. (12)

Given that K has the smallest cardinality, z must satisfy (12): Otherwise, there is
redundancy in K and we can find a strictly smaller set K C K such that r (2K) =

K (25, Write 12, ... yfn-1%n as functions of y*!, ..., y"" as follows:
K1k2 __ , K1K2 K1 K2 Kn—1Kkn __ , Kn—1K Kn—1 K
Yy =y (Y ),y = g (e ).
Let
ZKIKQ — yKIKQ (ZKI’ZKQ)’ . 7Zﬂn—1ﬂn — yﬂn—lﬂn(zﬂn—l’zﬂn).

21 = (pﬁlfm (2517252)’ L 7<n—1 = (Pnnilnn (znnilvznn)'

By our choice of K, we must have 0 < ¢} < (2 < -+ < ("1 <1, 2/t < 282 < (Y
2R < 2R < (2 2Rl < e < (L

Now define w by

wy) = Y Qy) max rFy)+r %) D Q).

leJCN Q)#LCJ 1€eJCN
rn&J KCJ
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Note that L7(z) = @ for any J C N such that K ¢ J and s, € J: Suppose to
the contrary that s_; € L7(z) for such a J. Since K ¢ J, there exists k € K
such that \*~1 < zF. However, since M1 < =1 < 28 < 257 for any such s_;,
we must have \*»~! < z%»  contradicting the assumption that x, € J. Hence,
3 tesen Q7(2) = 0 so that

kn€J,KZJ
J L/_L K/ K J
E z) max r7(z"”)+r(z E z
leJCN Q ( )(Z)#LCJ ( ) ( ) leJCN Q ( )
KgJ KCJ

This suggests that w(y) < w(y) for any y, and w(z) = w(z) by our hypothesis.

From the definition of w, we have

Z aQJ max rZ(z%)

ayﬁn 1€JCN 63/’% VJ#LCJ
kn&J
6@‘] K
K/ K I (2
leJCN leJCN
KcJ KCcJ
Using
0Q’ 0Q’
> g == D (),
l€eJCN Y 1l€eJCN Y
rn@J KCJ
we observe that the FOC 8aﬁ”n (z) = 0 is given by
3@‘] { L. L K K I(z
Z max r(z7) —r"(z )} Q°(
S ay”"" 0£LCJ 8y“n I;N
rn&J KCJ

Note that the bracketed term is negative and that ZleJcN Q7 (z) > 0 since 2" <
- < 2 < 1. Tt follows that this equation holds only 1f

ork

K
> 0.
S ()2 0

Recall from (6) that

ZK) = rm(z’“) + {rﬂl(z’ilflﬁl) _ Tﬂeq(zﬂefwz)}_
=2

~

The derivative of 7% is hence given by

ork
Qyrn

6y’€n— 1Kn
Oy*n

() = { @y () — oy () |

(fin=1 2fn)).
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QU (2Rt 2Rn) > 0, (rn )/ (2 ten) — (pReet)/(gRee1fn) > 0. Since

2R < gt < g1k < phn-1fn for each ¢ < n, we have by Lemma 4

Since

TW(ZW) > T’W—I"W(Z’W—I’Z’W) — Tﬁe—l(zﬂe—l) + Tﬁe (ZHZ—I"W) _ T’W—l(zﬁe—lﬁe)_

Substituting this into (6), we obtain

TK(ZK)

= PR1(25) 4 Zn: e e CO)
(=2

< () £ 30 () — e (e |
(=2

= rin ().
This however contradicts our original supposition.

Step 2.
As an induction hypothesis, suppose that for m = pu + 1,...,1, there exists
Ty € 11, such that

rmm(z™m) = max  rl(zh).
( ) @#LCHm ( )
We will show that
rE (25 < max  r/(27)
0#JCII,

for any K such that K C II,, and |K| > 2. Suppose to the contrary that 7 (%) =

maxg., jcii, r7(27) for some K = {k1,...,k,} such that K C II, and n > 2. Define
Sl — J Ly, L K(, K J
w(y)—lz Q') max r(y") + (") > QM)
€JCIy, leJCIy,
rn@J KcJ

+ > ™) Y QM)

m=p+1 1€JCIlm
TmEJ

As in Step 1, we observe that L7(z) = () for any J such that x, € J and K ¢ J.1®
Then w(y) < w(y) for any y and w(z) = w(z) by the induction hypothesis. Since
> QN = P(A T =y max (AT - ™) < 0),
£>m

1eJCIlm
TmEJ

18The reasoning is the same as that following the definition of @ in Step 1.
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the third term in the definition of @ is independent of y». It follows that

in) J J
00 = 3 99 max rF(eE) KGR Y (‘;Q (2)

Dy 1o, QYT AL 1o, OV
rn &J KCJ
ork . J
P Y Q)
Y 1eJCIy,
KCJ
J J
Noting that > icscu, gyi,m(z) = —> 1escm, gyi,m(z), we conclude as before that
rn@&J KCJ
g;,i (%) > 0. Using the same logic as in Step 1, we can then derive the contradiction

that r(25) < rfn(z%n). This advances the induction step and completes the proof.
u

Lemma 7 If z € argmax,cjo 17 w(y), then z € (0,1)".

Proof. Suppose not and take the largest n for which 2™ = 0 or 1, where 7, ..., 77
are as defined in Lemma 6. It would then follow that 7™ (2™ ) = 0 and hence that

r™(2™) = 0 for every £ < n as well. Define 2 to be such that

2™ if p #n,

% if p=n.

We then have

w(z) =Y E) Y Q)

pn=1 leJCIy
Tu€J
— (3™ P(W*l > 27, max (N1 = 27) < 0)
>n

I
+ Z rTe(Z™) P()\”*‘*l > 2T max (ATl ) < 0)
>
p=n+1

I
> Z rTH (2 P()\”“_1 > 2™, max (ATl 27y < 0)
>4
p=n+1

= w(2),

where the inequality holds since r™(3) > 0 and 2™ > 0 for ¢ > n. This is a

contradiction. m

35



Lemma 8 Suppose that Assumptions 4 and 5 hold. If z € argmax, g, 1)/ w(y), then
T, = p for p=1,...,1, or equivalently,

rl(zl) << rl(zl).

Proof. Note first that argmax, w(y) # ) since w is a continuous function over the
compact domain [0,1]7. Let z = (2',...,2') € argmax, w(y) be any maximizer.

We prove the claim by induction over y=1,...,1.

Step 1. 7!(27) = maxg, cr r/(27).
Given the conclusion of Lemma 6, the claim is equivalent to m; = I, where

m1,....7w7 are as defined there. Suppose to the contrary that 7y < I, and take n < I
such that m, = I. If we define

I
drmy™) Y QM)

leJCIy
Tu€J

—

=

Tﬂu(yﬂ'u) ()\7'(“—1 > yT(H I?fj( ()\7‘([ 1 yT([) < 0)7

I
M~

ki
L

then w(y) < w(y) for any y and w(z) = w(z). Differentiating w with respect to

y™ = y!, we obtain

o J
6y71’n Z rﬂ'u ”u Z a;i" (y)

leJcIly,
T €J

+ (™) (y™) Z Q7 (y) (13)

leJCIIn
Tn€J

6@‘7
+ 7 (y™) —(y).
]Gé;;n ay "
T €J

Since z € (0,1)! by Lemma 7, the FOC 883371( ) = 0 holds at y = z. Furthermore,

since 7™ (2™ ) < 7™ (™) for every p < n, and

J J
> aQ -y o4 (z) >0, (14)

6y7rn
leJCll, 1€JClly
T €J T €J
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the sum of the first and third terms on the right-hand side of (13) evaluated at z is
< 0, implying that (r™)"(2™) > 0. This and 7™ (2™) > r™(2™) for £ > n together
imply that 2™ > 2™ for £ > n. Let 2™ be the smallest among z™+! ... 271,
For any y such that y™ < y™ < mings, ¢4, Y™, we now evaluate the probabil-
ity > 1escm, Q7 (y) appearing in (13) in two ways. First, assigning just one of I — 1
signals Tc?)e‘bc’he interval [y™, y™™], we see that
Z Q7 (y) = P(A”"fl > 4™ max (A" — y™) < 0)

>n
1eJCIlp
Tn€J

- (", e -6y (15)

x P(A32 = ™, max (A7, —y™) < 0).
where )\’}72 is the kth largest value among I — 2 signals, and )\i = 0 whenever
k < ¢. Second, suppose we assign p of I — 1 signals to [y™,y™™] and the remaining
q = I—1—psignals to (y™, 1]. In this case, ¢ < m,, —1 must hold since \™~1 < ¢™,
Hence,
S Q=P 2y max (A - ™) <0)
>n

leJCIlp
Tn€J

- > (") ewm ey (10

p+q=I—-1 p
qg<mm—1

P( ATl Ty <0, A > ”m).
x £>I£l,%;é(m( k. v < a=Y

Differentiating (16) with respect to y™ = y! and rearranging, we obtain

J
> SQ (v)

1leJCIlp yWn (17)

Tn€J

= (1= Vg™ P(N13% 2 v, max (075! - ™) < 0).
Now substitute (15) and (17) into (13) and set y = z to get
Y g
ow
()
> P(Xj3? = 2™, max (]! —2™) < 0)

x (I =1) [—9(2””)7“””(2‘”") + (™) (Z"){G(™) - G(z™)}

> 0.
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where the first inequality follows from the fact that the first term on the right-
hand side of (13) is positive (i.e., (14)), and the second from Assumption 1 along
with the fact that z™ < 2™ and r™(2™) > r™ (2™ ). We have hence derived a

contradiction to the fact that z is an interior maximizer.

Step 2. For n = 1,...,T — 1, r"(2") = maxy<, r°(z").
As an induction hypothesis, suppose that the statement holds for n +1,..., 1.
Define

I
Wn(y) =Y ™) Y QM+ D W) DY QM)

k=1 leJCIIy k=n-+1 leJCN
TpE€J max J=k

I
<
e
~~
<
B}
B
~—
O
<
—~
<
~—

i
We then have w,(y) < w(y) for any y, and by the induction hypothesis, w,(z) =
w(z). Hence, since z is a maximizer of w, it is a maximizer of w, as well. Note
that the second term on the right-hand side above is independent of (y',...,y"),
and the first term has the same form as w in Step 1 with the only exception that n
replacing I. This implies that the same reasoning as that in step 1 proves

n/.ny __ Y4
r (z)—rzrlgfﬁ(r(z).

We now return to the proof of the theorem. We will show that any maximizer z
of w: R! — R satisfies 2/ < --- < z! under Assumption 5.2. For n =1,...,T and
y € [0,1]!, define

R'(y)= > Q') =PN\""" > y" max(\"' —y") <0).

leJClIn
neJ
For any ¥ such that y/ > y/~1, we have
OR! L ORI~2 _
8—y1(.) — = Tyl(.) -0

Furthermore, since

R'(y) ={1-G"H}Y,

38



and

R !(y)
P()\172 Z yffl’ )\I*l < yl)

= -D{1 -Gl PG
+{1-GlHY T - {1-GEHY

we have
I
%(y) = —(I-D{1-G"HY ?9y"),

and I
OR'~ _ _ _ _
Gy T =~ =D =2){1 - Gy Y PGy ey,
Suppose now that there exists a maximizer z of w such that z/ > z/~1. Since

€ (0,1)! by Lemma 7, z satisfies the FOC’s:

w -1
oo () = S (@)
I
+ G ) + R () (1) =0,
and
= or
DB
+RI 1(2,)([1)(11) 0
Noting that 81;;;1 (2) = —ag—;;l(z) > 0, and Zijl %(z) = —%(z) > 0, we
obtain
(7“[)’( I) - 1 3RI . 7“[ ( 1 1)
ey = mE e\ ) o
g(z") Y
=02 - S )
and
(r1=1y (2171 1 8RI 1 I-2 8Rn (2"
P11y~ RI-1(y) Z oyl — 7 TI [T 19)

1 8R1_1 rl(z!
S TR oyt {1 - %} |
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Let Rl_l(y) = R'71(9), where ¢* = y* for k # I and §' = y'~'. Then Rl_l(y) <
R'"(y), and
__1 aRFl(z):(]_Q)ﬂ
RI-1(z) Oy'~t 1—G(I-1)

Since /7t < 2t =zt and (1) (y!) > 0 for y' < 2!, we have

(1 P -1 ol(s-1 -1
rflgzl)l) = rl(l(zl)l) - ,Ul(l(zl)l) = l}_[ Hk'
=2
Hence, (19) implies
Py (-1 -1 -1
%MS(I‘Q)%{l—HE’“}- (20)
k=2

Since (r!)/(z!) > 0, 271 < 2! and (r'71)'(y) > 0 whenever (r!)/(y) > 0, we also

have
74171(2171) 74]71(21) B Ulfl(zl)

T SR T en SR
substituting this into (18), we get
7“1 / ZI ZI
> w2k, (21)

Combining (20) and (21) together, we see that

r-1—9E)

1—G(z1)
PV (] ATV (511 PI-1y/ (11
D e e

SI-1 I-1
< -2) 1 _g(G(z1)1) {1 - H Hk}’
k=2

(T‘I)/

rl

I-1

where the inequalities in the second line hold because is decreasing, 2/ > z

and

for any s;. Furthermore, given the increasing hazard rate,

we must have
I—-1
(I-1)(1-p")< (-2 {1—H g’f}-
k=2

This, however, contradicts Assumption 5.2.
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n

As an induction hypothesis, suppose that 2/ < ... < z

1

. Suppose that z" >

2"~1. For any y such that y/ < --- < ¢" and y" > y"~ oy

n—1
8Ig'T(y) =0, and
R"(y)
:P()\n—l > yn A < yn—l—l’.”’)\l—l < yI)

n—1

where )\]ffn is the kth largest value among I — n signals. Hence,

OR™
oy (y)
n ny1n—2 I-1 1 n+1 I-n
=—g")(n-1{1-GH")} noq1) PQrn<y A <yh),
and L ag ™)
9y
) =—(n-1)—LL
Q"(y) oy" W=-ltr-1- G(y")
The first-order condition 57“7’1(,2) = 0 then yields

(,rn)/(zn) _ _L 8Q” B r”_l(z”_l)
e @ oy {1 () }

AR A Ty

(22)

On the other hand, suppose y"t! < y"~1 < y™. Other cases can be treated in a

similar manner.

R (y)
— P()\n—Q > yn—l )\n—l < yn’)\n < yn—i—l’ B ‘7)\1—1 < yl)

- (175) a-curhy
< [T = n+ DIGE™) — G PO, <y, X7 < )

+ PO gr <y N < )]

+(I_1>[{1_G<y"1>}"1—{1— YT PO, <y AT < ).

n—1
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Differentiating R"~! with respect to ™!

6Rn71
W(y)

, we obtain

) (4 5) -2 -Gy

X [(1=n+ DG = Gl PO, < ™, AT < y)

—-n

+ PN\ <y N <))

Let R”_l(y) = R"(9), where j*¥ = y* for k # n and " = y"~'. We have
R 1(y) < R"(y) and can also verify that

1 OR"1 C n_ g(yn—l)
Rn=1(y) oy"~! W =-lr-21> Gy

The first-order condition 8‘9 r(2) = 0 then yields

()()
aCAa)

On the other hand,

(24)

Just as in Step 1, we can combine (23) and (24
tion 5.2, which is equivalent to

(n—1){1—g"}>(n—2) <1_H“>

42
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This advances the induction step and completes the proof.

Proof of Lemma 1 Take any m € M (y). Let n be such that n > m and y™ < y".

Take s such that y"™ < s; = --- = s, < y" and Sp11 = -+ = s; = 0. Symmetry

and ex post IR then imply that f(s) equals either (0,...,0,1,...,1), (0,...,0), or
—_——— ——

n I—n

(1,...,1). When f(s) = (0,...,0,1,...,1), /=" = 0 should hold by ex post IR, and
when f(s) = (1,...,1), then t/ = 0 should hold by ex post IR. Suppose now that
m € K(f), or that there exists § such that |f(5)| = m. By symmetry, we can take
§ such that f(s) = (1,...,1,0,...,0).

——

If f(s) =(0,...,0). then § is a profitable deviation for the coalition J = I at s:

Fori=1,...,m,

vi(f(8), s1) = ti(f(8)) = v™(s0) =™ > 0 = wi(f(s), 51) = ti(5),

where the inequality follows from the fact that s; > y”*. Furthermore, for i =
m+1,...,1,
vi(f(8),8:) = ti(f(8)) = 0 = wi(f(s), i) — ti(s).
If f(s) = (0,...,0,1,...,1), then t/=" = 0 as noted above and § is a profitable
——

deviation for tﬁe coalition J =1 at s: Fori=1,...,m,
vi(f(8), 1) — t:(f(8)) = v"™(si) =t > 0 = wi(f(s),s:) — ti(f(5)),
fori=m+1,...,n,

vi(f(8),5:) = ti(f(3)) =0 =v;(f(s),5:) — t:(f(5)),
and fori=n+1,...,1,

vi(f(3),81) = ti(f(3)) = 0= 0"7"(0) = /7" = wi(f(5), 5:) — ti(f(5))-

If f(s) = (1,...,1), then y/ = 0 as noted above and s is a profitable deviation for

the coalition J = T at & Fori=1,...,m,
i(£(5),8:) = ti(f(5)) = 0" (3:) = t! > 0™ (%) — ™ = wi(f(3), ) — t:(f(3)),
and fori=m-+1,...,1,
vi(f(5),8) = ti(f(5)) = 0" (3) =t > 0= v;(£(3),3:) — t:(f(3))-

Therefore, (f,t) is not coalitionally strategy-proof.
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Proof of Lemma 2 For K and y such that K N M(y) = 0, w can alternatively
be written as
w(K,y) = PO >k max (W — oY) < 0) rF(yF).
(K,y) k;{( y‘f;,j( y) < 0)r*(y")
Let (f,y) be such that K(f) = K. Fix k € K and s_; such that A\*"1 > ¢* and
maxcex (A1 —y%) < 0. By our choice of s_;, | f(si,5_4)| < k for any s; by ex post

>k
IR. Moreover, if s; < y*, then s; < y™ for any m < k so that |f;(s;,s_;)| = 0. In

what follows, we show that |f(s;, s_;)| = k whenever s; > y*. If this holds, then

B, [ti(f(siys-0)) | 5] = Psi <) Bs,[ti(f (s6:5-4)) | 50 <y, 5]
+ P(Sz yF) Eg [ti(f (siss—i)) | si > o, s3]
= P(s; > y*) "

=" (y").

This in turn implies that

R(f.t) = E[t:(f(s))]
= B, , [Ey,[ti(f(si,5-4)) | s_4]]

=Y ) PO 2k, max (AT - ) < 0)
keK >k

Suppose that s; > y* and denote s = (s;,5_;). We will derive a contradiction when
= |f(s)] < k. Let J C I be such that i € J, |J| =k, and

{] fj(S):l}CJC{jZ szyk}.
Such a set J exists since f;(s) = 1 implies that s; > y™ > y* by ex post IR. Since
ke K = K(f), take § such that |f(5)] = k and {j : f;(5) =1} = J. Such a signal
profile 5 exists by symmetry. When s; > y*, note that
VE(s5) =™ (s5) 2 0 (YF) — 0™ (6F) 2 oM (F) — o™ (y™),
where the first inequality follows from (v¥)’ > (v™)/, and the second from y* < y™.

We will show that § is a profitable deviation for I at s:
For je Jn{j: fi(s) =1},

vi(£(8),55) = 4;(£(8) = " (s5) = v"(¥")



For j € JN{j: f(s) = O},

vi(f(8),8)) = ;(f(8)) = v"(s;) = t" = 0 =0;(f(s),5;) = t;(f(5)).  (26)

For jel\J,
i (f(8),55) = t;(f(8)) = 0= v;(f(s),55) — t;(f(5))-

Since s; > y*, if f;(s) = 1, then (25) holds with strict inequality for j = 4, and
if fi(s) = 0, then (26) holds with strict inequality for j = i. Hence, (f,t) is not
strategy-proof.

Proof of Lemma 4 Take any J C I, s = (sy,s—s) and §;. Denote § = (57,s_71)
and k = |f(s)]. If [f(3)] = m > k, then |[{i : s; > 2} =k <m and |{i : 5 >
2™} = m by the definition of a regular scheme. Hence, there exists at least one
buyer ¢ € J for whom s; < 2™, §; > 2™ and f;($) = 1. It follows that for this i,

vi(f(8),81) = ti(f(3)) = 0™ (s:) — 1™ <0 < wi(f(s),51) — t:(f(s)),

suggesting that §; is not a profitable deviation of J at s. If | f(8)| = m < k, take any
i € J for whom f;(5) = 1. If there exists no such j € J, then § is not a profitable
deviation for J. Since 2™ > zF, we have vF(z™) — v (2™) > vF(2F) — v (2™).
Furthermore, since (v%) > (v™)', v¥(s;)—v™(s;) > 0¥ (2™)—v™(2™) for any s; > 2.
It follows that v¥(s;) — v™(s;) > v*(2F) — v™(2™) for any s; > z™. In other words,

if fi(8) =1 and s; > 2™, then

vi(f(5),5:) — ti(f(3))

o™ (s;) —t™
= " (s1) — ")
v (s:) = 0" (2F)

— (), 52) — tal£(5).

This implies that $ is not a profitable deviation for J at s.

IN

Proof of Theorem 4 We will show that when K # N and y € [0,1)!, w(K,y) <
w(I,9) for some 7 such that g7 < --- < ¢, Since w(N,-) is continuous over the
compact set {y : y! < --- < y'}, it achieves a maximum at some z in this set.
Hence, w(N,z) = MAaX ¢ N, ye[0,1]7 w(K,y), and by Proposition 4, there exists a
regular scheme (f,t) such that R(f,t) = w(N, z).
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When y* = 1 for some k € K, then w(K,y) = w(K \ {k},y) so that we may
restrict attention to the case where max,cx y* < 1. Suppose that K # N and fix
any y such that K N M(y) = (). We have

w(K,y) =Y PO 2y max (W —y™) < 0)r'(y").
leK m>{

Let n = min N\ K and K = K U {n}. If n = 1, then let § be such that j' =
maxyex y* and §% = y¥ for k > 1. Then K N M () = 0 and w(K,7) is given by

w(K,§) =Y POF' > y" max (A — ) < 0)rk(yh)

< ek

ke K >k
—p )\E—l _ VA 0 1/.1
(rzrg}g( y) <0)r(y)

+ ) PO 298, max (A —yf) < 0) ()
keK >k
> w(K,y).

If n > 1, then n —1 € K and let § be such that

ok Y if k # n,
Y
gyl ifk=n.

Since K N M(j)) = 0, w is given by

w(k,g) =Y P(A1 > g%, max (AL = gm) < 0) r(5")

=Y P(V‘1 >y A<y max (AT -y < 0) r(y")
ﬁeK m>£
<n

+ P()\nfl > ynfl’ meal}({ ()\mfl o ym) < 0) Tn(ynfl)
m>n
-1 l m—1 _ _ m 0o, Ll
+ZP(>\ > y*, max (A y)<0>r(y)-

LeK m>l
£>n
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Noting that A\"~2 < y"~! implies A" ! < y"~!, we can reduce the above to

w(K,9) = Y P<>\H >y, max (A" —y") < 0) r'(y")

leK m>£
£<n—1
+ P()\n72 > ynfl’ )\nfl < ynfl’ meal}({ ()\mfl o ym) < 0) Tnfl(ynfl)
m>n—1

+ P()\n—l > yn—l’ g}ea;(( ()\m—l _ ym) < 0) rn(yn—l)

m>n
+ Z P()\gfl >, max (AL gy < 0) r(yh).
teK ot

L>n

Using r*(y"~1) > r"1(y"~1), and

P()\n72 > ynfl’ )\nfl < ynfl’ max ()\mfl _ym) < 0)

meK

m>n—1
+ P()\nfl > ynfl7 g}ea;(( ()\mfl _ ym) < 0)
m>n

— P()\n72 > ynfl’ {Inlg}%( ()\mfl _ ym) < 0>’
m>n—1

we obtain w(K,§) > w(K,y). Tteration of this process shows that w(I,9) > w(K,y)

for some §.
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