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Abstract

We introduce a preference for wealth into the standard search and matching model to
analyze the labor market when there is persistent demand shortage. We show that, under
some conditions, a secular stagnation steady state exists in which the economy permanently
operates below capacity due to both structural unemployment and underemployment. The
latter is a direct consequence of the lack of aggregate demand. Our findings are as follows.
In the absence of demand shortage, the preference for wealth creates a new transmission
channel for shocks and policy measures due to induced changes in the real interest rate,
in addition to the job creation channel of the standard matching model. Turning to the
stagnation equilibrium, the effects of demand and supply shocks are opposite to those of
the standard case and result in a co-movement of unemployment and underemployment. In
contrast, the effects of wage and cost shocks depend on the degree of aggregate demand
shortage, but they can explain movements of unemployment and underemployment in op-
posite directions. Finally, we show that fluctuations in the total employment gap under
stagnation are primarily driven by fluctuations in underemployment instead of structural
unemployment. Our analysis helps to understand why the unemployment rate in Japan
has been surprisingly low during its lost decades and highlights the need for further pol-
icy interventions in support of aggregate demand despite a seemingly decent employment

record.
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1 Introduction

Japan’s macroeconomic performance in the decades following the burst of its bubble economy is
characterized by persistent deflationary tendencies and a shortfall of production below estimates
of potential output. As households restrained consumption, firms cut back on investment, and
with monetary policy constrained by the binding lower bound on the nominal interest rate,
aggregate demand has been insufficient for the economy to produce at full capacity. Japan’s
economy is stuck in an equilibrium of persistent stagnation without any natural recovery.

Against this background, the country has performed surprisingly well in terms of its unem-
ployment record throughout the stagnation period. Albeit increasing in the immediate after-
math of the asset price crash, the unemployment rate of Japan has remained low by interna-
tional comparison. As illustrated in panel (a) of Figure 1, it peaked at slightly more than 5%
in 2002 and has since fallen back to its 1980s level, the trend being briefly interrupted by the
global financial crisis.! This absence of widespread unemployment is commonly explained by
the specific features of the Japanese labor market, most notably the system of life-time employ-
ment.? Several studies report that these traditional Japanese practices of long-term employment
have eroded remarkably little, at least among core workers, during the stagnation decades (see
Shimizutani and Yokoyama, 2009; Kambayashi and Kato, 2011; Hamaaki et al., 2012, among
others). The unemployment rate in Japan is then primarily determined by institutional and
structural factors of the labor market, as opposed to the United States and other advanced
economies, making it less responsive to fluctuations in spending.?

But then, how did the lack of demand manifest itself in the labor market, if not in the
unemployment rate? During the last decades, there has been a profound change in the structure
of employment in Japan; the emergence of underemployment in the form of an increase in part-
time and non-regular employment as well as a secular decline in working hours. For illustration,
panel (b) of Figure 1 shows the share of part-time employment in Japan in contrast to the OECD
average.* Having been less than 12% in the 1980s, the share of part-time employees has sharply
increased throughout the lost decades starting well before the labor market liberalization policies
of the early 2000s. By 2018, this share had doubled compared to the 1980s level whereas
it only increased by 3 percentage points over all OECD countries. A similar trend can be
observed for other forms of non-regular employment (see Japan Institute for Labour Policy

and Training, 2015). And while the rise in part-time employment can partly be attributed

'In fact, Japan’s employment record makes some economists question the existence of a structural demand
deficiency. For instance, Homburg (2017) argues that Japan is in a “benign liquidity trap” characterized by a
decent performance of output and employment despite deflation and a zero interest rate.

2We refer to Hashimoto and Raisian (1985) for a description of the Japanese employment system in comparison
to the United States before the lost decades.

3This explanation is in line with the findings of Ball et al. (2013), who empirically study Okun’s Law for several
advanced economies since 1980. They estimate a slope coefficient of only —0.15 for Japan further indicating a
weak relationship between unemployment and aggregate demand and attribute this finding to the institutional
features of the Japanese labor market.

4The OECD defines part-time employment as follows: “Part-time employment is defined as people in em-
ployment (whether employees or self-employed) who usually work less than 30 hours per week in their main job.
Employed people are those aged 15 and over who report that they have worked in gainful employment for at
least one hour in the previous week or who had a job but were absent from work during the reference week while
having a formal job attachment.”



Figure 1: Labor market developments in Japan, 1980-2018
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Data sources: (a) Unemployment rate (in percent of the labor force), OECD; (b) Part-time employment
rate (in percent of total employment), OECD, Japan (solid) and OECD average (dotted line)

to an increased desire for flexibility by employees, it primarily reflects the lack of alternative
employment opportunities.® Finally, the decline in average hours worked in the OCED data
is also indicative of the rise of underemployment in Japan since 1990. Average annual hours
worked have declined steadily, particularly strongly in the 1990s, and have even fallen below
the OECD average.©

These observations pose important questions for researchers and policymakers alike: How
does a lack of aggregate demand manifest itself in the labor market? Under what conditions does
demand-driven underemployment occur in equilibrium? How do structural unemployment and
underemployment interact with each other? How do they respond to macroeconomic shocks and
various labor market policies? And how do these variables contribute to the total employment
gap in the labor market in the presence of demand shortage?

Existing models of secular stagnation are insufficient to address these questions as they do
not model the institutional structure of the labor market in detail. In this paper, we offer a richer
model of stagnation that allows us to explicitly distinguish between structural unemployment
and demand-driven underemployment. Using this model, we examine the effects of macroe-
conomic demand and supply shocks and various microeconomic labor market policies thereby
addressing the aforementioned questions and substantially extending the existing literature.

Specifically, we incorporate a preference for wealth into the standard search and matching
model of the labor market. In a setting with infinitely-lived households, such a preference
captures the bequest motive within dynasties that is frequently incorporated in overlapping
generations models. The preference for wealth creates a strong motive to save in addition to

the standard consumption smoothing motive, which can explain why empirically the saving

SFor illustration, non-regular employees consistently emphasize the “lack of regular employment opportunities”
as a major reason for their current work style in surveys conducted by the Japan Institute for Labour Policy and
Training (see Japan Institute for Labour Policy and Training, 2015).

5The secular decline in working hours is also confirmed by data from the Labour Force Survey of the Statistics
Bureau of Japan. Average working hours per week have substantially fallen from a stable level of slightly more
than 28 hours in the 1980s to less than 23 hours by the 2010s.



rate of households is increasing in their wealth (see Benhabib and Bisin, 2018; Fagereng et al.,
2019).7 Importantly, the preference for wealth allows for the possibility of a secular stagnation
equilibrium as is well-know from contributions such as Ono (1994, 2001, 2015), Michau (2018)
or Schlegl (2018). Households’ desire to save can drive the equilibrium or “natural” real interest
rate into negative territory. Yet, the effective lower bound, which we model as a rate of zero
for simplicity, prevents the nominal interest rate from falling sufficiently. This increases the
desire for savings which depresses aggregate demand. Combined with downward nominal wage
rigidities in the spirit of Schmitt-Grohé and Uribe (2016, 2017), the model economy operates in
a secular stagnation equilibrium characterized by deflation and a persistent lack of demand.

The search and matching friction results in structural unemployment in equilibrium as va-
cancies and job-seekers have to match successfully in a costly process before a position can
be filled. In addition, our model allows firms to respond to demand fluctuations by adjusting
working hours of employees, which results in demand-driven underemployment. In the absence
of demand shortage, our model behaves similar to the standard case. The search friction cre-
ates an employment gap, but conditional on being employed, households realize their potential
working hours and there is no underemployment. Nevertheless, the preference for wealth offers
an interesting new transmission channel as various shocks and labor market policies also affect
unemployment and other macroeconomic variables by inducing changes in the real interest rate.
In contrast, both structural unemployment and underemployment coexist and mutually affect
each other in the stagnation equilibrium. While unemployment is determined by the labor
market friction, it is the demand side that determines realized working hours, which fall short
of potential hours. The total employment gap then exceeds the unemployment rate.

We use this model to study the effects of macroeconomic supply and demand shocks as well as
microeconomic shocks such as wage and cost shocks under stagnation. The effects of demand and
supply shocks are reversed under demand shortage. Higher demand, in the form of government
spending, increases working hours and lowers unemployment thereby raising consumption and
output. In contrast, a positive supply shock via an increase in labor productivity worsens
deflation and leads to both higher unemployment and more underemployment. This is the
paradox of toil that is common to models of stagnation. Importantly, these macro shocks result
in co-movements of the unemployment rate and the degree of underemployment as have been
observed in Japan following the burst of the bubble economy and during the global financial
crisis. In contrast, the effects of labor market policies depend on the shape of the wealth
preference and the substitution elasticity of the matching function both of which also affect the
severity of demand shortage. When the economy is sufficiently depressed, these policies result
in movements of unemployment and underemployment in opposite directions as has been the

case in Japan during labor market liberalization policies in the early 2000s and after 2012.

"Several recent contributions have analyzed the macroeconomic implications of a preference for wealth in
models similar to ours. Kumbhof et al. (2015), Michau et al. (2019) and Mian et al. (2019) study the dynamics
of wealth and inequality that result from endogenous differences in saving rates based on the wealth preference,
while Michau et al. (2018) analyze the dynamics of asset prices and the possibility of rational bubbles in such
a framework. Michaillat and Saez (2019) incorporate a preference for wealth (relative to the average wealth
level) into a New Keynesian model to study business cycle fluctuations and Saez and Stantcheva (2018) employ
a similar framework for the analysis of capital taxation. For the interested reader, we refer to Zou (1994) who
provides an in-depth discussion of the idea of a preference for wealth in economic thought.



Finally, we use numerical simulations to quantify the relative importance of search-based
unemployment and demand-driven underemployment in the stagnation equilibrium. While
the standard search and matching mechanism is still at work in the model - in fact, structural
unemployment worsens under stagnation - the effects of shocks are typically reflected in stronger

variations in underemployment for reasonable parameter calibrations.

Related Literature: Our paper analyzes the interactions of structural unemployment based
on search frictions and underemployment under secular stagnation, thereby contributing to and
combining two fields of macroeconomics that have so far been treated fairly independently.

There is a rich literature on unemployment as a consequence of frictions in the labor market.
Diamond (1982), Mortensen (1982) and Pissarides (1985) developed search and matching models
of unemployment, which scholars have since applied in a wide variety of fields.® Merz (1995) and
Andolfatto (1996) introduce these labor market frictions into the standard real business cycle
model. In these type of models, all goods are produced by successful matches between workers
and firms. Equilibrium unemployment then results from frictions when matching vacancies and
job-seekers.

Variations in working hours are introduced into the matching framework by Fang and Roger-
son (2009) as households optimally choose their labor supply based on the consumption versus
leisure trade-off. While their study focuses on cross-country differences in working hours re-
sulting from differences in employment to population ratios and hours per worker, our paper
contrasts the labor market equilibria in the presence and absence of persistent stagnation, ab-
stracting from voluntary variations in the labor supply.

In a related framework, Kudoh et al. (2019) analyze changes in the composition of firms’ la-
bor demand over the business cycle. While labor market participation, i.e. the extensive margin
of the labor supply, is chosen by each individual, working hours conditional on employment are
adjusting in response to demand-driven fluctuations in production, which is a features similar
to our model. However, these fluctuations occur over the business cycle and are hence purely
temporarily in nature. This is in stark contrast to our framework which allows for the pos-
sibility of good market disequilibrium and demand-driven underemployment as a steady state
phenomenon.

Finally, Michaillat and Saez (2015) apply a matching framework to both the labor market
and the product market, such that the equilibrium level of sales is determined by a matching
process between sellers and buyers. This implies that the price level and labor market tightness,
i.e. the ratio of vacancies to job-seekers, have to adjust in order to balance demand and supply
in both markets simultaneously. Thus, there are feedback effects from demand fluctuations into
the labor market. Under fixed prices, an increase in aggregate demand increases labor demand
which leads to a rise in working hours and lower unemployment. The authors then discuss the
effects of macroeconomic shocks on labor and product market tightness focusing on the special

cases of fixed prices as well as an equilibrium with competitive prices and Nash bargaining.’

S8Pissarides (2000) provides the standard textbook for an introduction to models of search and matching
frictions in the labor market. Rogerson et al. (2007) survey the related literature.
9Landais et al. (2015b,a) use the same framework to study the effects of various labor market policies.



While the above-mentioned contributions model structural unemployment based on the
search friction and allow for voluntary variations in working hours, they do not consider the
possibility of involuntary underemployment in equilibrium.'® In our model, this phenomenon
emerges as a result of good market disequilibrium under persistent stagnation.

The secular stagnation hypothesis has been revived by Summers (2013) against the back-
ground of the weak recovery following the Great Recession, based on the original idea of Hansen
(1939). Proponents of this hypothesis argue that an oversupply of savings at full employment
permanently depresses aggregate demand as the zero lower bound on the nominal rate prevents
the real interest rate from falling sufficiently to stimulate spending. In the presence of downward
nominal wage rigidity, this results in an equilibrium characterized by deflation, a shortfall of
output below potential and involuntary underemployment. The oversupply of savings has been
modelled among others as a consequence of demographics (Eggertsson et al., 2019), a shortage
of safe assets (Caballero and Farhi, 2018) or strong liquidity preferences (Ono, 2001; Illing et
al., 2018).'! In this paper, we model the secular stagnation equilibrium based on a preference
for wealth in line with the contributions of Ono (1994, Chapter 11; 2015) and Michau (2018).'2

These models, however, do not consider structural unemployment and abstract from labor
market frictions. The labor market gap is either entirely ignored, in case the analysis is based
on an endowment economy, or it consists of a demand-driven shortfall of realized working
hours only. Hence, these models do not allow for potential interactions of unemployment and
underemployment. In contrast, this paper treats both phenomena in an integrated framework,
thereby showing that they are inherently interrelated. In our model, structural unemployment
increases under stagnation, a feature which is also consistent with the idea of hysteresis in the
labor market.

Our analysis concludes that it is primarily demand-driven underemployment instead of struc-
tural unemployment that responds to economic disturbances and labor market policies under
stagnation, which is in line with the developments in Japan since the 1990s. It thus highlights
the need for further policy intervention in support of aggregate demand despite the seemingly
decent employment situation in terms of the unemployment rate.

The remainder of this paper is organized as follows. Section 2 outlines the features of the
model. Section 3 focuses on the standard equilibrium without aggregate demand shortage, but
with a preference for wealth, and examines the effects of labor market policies and macroeco-
nomic shocks on unemployment, output and consumption. Section 4 considers the case where
aggregate demand shortage occurs in steady state and shows that the effects of these policies
and shocks are just opposite to those in the standard case. We also provide a decomposition of

the total employment gap. The final section summarizes our findings and concludes.

0An exception is Michaillat (2012) who introduces involuntary unemployment based on rationing into the
search and matching model. Rationing unemployment results from a wage above market clearing level and
coexists with structural unemployment. Yet, it is not related to a persistent shortage of demand.

"For the open economy versions of these models, see Eggertsson et al. (2016), Caballero et al. (2016) and Ono
(2014).

12T addition, Schlegl (2018) provides a treatment of secular stagnation in an economy with land while Michau
(2019a) carefully analyzes the effects of helicopter drops of money under stagnation based on a preference for
wealth. Michaillat and Saez (2014) also rely on a preference for wealth to obtain an equilibrium with a permanent
liquidity trap.



2 The Model

2.1 Households

Time is continuous and denoted by ¢. There is a mass one of infinitely-lived households. To elim-
inate any uncertainty regarding employment, the model assumes that each household consists
of a large number of individuals normalized to unity, with u; unemployed and 1 — u; employed
ones. Each individual is endowed with one unit of labor [; = 1, which is supplied inelastically,
and one unit of time. Let x; € [0, 1] denote realized working hours per individual. In case of
aggregate demand shortage, realized working hours fall short of potential working hours, i.e.
x¢ < 1. Each household receives wage income of wy(1 —u;)x; and unemployment benefits of zu,
where w; is the real wage rate and z denotes unemployment benefits. We follow Merz (1995)
and Andolfatto (1996) and assume that the household provides perfect consumption insurance
for its members such that consumption is the same for employed and unemployed individuals.

Household assets a, in real terms, consist of interest bearing assets (bonds or equities) by

and real money holdings m; that do not pay interest:
ar = by + my. (1)

Let r; denote the real interest rate and R; > 0 the nominal interest rate, which are related via
the Fisher Equation by R; = r¢ 4+ 7, where m; denotes the rate of inflation. Then, real wealth
evolves as:13

dy = rea; + wt(l — ut)xt + zup — ¢ — Rymy — 74, <2)

where 7 is a real lump-sum tax, and (1 —u;)zs € [0,1] is effective employment. Note that the
household faces opportunity costs R; when holding money due to the foregone interest earnings.
As in Michaillat and Saez (2015) and Michau (2018), the lifetime utility of the household is
given by
oo
o= [ Iolen) + nlme) + (e — mle
0

where p > 0 is the subjective discount rate. At any point in time, the household derives utility
¢(ct) from consuming ¢; with ¢'(-) > 0 and ¢”(-) < 0 and utility p(m¢) from holding real money
balances my, with ¢/(-) >0, 4”(-) <0, and p/(m¢) = 0 for all m; > m. At m, the household
is satiated with real money balances and does not derive any utility from holding more money
for transaction purposes. In addition, we introduce a preference for net wealth w(a; —m#) with
W'(-) > 0 and W”(-) <0, where m; denotes the real money supply. This specification implies
that households collectively consider the money stock a government liability that eventually
needs to be redeemed and hence not part of aggregate net wealth, even though each household
considers his personal money holdings as part of his wealth. As there is no heterogeneity on
the household level in our model, it is only wealth from equity holdings (as bonds are in zero

net supply) that affects the wealth preference in steady state.!4

3The nominal flow budget equation is Ay = RiPiby + Wi(l — u)xe + Zue - Pict — P, where Ai(= Piat)
denotes total asset holdings. Using a: = m: + b; and r: = Ry — ¢, where m; = P;/P;, we obtain (2).
“Michau (2019b) discusses and justifies the preference for net wealth in contrast to alternative specifications.



The household maximizes lifetime utility subject to the asset constraint (1) and the flow
budget constraint (2). Optimal household behavior is described by the Euler Equation, the

money demand function and the transversality condition as

W' (b +my —my)

Ct
e =11 —p+

Ct ¢ (ct) ,
!/
' (my)
R, = >0, 4
t ¢/(Ct) = ( )
Jim ¢ (er)ae™" =0, (5)
where 1. = —¢" (ct)ct /¢’ (ct) is the elasticity of the marginal utility with respect to consumption

(and the inverse of the intertemporal elasticity of substitution), which we assume constant.!®

The preference for wealth affects the intertemporal allocation of consumption in the Euler
Equation (3). Households have stronger incentives to save since accumulation of wealth becomes
an end in itself, representing the bequest motive within dynasties, rather than a mere means
to smooth consumption. This creates a wedge between the real interest rate and the time
preference rate of the household.

Optimal money demand in (4) requires the marginal rate of substitution between money and
consumption to equal the opportunity cost of holding money, which are given by the nominal
interest rate. The nominal rate equals zero whenever m; > m, which allows for the possibility

of a liquidity trap in our framework.

2.2 Firms

The supply side of the economy consists of a large number of identical firms that produce the
consumption good using labor as the only input factor. Production requires exactly one worker.
Each firm therefore offers one position, which can be filled, in which case the firm is operating,
or vacant. Before operating their business, firms have to search for workers in the labor market
to fill this position. During the matching process, a search cost k occurs. The government might
however subsidies the searching process at rate s € [0, 1) such that the effective search costs for
the firm are given by (1 — s)k. Firms that successfully match hire [; = 1 workers and produce

output y; with the linear production function:

Yy = 1yly = 117, (6)

where ¢ denotes labor productivity and x; hours per worker. The operating profit of each
producing firm is then simply given by (y — w¢)xy. In equilibrium, the number of operating
firms equals 1 — us and the number of vacant firms is denoted by v;. Total output is therefore
determined as

Yi = (1 — ug)xey. (7)

'5These equations are obtained from the standard current value Hamiltonian function H; = ¢(ct) + p(ms) +
w(ar — mf) + Ae[rear + we(1 — ue)xe + zur — ¢¢ — Remy — ¢, where )¢ is the costate variable for a.



Firms face frictions when setting their prices. Specifically, we follow Ono (1994, 2001) and
introduce sluggish nominal price adjustment in the goods market via a reduced-form Phillips
curve for the inflation rate m;. Importantly, the dynamics of the price level in the presence of

aggregate demand shortage differ from those with no aggregate demand shortage as follows:

: if x;=1
P gm 1 t )
3= ®)

Ty = =
Fi a(ze—1) if <1,

where o represents the adjustment speed of nominal prices. In the absence of aggregate de-
mand shortage, the dynamics of the price level are similar to the standard Money-in-the-Utility
framework where the inflation rate is determined by the money growth rate g,, and the price
level adjusts to clear the money market. In contrast, we impose a limit on price declines under
aggregate demand shortage in order to prevent deflationary wage-price-spirals and to allow for
the possibility of a disequilibrium in the goods market in steady state.

The asymmetry in the inflation process is a fundamental element of stagnation models
including among others the contributions of Schmitt-Grohé and Uribe (2016, 2017), Michau
(2018), Illing et al. (2018) and Eggertsson et al. (2019) and typically results from some form of

downward nominal wage rigidity that becomes binding in case of unemployment.

2.3 Government
The government runs a balanced budget to provide total benefits zu; to unemployed, to subsidise
a fraction s of search costs k of vacant firms and to finance government spending g such that

T+ gmmf = zuz + skvy + g, (9)

where g,, denotes the growth rate of the nominal money supply and v; represent the number
of vacant firms. Expenditures are financed by the revenue from lump-sum taxation 7 and
seignorage g,,m;. As a consequence, government bonds are in zero net supply and interest-

bearing assets of households b; solely consist of equity holdings in firms.
2.4 Labor market

2.4.1 Matching mechanism

As workers and firms face matching frictions, structural (or frictional) unemployment occurs
in equilibrium, although each agent inelastically supplies one unit of labor. The number of
successful matches between firms and workers is given by the matching function F'(uy, v¢), which

is a function of unemployment u; and the number of firms with a vacancy vy where

0 < F(ug,vy) <min{ug,ve}; F(0,0¢) =0; F(u,0) =0. (10)

16Otherwise, the possibility of unemployment due to demand shortage is intrinsically avoided. Note that under
this assumption, the possibility of no aggregate demand shortage is not eliminated. Ono and Ishida (2014)
provide a micro-foundation for such an adjustment process.



The function F'(u,v:) is continuously differentiable, concave, homogeneous of degree one, and

increasing with respect to both u; and v;. Let 6; denote the jobs-to-applicants ratio, i.e.,

v
6, = — € [0,00), (11)
Ut
which measures the tightness of the labor market. A higher value of § implies more vacancies
per job-seeker, which we will refer to as a tighter labor market.
Then, the probability that a vacant firm matches with a worker ¢(6;) is simply given by the

relative frequency of matches among all vacancies and satisfies

Fug,v 1
0= —p (1), A <0 020, g0 =1 gl =0 (12
Similarly, the probability that a worker matches with a firm with a vacancy p(6;) is given by
the relative frequency of matches among all unemployed and satisfies

F(Ut, ’Ut)

p(6y) = —w F(1,0;) = 0:9(6:), p'(-) >0, p"(-) <0, p(0)=0, ploc)=1. (13)

Equations (12) and (13) imply that firms are less likely to fill vacancies and that unemployed
workers are more likely to find employment the tighter the labor market as measured by 6.7
In each period a fraction ¢ of workers become unemployed, where ¢ constitutes an exogenous
separation rate. Hence, the flow into unemployment is given by §(1 — u;). At the same time,
the number of successful matches between vacant firms and unemployed workers is given by
F(ug,vi) = p(0y)uy, which follows from (13). Therefore, the dynamics of the unemployment

rate are determined by the following law of motion:
U = 6(1 —up) — p(Or)ur = 6 — (6 + p(6r)) e (14)

2.4.2 Value functions and Nash bargaining

A set of value functions describe the values of participating in the labor market for firms and
workers. The firm value equals the present discounted value of the future profit stream. We
denote the value of a vacant firm searching for a worker by V;, and the value of an operating

firm employing a worker by J;. The Bellman equations for each type are given as follows:
redy = (5 — wi)m — 0y — Vi) + i, (15)

rVi = —(1 — )k + q(0)[Jy — Vi] + V3. (16)

Similarly, we denote the present discounted values of the future income streams associated
with employment and unemployment by E; and U, respectively. The Bellman equations for

both types of household members are given by

riEy = wxy — S[ By — Uy + E, (17)

"Note that we assume both functions ¢(.) and p(.) to be continuously differentiable in [0, o).

10



T‘tUt =z+ th(ﬁt)[Et - Ut] + Ut. (18)

After a vacancy is filled, wages are negotiated between firms and workers through Nash
bargaining. Let € € (0, 1) denote the bargaining power of workers. Wages are set to maximize
the joint surplus of workers and firms given by (E; — U;)(J; — V;)!7¢. Using (15) and (17) and
taking the derivative with respect to wages, we obtain the following sharing rule of the total

matching surplus between the firm and the worker:
(1—e)(Ey—Up) =e(Jy — Vp). (19)

Firms can enter the labor market freely. As a consequence, a firm will enter the labor market
and post a vacancy as long as its expected value is greater or equal to zero. The free entry
condition therefore implies

Vi =0. (20)

By applying (20) to (16) and utilizing the property ¢'(-) < 0 given in (12), we find the value of
an operating firm J; to satisfy

J(0) = ——, J(0)=(1-5)k>0, J(cx)— 00, J'(.)>0. (21)
The market entry condition therefore requires that the expected value of a filled job equals the
search costs associated with a vacancy. The tighter the labor market, the lower the probability
of filling a vacancy and the higher the value of an operating firm.

Using (15), (17), (18), (19), (20) and (21), the solution to the Nash bargaining problem is

given by the following real wage rate (see Appendix A for the derivation):
wiry = e(yxy + (1 — s)kb;) + (1 — €)z. (22)

All else equal, the negotiated wage wy is increasing in the bargaining power of workers e, the
effective cost of creating a vacancy (1 —s)k and unemployment benefits z. In addition, the wage
increases in labor market tightness 6; and decreases in effective working hours z;.

The free entry condition V; = 0, applied to the Bellman equation (15), implies that in any
equilibrium the real interest rate is determined by the return on equity, i.e. the sum of the net
dividend yield and any capital gains on firm ownership. Formally,

(Y — we)zy

rp=————"——0+ —. 23

! Jy i (23)

From (21) and (22), the dividend yield (y — w¢)x¢/J; represented by the first term of the right-

hand side above turns to

06,2 = T30 = C= 0= 0 - cpie) (24)

Let ¥(6;, 1) denote the dividend yield when there is no underemployment and ¥4 (6;, 1) its partial
derivative with respect to 0;. As § > z, we have #(0,1) > 0, ¥(c0,1) = —e < 0 and J4(6;,1) < 0.
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Substituting the time derivative of J; derived from (21) and the expression for the dividend
yield ¥(0y, x¢) in (24) into (23) gives the law of motion for 6;:
0 Ji

ngteft = jt =T — 19(91}, xt) + 6, (25)

where ng, = —quq(le(gt) > (0. Intuitively, labor market tightness 6; adjusts so that the real

interest rate r; equals the net return on equity holdings. If r; exceeds the net dividend yield
9(0y, x¢) — 0, the labor market tightness 6, has to increase and thereby raise the firm value J;
to fill the difference and to make it sufficiently attractive to invest in firms. If 7; is less than
9(0y, x¢) — 0, on the contrary, ; must decrease so that J; declines, yielding capital losses to firm

owners.

2.5 Market clearing conditions

The money market perfectly adjusts so that at any point in time, money demand of households

equals the money supply. In equilibrium, we have

M

5

me = my , (26)
where M} is the nominal money supply, which is directly controlled by the central bank. Using
(8), the dynamics of the real money supply is determined by

" 0 if LL‘tzl,

t

Hzgm_ﬂ't: (27)
t gm —a(zy—1) if zp <1,

where ¢, > 0 denotes the nominal money supply growth rate. Hence, the real money supply
is constant in the absence of aggregate demand shortage but expands indefinitely in case of
secular stagnation due to the effects of deflation, thereby pushing the economy into a permanent
liquidity trap as eventually m; > m.

The nominal interest rate is endogenously determined in the money market in line with (4).

Using the Fisher equation and the expression for the inflation rate in (8), the real interest rate

satisfies (ome)
By .
—gm if =1,
Qb/(ct) g t
T‘t:Rt—ﬂ't: (28)
' (me) :
- —1) if 1.
7(c) a(zy ) if oz <

Similarly, the stock market perfectly adjusts so that at any point in time the value of equity
owned by households b; equals the aggregate firm value. Because the number of operating firms
is equal to the number of employed workers, J;(1 — u;) represents the total supply of equities.
Using (21), the value of equity and hence the net wealth of the household a; — my is given by

(1-9)k

b= (1— Ut)m (29)
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Finally, the goods market equilibrium condition is derived from the household and govern-

ment budget equations (see Appendix B) as
(1 —up)zey = ¢ + g + kOpuy, (30)

implying that total output is used for household consumption, government spending and total
search costs of firms with vacancies v; = 6;u;. Note that effective output is reduced below the
production capacity ¢ due to structural (or frictional) unemployment u; and demand-driven
underemployment z;, when z; < 1. We can interpret (1 — u;)y as a measure of potential
output in the presence of structural inefficiencies. By reformulating (30), z; can be expressed
as the ratio between effective demand and potential output. Therefore, x; constitutes both a
measure of underemployment and a measure of effective demand shortage as reflected in the
output gap. In the business cycle literature, output fluctuations around the natural level of
output are typically the result of variations in working hours in response to various shocks. In
contrast, our framework allows for the possibility of persistent underemployment as a steady

state phenomenon, even in the absence of shocks.

2.6 Equilibrium and steady states

The equilibrium of the model is defined as follows:

Definition 1 An equilibrium is a set of paths for prices Py and {r, Ry, w, m} and for quan-

tities {cy,my, by, ag, Yi, ye, T, ug, vg, 01} such that

o {ct,my,be,ar} solves the consumer’s problem given {ry, Ry, wy,us, 01}, ag, mog = Mo/ FPo

and a; = by +my in (1);
e firms produce y; given {ry, wy,ut,0;} resulting in aggregate output Yy given by (7);

o {wy, v, us, 0} solves the Nash bargaining problem in the labor market where vy = Oyuy

according to (11);

o cquilibrium prices Py and {r, Ry, m} are consistent with money market equilibrium, stock
market equilibrium as well as the No-Arbitrage relation between money and stocks (28),
while in the goods market, inflation and working hours are determined by the non-linear

Phillips curve (8) and x; < 1, which hold with complementary slackness.

Equations (3), (14), (25) and (27) form an autonomous dynamic system with respect to ¢,
ut, O, and my, where ¢, by and z; are derived from (28), (29) and (30) as functions of these

variables. A steady state of this system is defined as follows:

Definition 2 In a stationary steady state consumption, the unemployment rate and labor
market tightness are constant, i.e. it has to hold that ¢; = 0, 4 = 0 and 0, = 0, while the

behavior of my depends on the presence of aggregate demand shortage.

13



Applying this definition, we derive the general properties of a steady state equilibrium. In
each steady state, the number of newly unemployed has to equal the number of newly filled
jobs for the unemployment rate to be constant. Substituting @ = 0 into the dynamic equation

in (14) yields the steady-state unemployment rate, which satisfies

o

u() = Tp(e)’

u(0) =1, wu(o0) = 6—(15—1’ u'(\) <0, u'(.)>0, (31)
where the signs of the derivatives follow from (13). This equation represents the Beveridge
curve. A tighter labor market is characterized by a lower structural unemployment rate. In
addition, the unemployment rate is increasing in the job separation rate § (ceteris paribus) and
depends on the shape of the matching function as represented by p(0).

Using this expression in (29), the value of equity in steady state, and hence net wealth of

households, is also a function of 8 given by

(1-s)k
q(0)

A tighter labor market implies a higher number of operating firms and a higher valuation of

b(9) = (1 — u(6)) . b(0) =0, b(co) = oo, V() > 0. (32)

these, both of which increase the total equity value. As a consequence, household net wealth is
increasing in labor market tightness as well. Equations (31) and (32) show that, all else equal,
net wealth increases in net search costs (1 — s)k and decreases in the separation rate .
Finally, the real interest rate in steady state is determined by the real return on equity,
which equals the dividend yield ¥(6, x) net of the firm separation rate ¢ as there are no capital

gain or losses due to a constant firm value, which is clear from (25) with 6=0,ie.,

r(0.2) = 0(0,2) — 5 = LDWE=2) g oy, (33)

(1—s)k
Hence, all else equal, the real interest rate is increasing in realized working hours x and de-
creasing in labor market tightness 6, with the partial derivatives 79(0, z) < 0 and r, (0, x) > 0.18
In addition, the real interest rate is increasing in firm productivity and decreasing in unem-
ployment benefits, effective search costs, the firm destruction rate and the bargaining power of

workers. Hence, the following partial derivatives hold in (33) for given x and 6:
rg >0, 7, <0, 7. <0, 74 >0, 1, <0, 75 <O0. (34)

Using these properties, a steady state of our model is summarized by two equations represent-
ing the equilibrium conditions for the goods market and the asset market that simultaneously
determine labor market tightness 6, and hence unemployment u(6), and realized working hours

z, and hence underemployment 1 — x.

8Tn principal, we could have 94 (6, ) > 0 for sufficiently small values of x. Yet, such a scenario is not feasible
in any steady state of our model as we either have x =1 or r > 0 if z < 1, effectively putting a lower bound on
any feasible = in steady state.
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Goods market equilibrium curve: Consider first the goods market. The Euler Equation
(3) with ¢ = 0 implicitly defines consumption demand of households ¢ as a function of net
wealth b(f) in (32) and the real interest rate in (33) as

(B, z)demand . 700 = 2 6(0)) [p—r(0,x)]. (35)
Consumption demand is increasing in 6 as a consequence of both higher wealth and a lower
real interest rate. In addition, a decrease in realized working hours x stimulates consumption
demand, all else equal, by lowering the real interest rate in (33). Consumption demand of
households is illustrated in panel (a) of Figure 2 as a function of labor market tightness 6 for
the case of x = 1 and a lower value of x < 1.

The net supply of goods to households is defined as the difference between total output
on the one hand and total entry costs of firms and government spending on the other hand.
Applying the expression for unemployment in (31) to the goods market clearing condition (30),
the net supply of goods is a function of labor market tightness and realized working hours given
by

(0, 2)5PPY = (1 — u(0))xy — kOu(0) — g. (36)

The net supply of goods is increasing in realized working hours x as total output increases while
there are no changes in entry costs. When it comes to changes in labor market tightness 6,
total output net of firms’ entry cost shows a hump-shaped pattern for a given x. This behavior
of the net supply of goods is illustrated in panel (b) of Figure 2 as a function of labor market
tightness 0 for the case of x = 1 and a lower value of x < 1. Initially, an increase in labor
market tightness raises total output by more than it raises total search costs, thereby increasing
the net supply of goods. At some point, however, the increase in total search costs exceeds
the increase in output, thereby lowering the net supply available for household consumption.
Also note that, all else equal, c¢(#, 2)*“PPY is decreasing in government spending g, as a larger
fraction of output is diverted to public instead of private uses, and declining in § and k£ due to
higher unemployment and higher search costs respectively.

Goods market equilibrium requires consumption demand in (35) to equal the net supply of
goods in (36). Put differently, aggregate demand, consisting of consumption demand, govern-
ment purchases and entry fees of firms has to equal aggregate supply given by total output in
(7). In steady state, goods market equilibrium defines a function x9(@), which represents all

combinations of # and z such that

xQ(Q) . ED(@,.%’) = 6(97x)demand - 0(97x)supply

o (1= u(e) St
=¢'! a7 + kOu(f) + g — (1 — u(h))gz = 0, (37)
p~+0+ep(d) — “(i)filgkz)q(g) v 9 u(t))yx

Tn a related framework, Michaillat and Saez (2015) refer to a steady state in which the net supply of goods
is increasing in labor market tightness as “slack”, while the opposite case is labelled “tight”. We adopt their
notation in this paper accordingly defining a steady state with % > 0 in (36) as slack and a steady state with

% < 0 as tight. Note, however, that the definition refers to the total (rather than the partial) derivative.

15



Figure 2: Demand and supply in the goods market

(a) Consumption demand (b) Net supply of goods

—— -

0 0
Note: Panel (a) shows consumption demand of households in (35) as a function of 6 for different values of z.

Panel (b) shows the net supply of goods, i.e. total output net of government purchases and entry costs of firms,
n (36) for different x.

where ED denotes excess demand. Excess demand is decreasing in x as an increase in work-
ing hours reduces consumption demand while increasing total output, i.e. ED.(f,z) < 0.
Consumption demand is increasing in 6 as shown in (35), whereas the net supply shows a
hump-shaped pattern, but is eventually decreasing in #. Hence, eventually, excess demand is
increasing in #, while the initial pattern is unclear. The ED(#,z) = 0 curve defines all com-
binations of # and x for which the goods market is in a steady state equilibrium, where xz9(6)
is increasing in 6 for sufficiently high levels of #. It is illustrated in panel (a) of Figure 3 and
satisfies

x>0, 29>0, 2 <0, 27 >0, 2§ >0, 2§ <0, 2§ > 0. (38)

Hence, higher unemployment benefits z, a stronger bargaining power of workers ¢, higher search
costs k, a higher job separation rate ¢ and higher government purchases cause an upward shift of
the 29(6) curve, while a higher cost subsidy s and higher labor productivity 7 lead to a downward
shift in Figure 3. These properties follow directly from the properties of consumption demand
and the net supply of goods discussed above. For a given 6, values of x below the z9(6) curve
are associated with excess demand giving firms incentives to increase working hours and output,
while values of  above the 29(6) curve are associated with excess supply giving firms incentives

to produce less until equilibrium is restored.

Asset market equilibrium curve: Consider now the asset market equilibrium. In a steady
state equilibrium, equities and money have to yield the same return. These are given by (33)
and (28) respectively. Any steady state with = < 1 is characterized by persistent deflation and,
hence, an expanding real money supply as is clear from (8) and (27). Eventually, when m; > m,
households’ liquidity preferences are satiated and the nominal interest rate is at the zero lower
bound as p/(m) = 0. Put different, any stagnation steady state also features a (permanent)

liquidity trap.?° Hence, the following No-arbitrage condition describes all combinations of z

20For such a steady state to exist, the transversality condition (5) needs to be satisfied. This requires a
sufficiently low money growth rate g, and a sufficiently low rate of price adjustment «. A sufficient restriction
is p>gm+ o
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Figure 3: Steady state equilibria

(a) Goods market equilibrium (b) Asset market equilibrium

rz=1

Excess supply

/ Excess demand

Excess equity demand

Excess money demand

»
»

0 0 0
(c) Steady state without underemployment (d) Steady state with underemployment

r A

=

Note: Panel (a) shows the goods market equilibrium curve x9(6), i.e. all combinations of x and 6 that result
in goods market equilibrium in steady state as defined by (37). Panel (b) shows the asset market equilibrium
curve z%(0), i.e. all combinations of z and 6 that result in asset market equilibrium in steady state as defined
by (39). A steady state without underemployment is denoted by (6*,z" = 1) in panel (c), a steady state with
underemployment by (6°,z°) in panel (d).

o 6 0 6* 6 0

and 6, for which the asset market is in equilibrium in steady state:

!/
,u(m)_gm if x=1,

B =00 - ep) - 5= {7 (39)

a(l-z) if x<1.

Panel (b) of Figure 3 illustrates this condition in the (6, z) space. In the absence of aggregate
demand shortage, the net dividend yield associated with firm ownership determines the real
interest rate and the nominal rate adjusts endogenously in the money market. This is reflected
by the horizontal part of the equilibrium curve in panel (b). The zero lower bound on the
nominal interest rate might, however, prevent such an adjustment if the required real interest
rate is sufficiently low or equivalently if the labor market is sufficiently tight, as the dividend
yield is declining in 6. Specifically, a steady state with 2 = 1 is no longer feasible if > 6 where
6 is uniquely defined by r(é, 1) = —gm, or, using the expression for the real rate in (33), by

i

Wq(é) — ep() = 6 = —gm (40)
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With a constant nominal money supply, i.e. g, = 0, a steady state equilibrium without aggre-
gate demand shortage and a negative real interest rate is not feasible.?!

In the presence of aggregate demand shortage, the zero lower bound is binding and the real
interest rate is determined by the rate of deflation. This in turn determines the net dividend
yield of firms. A reduction in realized working hours increases the rate of deflation while at the
same time lowering firm profits. Unemployment increases as firms leave the labor market and
labor market tightness falls. The following curve captures all combinations of x and # for which

asset markets are in equilibrium in steady state under demand shortage:

1—¢)zq(0) + (1 — s)k[ep(0) + § + a]
(- g+ (-9ka

29(0) = | (41)

which satisfies d;z:;e(e) > 0, z(0) = (1218233(4?182];()%:6) and z%(f) = 1, with 6 defined in (35).
This curve is reflected by the increasing branch of the curve in panel (b). For a given z, higher
values of 0 are associated with a return on equity below the return on money. Hence, there
is excessive demand for money, which makes firms leave the labor market resulting in fewer
vacancies and higher unemployment until equilibrium is restored. Similarly, lower values of ¢
are associated with a return on equity above the return on money. Hence, there is excessive
demand for equity, which induces firms to enter the labor market resulting in more vacancies

and lower unemployment until equilibrium is restored. In addition, z%() in (41) satisfies
rg >0, z7 >0, x5 <0, 25 >0, z§ >0, 23 <0, zg = 0. (42)

Any change in parameters that lowers the dividend yield, for a given z, leads to firm exit and
a reduction in labor market tightness 6 such as to satisfy the free entry condition and the
No-arbitrage condition. This is the case for an increase in ¢, z,k and 0. An increase in these
parameters causes an upward shift of the x%(6) curve in Figure 3. In contrast, an increases in
s or 7 leads to a downward shift.??

In general equilibrium, unemployment (via labor market tightness) and underemployment
are simultaneously determined by the intersection of the goods market equilibrium curve in
(37) and the asset market equilibrium curve in (39). Two steady state equilibria are possible:
A steady state without underemployment as illustrated in panel (c) or a steady state with the
simultaneous occurrence of underemployment and structural unemployment as shown in panel

(d) of Figure 3.22 We now analyze the properties of these steady state equilibria.

21The illustration in Figure 3 assumes ¢,, = 0 for simplicity. With g,, > 0, the horizontal part of the red curve
in panel (b) simply extends for larger values of 0 as 6 is increasing in g,,.

22Note that the horizontal part of the line is unaffected by parameter changes. Yet, the threshold 6 defined in
(40) changes accordingly.

23In theory, there are also the possibilities of multiple steady states and the non-existence of a steady state.
We discuss uniqueness and existence conditions in the following sections.
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3 Unemployment and the preference for wealth

In this section, we analyze the model equilibrium in the absence of aggregate demand shortage,
i.e. for xy = 1. For simplicity, our discussion focuses on the case of a constant nominal money
supply with g,, = 0 and hence a steady state with stable prices, but can be generalized to the
case of g, > 0 as discussed among others in Illing et al. (2018) or Michau (2018).

The model equilibrium without demand shortage can be summarized by a system of three
differential equations for w;, 6; and m; as shown in Appendix C.?* The steady state of this
equilibrium is characterized by z* = 1, #* determined by (37), ¢* by (36) and m* by (39).
The real interest rate is determined by the net dividend yield of firms and the real money
supply adjusts to clear the money market such that holding money yields the same real return.
However, since R > 0 and m = 0 (due to g,,, = 0), existence requires that the real interest rate
is weakly positive as otherwise an oversupply of savings would occur. In that case, holding real
money balances is too attractive to be compatible with asset market equilibrium. The following

lemma summarizes these existence conditions for the steady state:

Lemma 1 There always exists a solution 6* to (37) with x =1 if 9(8,1) — 6 > p > 9(0,1) — 4,
where § and 0 are the two solutions to c(0,1) = 0 in (36) with @ < 6 and 9(0,1) is given by
(24) with x = 1. The steady state without demand shortage exists if and only if

pd! ((0,1)) =o' (00)) . (43)

where 0 is uniquely defined in (35) with g, = 0, b() is given by (32) and c(0,z) given by (36).

The proof is in Appendix D. Lemma 1 requires that the return on equity exceeds the time
preference rate of the household for low levels of labor market tightness. Put differently, it
has to be sufficiently attractive to create new vacancies when unemployment is high. If there
are no incentives to establish firms even in case of high unemployment, existence of a steady
state is not guaranteed. Low productivity, high unemployment benefits, a high destruction rate
or high costs of creating vacancies might violate this existence condition. This is expressed
in the requirement ¥(0,1) — 6 > p > ¥(0,1) — 6. Moreover, the preference for wealth creates
additional incentives for savings, which reduce the equilibrium interest rate. If the preference
for wealth is sufficiently strong, the real interest rate can be negative in steady state. But then,
holding money is too attractive due to the zero lower bound on the nominal interest rate in
combination with a ceiling on the inflation rate represented by g, = 0. This results in an
oversupply of savings and asset market disequilibrium at x = 1, which is not consistent with
the existence of a steady state. Hence, Lemma 1 requires a sufficiently weak wealth preference
for the steady state without aggregate demand shortage to exist, as expressed in condition (43).
Graphically, existence requires that the goods market equilibrium curve intersects the horizontal

line of the asset market equilibrium curve. The horizontal part, however, only exists for § < 6.

24Since r; = 1 and @ = 0, we can derive an expression for the real interest rate r; based on the total differential
of the goods market clearing condition (36) together with the Euler Equation (3) and the law of motions for 6,
and u; in (14) and (25).
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As a corollary, it immediately follows that relative to the standard matching model, the
preference for wealth reduces the steady state real interest rate and increases labor market
tightness. To see this, note that without the preference for wealth the real rate is simply given
by the time preference rate p of the household. Compared to this case, the preference for
wealth implies that households are willing to accept a lower return on their savings which in
turn stimulates firm creation resulting in a tighter labor market.

In principle, there could be multiple steady states consistent with (37) and =z = 1. Yet, it
turns out that, similar to Michau et al. (2018), mild technical restrictions on the functional forms
of ¢(.), w(.) and ¢(.) are sufficient to establish uniqueness of this steady state (see Appendix
D for the derivation). Graphically, uniqueness requires that the slope of the goods market
equilibrium curve represented by (37) exceeds the slope of the horizontal part of the asset
market equilibrium curve given by (39) at each intersection in Figure 3.2°> We assume that the
steady state without underemployment is unique throughout this paper.

Having established the existence of the steady state of the search and matching model with
a preference for wealth, what about its stability patterns? This is summarized in the following

lemma, the proof of which is in Appendix E.

Lemma 2 If the steady state without aggregate demand shortage is unique, then it is also
saddle-path stable.

The following proposition summarizes how this steady state is affected by various labor
market policies related to wages and the cost of creating a vacancy as well as demand and

supply shocks (“macro” shocks). The proof is in Appendix F.26

Proposition 1 In the steady state without aggregate demand shortage, variations in the model
parameters have the following effects on labor market tightness 04, the unemployment rate u/,

total output Y¥ and consumption ¢7 :

67 u! y/ of of
Wage Shock: €, z - + - - +
Cost Shock: k - + - - +/-
Cost Subsidy: s + . + + -
Supply Shock: y + - + + +/-
Demand Shock: g - + - - +/-
if slack:  if tight:
df 5o 4l o

2 Technically, we assume that the equation w’ (b(9) 4+ &) = [p+ 6 — 9(6,1)] ¢’ (c(6,1)), with 9(6,1), b(d) and
c(0,1) given by (24), (29) and (36), defines £ as a decreasing function of 0 for all admissible values of §. This
implies that an exogenous increase in wealth £ reduces households’ propensity to save via a reduction in the steady
state labor market tightness 6. Not only is it the natural economic scenario to expect, it is also technically a
very mild condition. Totally differentiating this equation with respect to 6 reveals that this assumption must be
satisfied provided that the elasticity of the unemployment rate with respect to 6 is sufficiently low.

26\We assume that changes in parameters do not violate the existence conditions in Lemma 1.
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These effects follow immediately from the properties of the goods market equilibrium curve
(37) as the horizontal part of the asset market equilibrium curve is unaffected by parameter
variations. An exogenous increase in the real interest rate, given by the net dividend yield, due
to lower wages or operating costs for firms (see equation (34)) reduces consumption demand of
households in (35), which results in a downward shift of the goods market equilibrium curve
and, hence, excess supply. Labor market tightness needs to increase in order to restore equi-
librium. This occurs as the higher dividend yield makes it more attractive for firms to enter
the labor market. As the number of vacancies increases, labor market tightness increases and
the unemployment rate goes down. This also results in a higher level of output as is clear from
(7). Yet, the overall effect on household consumption is undetermined due to the hump-shaped
patterns of the net supply in (36) allowing for both a “slack” or a “tight” steady state.2”

These results are in line with the standard search frictions model (cf. Pissarides, 2000), in
which a positive shock to firm profits via a decrease in costs or an increase in productivity
temporarily increases the value of a vacant firm. As a result, firms enter the market, causing
labor market tightness to rise until the value of a vacant firm has returned to zero. In the
absence of the preference for wealth, the real interest rate is pinned down to a constant subjective
discount rate, r = p. Then, it is easy to see from the job creation condition p = 9¥(6,1) — J in
(32), as (0, z) = p for ' = 0, that wage and cost shocks decrease labor market tightness and
increase the unemployment rate, while a higher subsidy or a productivity shock increase labor
market tightness and decrease the unemployment rate.

The preference for wealth creates an additional channel through which these shocks operate
as exogenous changes in the firm value or consumption feed back into the real interest rate by
affecting the wealth premium. Changes in the interest rate in turn affect both labor market
tightness and the unemployment rate. Ceteris paribus, cost shocks increase the interest rate,
while subsidy and productivity shocks lower it, giving further incentives for market entry or
exit. The working of the interest rate channel can reinforce the job creation channel or work
opposite to it depending on the shape of the wealth preference.

Finally, demand shocks in the form of higher government expenditures have no effect on
the labor market in the standard model without a preference for wealth. However, demand
shocks negatively affect labor market tightness and employment in our model. Crowding out
of household consumption increases the interest rate, which lowers the firm value, reduces the

number of vacancies as firms leave the labor market and increases unemployment.

2"Whether an equilibrium is slack or tight depends on the shape and curvature of the matching function and the
steady state level of labor market tightness, which is in turn related to the model parameters and the strength of
the preference for wealth. In the literature, Michaillat and Saez (2014) analyze business cycle fluctuations in the
slack equilibrium in a model with wealth preferences. This focus seems natural since it implies that an increase in
labor market tightness raises total final output ((1 —u)) by more than total search costs (kv = kfu). Pissarides
(2000, Chapter 8) provides a general discussion of the interactions of labor market tightness and consumption in
a matching model.
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4 Underemployment and secular stagnation

We now consider the case of aggregate demand shortage. In such a steady state, households’
realized working hours upon employment are below their potential and economic slack manifests
itself in both structural unemployment u and demand-driven underemployment x < 1.
Persistent stagnation occurs when saving is too attractive as the nominal interest rate cannot
fall below zero. As explained above, the price level under stagnation declines in steady state as
a consequence of underemployment in (8) and real money balances continuously increase at rate
a(l—2x). Eventually, the transaction demand for money becomes satiated such that the nominal
interest rate is zero, i.e. R = 0. The real interest rate is then given by the rate of deflation.
Equilibrium conditions z9(6) and z%(#) in (37) and (39) simultaneously determine x* and 6°. It
follows from (39) that the realized return on equity has to be strictly positive in the stagnation
steady state. Also, the return on equity at § = 6 is zero and we have 9 (0,x) < 0. It therefore
has to hold that % < 6 in any stagnation steady state. Consumption ¢® is determined by (36)
with z = x° and 6 = 6#°. Non-negativity of ¢® and the restriction z° < 1 require 8 € (Qs,é),
where 6° is defined by ¢(6%,2%(6°)) = 0 with z%(0) given by (41) and # defined in (40).2% The

next lemma summarizes these conditions (see Appendix G for the proof).

Lemma 3 There always exists a solution (6°,2°) with 2* <1 to (37) and (39) if p > a and

pd! ((0,1)) <’ (00)) . (44)
where 0 is uniquely defined in (35). This solution satisfies 0° € (6°,0), where 0° is defined by
(0%, 2%(0%)) = 0 in (36) with °(A) given by (41) and with 8° < 6.

The condition p > « establishes a lower bound on the rate of deflation and hence an upper
bound on the real interest rate thereby preventing a wage-price spiral that is not consistent with
the existence of a well-defined steady state. An excessively high rate of deflation in steady state
would imply an expansion of real money balances that violates the transversality condition of the
household (5). Existence of the secular stagnation steady state further requires the real interest
at 0 to be negative. Note that this condition is exactly opposite to condition (43) in Lemma 1
that establishes the feasibility of the steady state without aggregate demand shortage.?”

Throughout this paper, we assume that the secular stagnation steady state is unique. This
holds under mild restrictions on the functional forms of the utility, production and matching
functions. Graphically, uniqueness implies that the slope of the asset market equilibrium curve

in Figure 3 exceeds the slope of the goods market equilibrium curve at each intersection.?’

28Note that § in Lemma 1 and #° are identical for g = 0 and given by 8 = 6° = 0.

29 Assuming uniqueness of the steady state with = 1 and the one with & < 1, these steady states are mutually
exclusive. This no longer holds for g,, > 0. Then both steady states are feasible for some parameter calibrations.

30Formally, uniqueness requires that under secular stagnation an exogenous increase in wealth increases house-
holds’ propensity to save and therefore increases the aggregate equity value via an increase in the steady state
labor market tightness 6°. Compared to the previous case, an increase in 6 affects households’ propensity to save
via two additional channels: First, the induced decrease in the real interest rate is dampened due to the weaker
response of the return on equity to increases in 6 as a consequence of the prevalence of persistent deflation.
Secondly, there is a stronger effect of changes in 6 on the net supply as a consequence of the induced change in
realized labor working hours. Both, higher income and a smaller sensitivity of the return on savings relative the
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Whilst the response of consumption to an increase in labor market tightness in the absence
of aggregate demand shortage depends on the functional form of the matching function and
the preference for wealth, the secular stagnation steady state necessarily has to be slack if the
steady state is unique. This is summarized in the following lemma, which follows immediately

from the uniqueness condition as shown at the end of Appendix G:

Lemma 4 If the secular stagnation steady state is unique, then it is slack and an increase in

labor market tightness raises steady state consumption c®, i.e. w > 0 in (36).

How about the stability properties of the secular stagnation steady state? We derive the

following lemma in Appendix H.
Lemma 5 If the secular stagnation steady state is unique, then it is also saddle-path stable.

When analyzing the effects of labor market policies and macroeconomic supply and demand
shocks, note that most parameter changes shift the goods market equilibrium curve and the
asset market equilibrium curve in the same direction. Specifically, recall from (38) and (42)

that the following partial derivatives are qualitatively the same for both curves:
e >0, ; >0, s <0, 1, >0, x5 >0, zz5 <O0.

The following lemma establishes a helpful intermediate result about the magnitude of the asso-

ciated shifts in both curves (see Appendix I for the proof).

Lemma 6 For a sufficiently small intertemporal elasticity of substitution for consumption n; ",
an exogenous variation in the net dividend yield triggers a larger vertical shift of the asset market
equilibrium curve (39) in absolute terms than in the goods market equilibrium curve (37) for a

given 6. Formally,
_W'(0)¢" () (1 — u(0))y
¢'(c)?

Since p > « under stagnation, this is a weak restriction on the intertemporal substitution

«@
—a>0 o nC>E'

elasticity for consumption and we will assume that it holds throughout the following analysis.
Note that this condition holds irrespective of the properties of the preference for wealth.
Intuitively, an exogenous marginal decline A in the net dividend yield requires working hours
to increase by A/« as to reduce the rate of deflation and restore asset market equilibrium in (39).
In the goods market, the lower interest rate increases consumption demand. For equilibrium
to be restored, more goods have to be produced which requires more working hours. Lemma 6
shows that the required adjustment in the asset market exceeds the one in the goods market.
This implies that starting from the stagnation steady state, a decrease in the net dividend
yield following a parameter variation requires a reduction in labor market tightness for general
equilibrium to be restored. The same mechanism as in the standard model is at work. The
lower return triggers market exit of firms which eventually results in lower vacancies and higher
unemployment. Based on this reasoning, we establish the following proposition about the effects

of parameter variations on the stagnation steady state. The proof is in Appendix J.

to case of full employment support the assumption of an increase in the propensity to save in response to an
exogenous increase in wealth under stagnation.
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Proposition 2 In the secular stagnation steady state, variations in the model parameters have
the following effects on labor market tightness 6%, the unemployment rate u®, realized working

hours x*, total output Y° and consumption c*:

0° u’ x® ys o
Wage Shock: ¢, z - + +/- +/- +/-
Cost Shock: k +/- +/- +/- +/- +/-
Cost Subsidy: s +/- +/- +/- +/- +/-
Supply Shock: - + - ; _
Demand Shock: g + - + + +

Several conclusions follow from this proposition compared to the case of the standard model
in Proposition 1. First, the stagnation steady state behaves in stark contrast to the case
without aggregate demand shortage in case of supply and demand shocks. Under stagnation,
these “macro” shocks have opposite effects on both labor market variables and macroeconomic
variables. Their effects are unambiguous and result in co-movements of the structural unem-
ployment rate and the rate of underemployment in steady state.

Consider an increase in aggregate demand via higher government spending. This results in
a tighter labor market with both a lower unemployment rate and higher realized working hours.
The reason is as follows. Higher public spending creates demand which leads to an upward
shift in the goods market equilibrium curve 29(6) in Figure (3), as is clear from (38), while the
asset market curve is unaffected. The resulting excess demand for goods allows firms to increase
working hours, which in turn results in an excess demand for equity. This implies market entry
of firms, which increases labor market tightness, giving further incentive to extend working
hours. This in turn stimulates both output and consumption. Hence, there is a crowding-in
effect of government spending, which is in stark contrast to the crowding-out effect in the case
without aggregate demand shortage.?!

On the other hand, positive supply shocks in the form of higher productivity cause a down-
ward shift of both the asset market curve z%(f) and the goods market curve x9(f) in the (6, x)
diagram. As we show in Appendix J, the net effect of these shifts is a reduction in labor market
tightness and a reduction in realized working hours. As a consequence, unemployment under
stagnation increases and consumption spending of households drops. In fact, the increase in un-
employment and the reduction in working hours overcompensate the effect of the productivity
shock such that total output actually falls in response to the supply shock. The directions of the
effects of both demand and supply shocks are independent of the shape of the wealth preference
and the matching function as shown in Appendix J. The reversal of the effects compared to the
standard model is a direct consequence of the shortage of aggregate demand under stagnation.

This “paradox of toil” is a common occurrence in models of economic stagnation.

31Note that this is not related to the notion of deficit spending. In fact, any increase in government spending
is budget neutral as the government runs a balanced budget each period by equation (9).
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In light of these finding, the simultaneous increase in unemployment and underemployment
in Japan during the early 1990s and after 2007 can be attributed to the occurrence of severe
negative demand shocks associated with the burst of the bubble economy and the global financial
crisis.

When it comes to the effects of “micro shocks” (i.e. wage and cost shocks) or labor market
policies, there are interesting interactions between the standard job creation channel of the
search and matching model, the interest rate channel associated with the wealth preference and
the degree of aggregate demand shortage. In principle, most of these policies can qualitatively
have the same effects as in the previous case or opposite ones resulting in either co-movements
of unemployment and underemployment or movements in opposite directions. The reason is
that both equilibrium curves shift in the same direction in response to micro shocks such that
the overall effect on labor market tightness is unclear. In fact, the overall effect is dependent on
the degree of aggregate demand shortage, which is in turn related to the strength of the wealth
preference and the substitution elasticity in the matching function.

In order to better understand the relative importance of these additional channels, we sup-
port our analysis by a numerical simulation of the effects. The parameter calibration and specific
functional forms are summarized in Table 1. In particular, the specification and calibration of
the matching function closely follows Den Haan et al. (2000) and assumes a matching function
with a constant elasticity of substitution between unemployed and vacancies that fulfils all cri-
teria in (10).32 When it comes to the preference for wealth, a non-homothetic specification is
empirically most plausible as argued by Mian et al. (2019), implying that the marginal utility
of wealth decays more slowly than the marginal utility of consumption. The easiest way to
implement this feature is via a constant marginal utility of wealth. This is our benchmark spec-
ification. As an alternative, we consider a utility from wealth function with constant absolute
risk aversion (CARA).33

We calibrate the job separation rate at 6 = 0.019 based on the average values for labor market
tightness and unemployment in Japan over the period from 1980 to 2018.3* This relatively low
value of job separations might reflect the specific features of the Japanese employment system
as discussed earlier. It implies a lower bound on the unemployment rate of 1.86%.

In addition, we calibrate the parameters in the profit function such that the model yields a
return on equity of 2% in the absence of aggregate demand shortage for these average values.
This requires a combination of a relatively strong bargaining power of workers (¢ = 0.6), high
unemployment benefits (z = 0.6) and non-negligible costs of creating a vacancy (k = 0.3) in the

absence of government spending or search subsidies.

32Note that a commonly employed alternative is a Cobb-Douglas function. However, this specification implies
that the number of matches can exceed min{u,v;}, which implies matching probabilities above one.

33Mian et al. (2019) do not directly specify the preference for wealth but the marginal utility of wealth relative
to a logarithmic specification, which reflects the utility from consumption. Their calibration implies that this
measure is always strictly positive in (0,1). Similarly, our benchmark specification implies that this measure is
constant at level 8, which we chose in (0, 1).

34Based on data from the Japan Institute for Labour Policy and Training, we calculate an average active job
openings-to-applicants ratio of § = 0.85 for the period 1980-2018, whereas the average unemployment rate has
been at u = 3.47%. Given the calibration of v = 1.27 in the matching function, a value of § = 0.019 supports
this data as can be seen from (31).
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Table 1: Functional form assumptions and parameter calibration

A: Matching Function based on Den Haan et al. (2000)

Variable Functional Form

Matching function F(u,v) = (u™7 + 1)*7)71/7
Probability of filling vacancy q0) = (1+67)"
Probability of finding a job p(6) =6 (1+67)" 7

Substitution elasticity = (14+v)~! v =1.27 (baseline)

The substitution elasticity varies depending on the simulation. Our baseline is v = 1.27 as suggested
by Den Haan et al. (2000). Higher values imply that vacancies and unemployed are complements in
producing successful matches, while lower values imply a higher degree of substitutability.

B: Preference for Wealth

Specification Functional Form
Constant marginal utility w(a) = Ba, w'(a) =L (baseline)
Constant absolute risk aversion wla)=1—eP W'(a) = pe P

The parameter 8 of the utility function varies depending on the simulation exercise. A larger value
of B implies a stronger desire to save.

C: Parameter Calibration

Parameter Calibration Comment

Time preference rate p=0.1 upper bound on real rate: r < 0.1
Utility from consumption Ne=1 logarithmic consumption utility
Speed of price adjustment a=0.02 p>aby Lemma 3

Job separation rate 0 =0.019 average 6 and v in Japan, 1980-2018
Cost of a vacancy k=0.3  average return of 2%; ¥(8) > p+¢
Bargaining power of workers e=0.6 average return of 2%

Potential income (normalized) y=1 used to model supply shocks
Government spending g=0 used to model demand shocks
Unemployment benefits z=10.6 average return of 2%, policy variable
Search subsidy s=0 policy variable

Figures 4 and 5 illustrate the properties of the stagnation steady state for the calibration
summarized in Table 1 depending on the degree of demand shortage and for different values

of the parameter v that captures the curvature of the matching function.?’

Panel (a) shows
the effects of an increase in unemployment benefits, panel (b) illustrates the response to an
introduction of a search cost subsidy and panel (c) represents the effects of an increase in the
cost of a vacancy.?® Figure 4 is based on our baseline specification of a constant marginal utility

of wealth, Figure 5 on the constant absolute risk aversion specification of the wealth preference.

35Variations in 1 —z result from changes in the wealth preference parameter 8, which directly affects the extent
of stagnation. Its initial value is chosen such that the economy is close to z = 1 at the start of the (1 — z)-axis.

36We do not show the effects of variations in the bargaining power € since these are qualitatively the same as
the effects of an increase in unemployment benefits in panel (a) as shown in Appendix J.
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Our simulations support several conclusions. First, the basic search and matching mecha-
nism continues to work even under stagnation. In fact, all parameter variations in Figure 4 have
the same qualitative effects on labor market tightness and unemployment as in the standard
case provided that the degree of underemployment is sufficiently small, i.e. x is sufficiently close
to one. Then, wage and cost shocks reduce labor market tightness and increase unemployment
while a search cost subsidy has the opposite effects.

In fact, wage shocks due to increases in unemployment benefits or the bargaining power
of workers unanimously reduce labor market tightness and increase structural unemployment
under stagnation. This follows immediately from Lemma 6. Higher wages reduce firm profits
and the real return on equity. This exogenous reduction in the dividend yield results in an
upward shift of both equilibrium curves, resulting in excess commodity demand and excess
money demand. The former makes it more attractive for firms to increase working hours in
order to satisfy the additional demand, whereas the latter induces firms to leave the market as
firm ownership is less attractive. As shown above, the latter effect dominates as the shift in the
asset market equilibrium curve in response to the change in the dividend yield is quantitatively
larger, irrespective of the functional form of the preference for wealth. As a consequence, labor
market tightness decreases as firms leave the labor market until equilibrium is restored. This
implies a higher unemployment rate as is clear from expression (31).

Variations in z and ¢ only affect the real interest rate via their direct effect on negotiated
wages, which is why their effects can directly be deducted from Lemma 6. In case of cost
shocks or the introduction of a cost subsidy, there are additional effects as changes in these
parameters affect the firm value in (21) and hence the wealth premium and the saving patterns
of households, unless the marginal utility of wealth is constant. In addition, higher entry costs
for firms k also directly affect the net supply in (36), reinforcing the shift in the goods market
equilibrium curve. As a consequence, the combined effect of these changes is unclear, but the
wealth channel is stronger the higher the curvature of the utility from wealth and the lower the
curvature parameter 7 in the matching function.37

To get some further intuition for these results, consider the case of logarithmic utility in
consumption, u(c) = In(c), and g = 0. This allows for the goods market equilibrium curve (37)

to be written as an explicit functional relationship given by

9(0) = (1—¢e)zq(0) + (1 — 5)k |ep(0) + 6 + p + kOu()w’ ((1 - 5)]{;1;310()9)” "
(1= 2)gq(d) + (1 — 8)k(1 — u(6)) g’ ((1 — o)k 1;;;()6)) '

In addition to the transmission channel via changes in the dividend yield discussed so far, the
x9(0) curve shifts in response to changes in household wealth, as given by w’, and changes in total
search costs, as given by kfu(f). Both the wealth-induced and cost-induced shifts reinforce the

initial effect of the change in the dividend yield. If these effects are sufficiently strong, the shift

37Such a case is illustrated in panel (c) of Figure 5. An increase in search costs k results in an increase in labor
market tightness and a reduction of unemployment for large values of the wealth preference parameter 8 and
low values of 7. Note that with a constant marginal utility of wealth, as in Figure 4, the effect of introducing a
subsidy is unambiguous and follows directly from Lemma 6.
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Figure 4: Effects of micro shocks and labor market policies (baseline specification)

(a) Wage shock: Increase in unemployment benefits z (Elasticities)

Tightness Unemployment Working hours Output Consumption
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(b) Introduction of a search subsidy s = 10% (Percentage responses)

Tightness Unemployment Working hours Output Consumption
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(c) Cost shock: Increase in k (Elasticities)

Unemployment Working hours Output Consumption
0.94 0.124 0.034 0.034
0.6
0.3
-1.5 > 0
0 0.2 l1-=z

Notes: This figure shows (a) the response to an increase in unemployment benefits expressed as elasticities, (b)
the effects of the introduction of a subsidy s = 0.1 (in percent) and (c) the response to an increase in the cost
of a vacancy expressed as elasticities on the secular stagnation steady state. We assume a wealth preference
with constant marginal utility of 8. This parameter also determines the degree of aggregate demand shortage.
The initial value of 8 is chosen such that the economy is at full employment at the start of the (1 — z)-axis.
The calibration is summarized in Table 1.

in the goods market equilibrium curve can dominate the shift in the asset market equilibrium
curve, thereby reversing the effects on labor market tightness and unemployment. The strength
of these two channels depends on the shape of the wealth preference w’ and the matching
function, which affects the behavior of u(0).

Consider now the spillover effects from the labor market to the goods market. In our
baseline specification in Figure 4, wage and cost shocks increase realized working hours, output
and consumption spending, whereas the introduction of a cost subsidy reduces these variables.

Hence, the effects of these shocks are reversed compared to the standard model.
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Figure 5: Effects of micro shocks and labor market policies (CARA specification)

(a) Wage shock: Increase in unemployment benefits z (Elasticities)

Tightness Unemployment Working hours Output Consumption
0.24

0.1

(b) Introduction of a search subsidy s = 10% (Percentage responses)

Tightness Unemployment Working hours Output Consumption

(c) Cost shock: Increase in k (Elasticities)

Unemployment Working hours Output Consumption
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Notes: This figure shows (a) the response to an increase in unemployment benefits expressed as elasticities,
(b) the effects of the introduction of a subsidy s = 0.1 (in percent) and (c) the response to an increase in the
cost of a vacancy expressed as elasticities on the secular stagnation steady state. We assume a CARA wealth
preference. The parameter S determines the degree of demand shortage. Its initial value is chosen such that
the economy is close to z = 1 at the start of the (1 — z)-axis. The calibration is summarized in Table 1.

However, in general, these effects depend on the degree of demand shortage, the curvature
of the wealth preference and the substitution elasticity in the matching function. Specifically,
the model behaves as in the standard case when z is close to one, vacancies and unemployed are
closer substitutes in the matching process (i.e. a low value of ) and for a stronger curvature of
the utility from wealth. Then, wage shocks do reduce working hours, output and consumption
and a cost subsidy potentially improves these variables, resulting in movements of unemployment
and underemployment in the same direction. Panel (a) of Figure 5 is an example of such
a situation. However, the effects of these shocks are opposite to the standard model when

stagnation is sufficiently severe or for a higher complementarity of vacancies and unemployed as
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can be seen in Figures 4 and 5. Hence, labor market policies or micro shocks cause a movement of
unemployment and underemployment in opposite directions in most cases, particularly once the
economy suffers already substantially from stagnation. Then, a decline in the unemployment
rate occurs with a simultaneous reduction in realized working hours, i.e. an increase in the
degree of underemployment.

Why does the degree of demand shortage affect the direction of these effects? Consider
the case of an increase in unemployment benefits. This policy causes an upward shift in the
29(0) and the x®(0) curves in Figure 3 resulting in a reduction in labor market tightness 6 (as
discussed). The response of working hours results from the relative magnitude of the vertical
shifts of these curves in response to an increase in z for a given x. For a constant marginal
utility of wealth, the difference in the strength of these shifts depends only on the response of
the net supply of goods in (36) to induced changes in §. When the degree of demand shortage
is sufficiently small, a reduction in 6 reduces the net supply of goods for a given z close to
unity if the steady state without aggregate demand shortage is slack and it increases the net
supply if that steady state is tight. In the former case, the vertical shift in the z9() curve
exceeds the shift in the 2%(0) curve as demand increases while supply declines. Hence, realized
working hours increase in steady state. In the latter case, the opposite holds as both demand
and supply increase and working hours actually decline. Yet, when demand shortage worsens,
the net supply of goods eventually declines in response to a reduction in ¢ implying a stronger
vertical shift in the 29(6) curve and hence an increase in working hours.3

With a standard wealth preference, there are additional effects on consumption demand
through changes in household wealth. The reduction in @ following a wage shock reduces wealth
and consumption demand. Equilibrium requires a stronger decline in working hours compared
to the case of a constant marginal utility, which explains why the response of realized working
hours is negative for low values of underemployment in panel (a) of Figure 5. Nevertheless, our
conclusion that the overall effects depend on the degree of demand shortage continues to hold.??

The effects of parameter variations on consumption and output follow directly from the
above analysis. In fact, for a constant marginal utility of wealth, consumption and working
hours have to change in the same direction.** However, it is also evident from Figures 4 and
5 that variations in cost and wage parameters primarily affect labor market variables, such as
tightness and unemployment and to some extent the degree of underemployment. The spillover
effects into consumption and output are weak. In contrast, macroeconomic demand and supply

shocks trigger strong responses in both labor market variables and macroeconomic variables.

38Note that the steady state without aggregate demand shortage is slack in our simulation so that z increases
following a wage shock for low levels of 8 in case of a constant marginal utility of wealth in Figure 4. In general,
the effect of 8 on consumption for a given x depends on the slope of the Beveridge curve, i.e. the curvature of
the unemployment function, which in turn depends on the substitution elasticity of the matching function ~.

39In all of our simulations, the partial effect of changes in the labor market tightness on consumption eventually
becomes sufficiently positive for large values of 8 to dominate the effects related to changes in the marginal utility
from wealth. This implies that working hours have to increase in response to a wage shock. Hence, even in the
general case, wage shocks increase working hours once the employment gap under stagnation is sufficiently severe.

40 Any increase (decrease) in working hours directly lowers (increases) the real interest rate, which requires an
increase (a reduction) in the wealth premium. With w’(b) = 3, consumption has to increase (decrease).
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Structural unemployment versus demand-driven underemployment: In our model,
slack in the labor market manifests itself in two forms: Structural unemployment as measured by
the unemployment rate u and underemployment due to demand shortage given by (1—u)(1—x).
We refer to the later as underemployment since it is characterized by a shortfall of realized
working hours below potential. Taken together, these two components constitute the total

employment gap:

1-— (1 — ut)xt = Ut + (1 — ’Ut)(l — .’L't) . (46)
—_———— ~~— —_—
Employment gap un%%lpl)%;{r?ént Underemployment

The unemployment rate itself is therefore an inadequate indicator of the overall slack in the
labor market of an economy that suffers from demand shortage. We have already shown that
macro shocks have opposite effects on u and x. Supply shocks increase the unemployment rate
and reduce realized working hours, while positive demand shocks lower the unemployment rate
and increase working hours. In contrast, cost and wage shocks typically result in co-movements
of u and x, particularly when stagnation is already substantial. We now quantify the relative
importance of structural unemployment and underemployment in a stagnating economy.

Using the steady state expression for the unemployment rate in (31), we rewrite decompo-

sition (46) in shares of the steady state employment gap as

g p(0)(1 —x)
1= + . 47
501 —2) " 5+ p(O)(1—2) 0
Unemployment Underemployment
share share

The relative importance of underemployment is determined by the behavior of p(6)(1 — x)
in response to (exogenous) variations in (1 — z). Underemployment becomes relatively more
important if this term is increasing the more an economy suffers from stagnation and relatively
less important otherwise. The share of underemployment in the total employment gap increases

under stagnation if

/ p(@)
! (9)19’(9)

where z(0) is defined in (41) with 2/(f) > 0. It is easy to see that this inequality has to hold

>1-2(0), (48)

when z is sufficiently close to unity. As an economy falls into stagnation and the stagnation is
getting more severe, underemployment initially becomes relatively more important than unem-
ployment.*! As realized working hours fall further, underemployment worsens. However, the
fall in working hours also implies an increase in labor market tightness, which decreases the
likelihood for unemployed workers to find a new job and hence contributes to higher structural
unemployment. The strength of the unemployment response depends on both the relationship
between z and 6 in the asset market equilibrium condition (41), captured by z'(6) in (48),

and the shape of the matching function. Yet, the increase in underemployment is substantially

“In fact, unemployment might actually decrease since the response of the unemployment rate depends on
the specific shock that causes aggregate demand shortage to appear. If stagnation is caused by macroeconomic
shocks, which is most likely the case, then unemployment will increase as well. Yet, the share of underemployment
in the total employment gap initially widens.
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Figure 6: Unemployment and underemployment under stagnation
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Note: This figure shows the allocation of the total employment gap 1 — (1 — u)z among the unemployment
rate u (dashed line) and underemployment (1 — u)(1 — z) (shaded area) as a function of the degree of
demand shortage (1 — z) (generated by variations in 3 for different values of 7 in the matching function.

stronger than the increase in unemployment for plausible calibrations.

For illustration, Figure 6 visualizes the decomposition of the employment gap into unem-
ployment (dashed line) and underemployment (shaded area) depending on the degree of demand
shortage (1 — x) for the baseline calibration and alternative specifications of the matching func-
tion. Variations in x are generated by variations in the wealth preference parameter 5.

When the degree of stagnation is still minor, the unemployment rate increases only slightly,
while underemployment rises substantially as demand shortage worsens. This holds for all
calibrations of v in the matching function, even though there are stronger increases in unem-
ployment when vacancies and unemployed become closer substitutes. Note, however, that the
associated small values of v imply a relatively high rate of unemployment in the absence of
demand shortage.*> Underemployment accounts for more than half of the total employment
gap once realized working hours have fallen by 3.8% (i.e. at 1 — 2z = 0.038 in the first panel of
Figure 6) in our baseline specification (by 10.5% for v = 0.5 and by 2.5% for v = 5 respectively).

It is only when the economy suffers from a substantial degree of demand shortage that
the unemployment rate starts rising sharply. The reason is that the No-Arbitrage condition
(41) establishes a lower bound on realized working hours. Once z approaches this value, the
derivative 2/ (6) becomes sufficiently small such that the inequality in (48) no longer holds.*3 Yet,
within these ranges, it is demand-driven underemployment rather than structural unemployment

that constitutes the bulk of the slack in the labor market under stagnation.

5 Conclusion

We have presented a model of secular stagnation that distinguishes between structural unem-
ployment and demand-driven underemployment as a manifestation of economic slack in the

labor market. If the unemployment rate is primarily determined by institutional features of the

428pecifically, v = 0.5 implies an unemployment rate of © = 8% at the margin when the real interest rate is

zero. This is certainly not compatible with the low unemployment rate in Japan as described in the introduction.
“3The lower bound on z is given by z(0) = %

calibration.

, which equals z(0) = 0.643 for our baseline
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labor market, as seems to be the case in Japan, it becomes an insufficient indicator of the extent
of the aggregate demand problem in a permanent liquidity trap leading to inadequate policy
conclusions. Under stagnation, the lack of demand can express itself in various forms of under-
employment, such as part-time or non-regular employment. These provide better indicators of
the stance of the macroeconomy and the further need for policies in support of demand.

Our findings also suggest that traditional labor market policies aiming to improve the supply
side succeed in lowering unemployment, while at the same time contributing to more widespread
underemployment in a stagnating economy. Put differently, albeit these policies succeed in cre-
ating new jobs, these are non-regular ones such as part-time jobs. As a consequence, increases
in the employment rate are not reflected in an expansion in total output but might in fact be
hurtful for both output and consumption. This insight helps to explain the continued sluggish-
ness in the Japanese economy despite the seemingly decent employment record. Examples of
such policies include reductions in unemployment benefits, job-creation subsidies to firms or
policies aimed at reducing the bargaining power of workers in wage negotiations. In contrast,
our model highlights the need for policies that improve aggregate demand as such measures

both create new jobs and decrease the degree of underemployment.
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Appendix

Appendix A: Derivation of the wage rate under Nash bargaining

From the Bellman equations (17) and (18), we have:

(Tt + 0 + etQ(gt)) [Et - Ut] = wxry — 2+ [Et - Ut} (Al)

Using the optimal sharing rule (19), the above equation is rewritten as:

€

(re +6 + 01q(64)) Ji. (A.2)

€
Jy = wyay —

1—: t W Tt Z+ 1_¢
Using the Bellman equation (15) and the free entry condition (20), the value of an operating
firm is given as:

Ji = (ri 4 0)Ji — (§ — wy)ar. (A.3)
Substituting this equation for J; into (A.2) gives:

e e
Jt:wt:r:t—z—

9tQ(9t)1 . 11—z

(7 — we)ze. (A.4)

Using expression (21) for the value of an operating firm J;, the above equation gives the wage
rate under Nash bargaining as equation (22).
Appendix B: Derivation of the goods market clearing condition

Substituting the dynamics of the money supply (27) and the government budget constraint (9)
into the flow of funds constraint (2) gives

be = reby + wyz(l — ug) — ¢p — skvg — g. (B-1)

Differentiating b; = J¢(1 — u;) from the asset market clearing condition (29) with respect to
time, we also have

by = Ji(1 — ug) — Jyi. (B.2)
Substituting (B.2) and b; = J;(1 — u;) into equation (B.1) gives
jt(l —uy) — Jyug = reJi(1 — ug) + wpxy (1 — wg) — ¢p — g — skyvy. (B.3)
Using the dynamic equations (14) and (A.3) to substitute for i; and J; in (B.3), we get
(1 — up)yxy = Jyp(0r)ur + ¢t + g + skevy. (B.4)

Finally, using expression (21) for the value of an operating firm J; and the identities v; = 0,
and p(0;) = 0,q(0;), equation (B.4) gives the goods market clearing condition as equation (36).
Appendix C: Derivation of the dynamic system when z; =1

Without aggregate demand shortage, we have xy = 1 and #; = 0. The goods market clearing
condition (36) then defines consumption at any time ¢ as a function of the unemployment rate
ut and the labor market tightness 6; as

c(0,up) = (1 — ug)y — kOpuy — g, (C.1)
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where the partial derivatives are given by ¢,, = —(y+kf) < 0 and ¢y = —ku; < 0. Differentiating
this function with respect to ¢ implies

¢ = —’llt(y + ket) — kutét. (02)

Using (3), (14) and (25) to substitute for ¢;, @; and 6;, we derive the following expression for
the real interest rate r; at any time t:

“ [ o+ ”'(b”] R 900 1) 6] — (5 kOIS — ) — p(Br)ul,

770 ¢/(Ct) 7791
w/(bt) ~
(0, ue) = @1 |p— () + (1 =) [0(0r, 1) — 6] — 4 [6(1 — ur) — p(Or)ue] (C.3)
t
where _
o = Ct/T]C @t _ y + th
ct/ne + kube/ng, ct/ne + kufi/ng,”

From (C.1), ¢; is a function of ; and u;. Hence, the real rate r; is also a function of §; and
u¢ as by depends on the same variables by (19). Using these expressions, we can rewrite the
model as a system of three differential equations in m;, u; and 6;:

= — 7Ml(mt) T (7 m
| ey O] e A
U = (1 —u)d — p(Or)uy, (C.5)
6 = 2100 u) — 9(0,,1) + 0], (C.6)
Mo,

Appendix D: Proof of Lemma 1
Reformulate (37) with z; = 1 to define the function H(6) as

(1 — 8)(@ — Z) (9) W' <(1 B ’UJ(Q)) (1‘1_(5))k)
(1—s)k ¢ (1= u(0))y — kbu(0) — g)

The function ¢(0,1) = (1 — u(#))y — kbu(f) — g in (36) with = 1 defines consumption as
a continuous function of # with a hump-shaped pattern that attains a maximum at a strictly
positive value.** Define § and 6 by c(6,1) = ¢(0,1) = 0 with § < §. Note that § = 0 for g = 0.
Then ¢(,1) > 0 and H(f) is a continuous function of @ for § € (6,0). As w'(.) < oo, we have

H(0) = p+0+ep(0) - (D.1)

1) = p+ 3+ ep®) - D a0) = por o - 016.1),
H@) = pt 6+ ep@) — U= gy s 9@
(1-3s)k e

Note that H(0) < H(f) since (0, 1) < 0. Without any other restrictions, a steady state with
H(0*) = 0 always exists for 0* € (0,0) if H() < 0 < H(f) or equivalently if

9(0,1) — 6 > p>9(0,1) — 6. (D.2)

Money market equilibrium requires a positive real interest rate in steady state. Define 6 by

“4We ensure this by choosing the parameters g and k sufficiently low relative to g.

35



9(h,1) = § as in (40), which implies a zero net return on equity by (33) with =1 and hence
a real interest rate of zero. Since ¥y(6,1) < 0, equilibrium requires 6* < 6. The steady state
without aggregate demand shortage exists in (6,6) if the following condition holds:*

}HQZHwﬁ:0é+pdG@D)2d@@D. (D.3)

Conditions (D.2) and (D.3) are the necessary existence conditions of Lemma 1. Uniqueness
of the steady state requires H'(f) > 0 for all § with H(#) = 0. Intuitively, the slope of the
goods market equilibrium curve has to exceed the slope of the asset market equilibrium curve
(which is zero) at each intersection in the (6, z) diagram. This derivative is given by:

w"(b) [ ¢(c) w'(b) ¢"(c) d0(9,1)}
¢'(c) L w"(b) w'(b) ¢'(c) db |’

We assume that H'(0*) > 0 so that the steady state with 2 = 1 is unique.

H'(9) = 99(0,1) — b/ (6) + (D.4)

Appendix E: Proof of Lemma 2

The dynamic system is given by (C.4), (C.5) and (C.6). The unemployment rate w; is a pre-
determined state variables, while labor market tightness ; (via vacancies v;) and the money
supply (for x = 1) are control variables and can jump. Stability of the dynamic system therefore
requires one negative and two positive eigenvalues. The Jacobian of this system evaluated at
the steady state with x = 1 is given by

’

@ @ &
0 —[6 + p(9)] —p'(0)u ) (E-1)
0 T%ru ,%[7“0 —(0,1)]

where 7, denotes the partial derivative of the real rate defined in (C.1) with respect to variable
X- The eigenvalues of this system solve the following characteristic equation:

_ [ #'(m) —[0+p(0)] — A —p'(0)u _
QM)—{—d@)m—A}‘ 0y QVW_%WJ”_A‘_O. (E.2)

7o 9
It is clear that Ay = —u”(m)m/¢'(c) > 0 is one solution. The other two eigenvalues solve:
, [0 0 9
A" = - [ro — 09(0,1)] =6 —p(6) | A+ oty (O)u — %[5 +p(0)](ro — 99(6,1)) = 0. (E.3)

We can recover the sign of the eigenvalues from
0
A2A3 = - [rup’(e)u — [0+ p(8)](rg — Vo) (6, 1)] , (E.4)

From (C.3), we get the following expression for the partial derivative of r; with respect to
u and 0; in steady state:

W(b)d (¢)by — W' (b)" (c)e
¢'(c)?

45We assume a constant nominal money supply and hence zero inflation, i.e. gm = 0. For gm > 0, § becomes
a function of g,, as the real interest rate cannot fall below —gy,.

=1+ @16+ p(0)],

Ty = —
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w"(b)¢'(c)by — w'(b)¢" (c)co
¢'(c)?

Also note that the unemployment rate in steady state is a function of labor market tightness

from equation (31) with du/df = u'(0) = —p'(6)u(0)/(6 + p(#)). Using this expression, we can

relate the partial derivatives ¢, and ¢y to the total derivative de(6,1)/df = ¢/(6,1) in steady

state as follows (and equivalently for b(6)):46

rg = —¢ + (1 = )0(0,1) + 2p'(0)u.

de(0,u)  de(6,1)

= = cp+ cuu' () = co — Cup’(&)u(&)

oo )
dbféu) = /(0) = by + byt (0) = by — by (w

Using these properties, we rewrite the above equation as:

ata = 1 | | DR Z SO 19104 15 4 (0 (0
0+ 0)] (o [ ZSOEID] 4 1 yan(o.1) + g/ 0u - 00 ) |
Y N BULETCIERMOTIC e
i+ (i [LOS O )]
o ) 2B o))
_ :090[54- (0)] [‘;l,/((f)) ¥(6) — Eb,)(“b;( ¢)d ( Y 4 9y060,1) ]
e v L]

The term in brackets is identical to expression (D.4) in Appendix D. Hence, we can rewrite this
equation as:

AoAg = —neecp[(s —l—p(@)]H’(@) < 0. (E.5)

If the steady state is unique, it holds that H'(f#) > 0. It then follows that A\;A3 < 0, which
implies one negative and one positive eigenvalue. Together with A; > 0, the dynamic system has
one negative and two positive eigenvalues and therefore exhibits saddle-path stability around
the steady state without demand shortage.

Appendix F: Proof of Proposition 1

Use (37) with z; = 1 to define the function H (0, ), where x denotes any parameter in the
model, as follows:

o (1= u(@) k)
S@1)

1Note that did(6,1)/df = 94(0,1) = ¥ in the absence of aggregate demand shortage.

(1-¢)F—2)
(1—9)k

H(0,x) =p+0+ep(0) — q(0) — (F.1)
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with H(6*) = 0 and H'(6*) > 0 in a unique steady state where Hy denotes the derivative with
respect to 6 evaluated in steady state (see Appendix D). ¢(f, 1) is defined in (36). The effects
of changes in a parameter x on the labor market tightness 6 can be recovered from (F.1) as

o __H,

——. F.2
i~ T, (F.2)

It holds that:

He = (1—s)k 0
N
- _wﬂ(b)(iple{)&é(l —5) _ w’(lgldz’c’ )(g)eu L as)(g);;)q >0,
Hy — w’(b)¢q;’/((cc))(21 —u) _ 8 - Z;Z <0,
. =

This implies the following relationship between the steady state labor market tightness and the
model parameters:

€ 9 z 9 k 9 g ) g )7
= T N ,

0/ = 0( s
— + — + _

(F.3)

From the Beveridge curve in (31), it immediately follows that the effects on the unemployment
rate are opposite to those on the labor market tightness, i.e.

uf:u(e, zZ ., 8, k0, q), (F.4)
NSNS N
+ + - + X 77

In addition, total output Y = (1 — u())y is affected by the model parameters in the same way
as the labor market tightness, except that changes in productivity are reinforced, i.e.

Yf:Y(E7 227 Sv kv gv g)? (F5)
A N2 NN /. ,
- - + - + —

Finally, the effects on household consumption can be derived from the goods market clearing
condition (36). Specifically, it holds that

de(0,1)  de(0,1)d0  0Oc(0,1)
dy —do dx+ ox (F-6)

Whereg—;:Oforxze,z,s,g—;:—@uforxzk,g—;zl—uforngjandg—;:—lfor

X = g. Moreover, dc(0,1)/d0 = —u/(0)(g + kf) — ku(f) and its sign is not uniquely determined.
For de(6,1)/df > 0 (“slack” steady state), the sign of the effects of all parameter changes are
identical to those of the labor market tightness. For de(0,1)/df < 0 (“tight” steady state), the
sign of the effects of changes in €, z and s is opposite to those on 6, while the effects of variations
in k, §y and g are indeterminate.
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Appendix G: Proof of Lemma 3 and Lemma 4
Equations (37) and (39) define the function G(0) as

W' ((1 — u(0)) (1q_(§))k)
¢ (z(0)(1 — u(0))y — kOu(0) — g)

where z%(0) is the increasing part of the asset market equilibrium curve given by (41). A
well-defined steady state requires non-negative consumption. Define §° as the smallest value
of 0 such that ¢(0°,2%(0%)) = 0, where c(0,2(0)) = z*(0)(1 — u(0))y — kOu(f) — g. Note that
9° =6 =0 for g = 0, where 6 is defined in Appendix D.*" In addition, let 8 by defined as before
by 9(6,1) = § in (40), which implies 2%(f) = 1 in (41). We then have:

G(0) =p -

—a(l —x%0)), (G.1)

(8% = p— ol —2%(8°)) = p— a—2L2 D =0

O["‘ gl Eg (08)

PN (Ul Cli7), o (v6)

—_= p —_—mm

¢ (1= @)y —kdu@ —g) o (c(61))
9(0°,1)—5

o+HI=57a(0") )

Existence of the secular stagnation steady state then requires G(#) < 0 or equivalently

Note that G(6°) > 0 if p > « since the ratio is always strictly smaller than unity.

¢! (c(é, 1)) < (b(é)) . (G.2)

Whenever full employment is not feasible, we have G(6) = H(f) < 0 by Lemma 1 as shown in
Appendix D. It then follows that there exists #° such that G(6°) = 0.

Uniqueness of the steady state requires G'(0) < 0 for all § with G(0) = 0. Intuitively, the
slope of the goods market equilibrium curve has to be smaller than the slope of the asset market
equilibrium curve at each intersection in the (0, z) diagram. This derivative is given by:

w"(b) w'(b) ¢"(c) (6, 2°(9)) | #(c) dz"(6)
¢'(c) w"(b) ¢'(c)  db w"(b) ~ df

Throughout this paper, we assume that G’(6%) < 0 so that the steady state is unique. Unique-
ness in turn implies that the secular stagnation steady state is slack. Reformulating G’(6) < 0

implies:
w'(b) ¢"(c) de(0,2%(0)) _ ;0 ¢’() z(6)
ORI I A TS !
dz®(0)

since =5~ > 0 in steady state, which can be seen in (41). It follows that % > 0.

G'(0) = —V(0) + (G.3)

(G.4)

Appendix H: Proof of Lemma 5

In the stagnation steady state, the liquidity preference of households is satiated such that R; = 0
and hence 1 = Ry — m = (1 — x¢). The goods market clearing condition (36) defines realized
working hours z; at any time t as a function of ¢;, 6; and u; as

ct + kO + g
(1 —u)y

4"We ensure non-negativity in consumption in steady state by choosing the parameters g and k sufficiently low
relative to .

Ty —

(H.1)
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where the partial derivatives satisfy z. > 0, 2y > 0 and z,, > 0. Define m; = 1/m; with m =0
in steady state. The dynamic system is given by the following differential equations for my, ¢,
Qt and Ug:

ﬁ’Lt = (:L‘t — 1) mt, (H2)
S D G G2 N
= la(l—z)—p+ e e’ (H.3)
ét = [Oé(l — .’L‘t) — 19(915,.'1)15) + 5] ﬁ, (H4)
UCH
Q.Lt = 5(1 — ut) — p(@t)ut, (H5)

where b(0;,ut) and (6, ;) are given by (29) and (24) respectively. Let g and 9, denote the
partial derivatives of (6, x;) with respect to 6; and x;. Since the price level cannot adjust
freely, the money supply grows with the rate of deflation and is hence a predetermined variable.
In addition, the unemployment rate is a state variable whereas consumption and labor market
tightness are jump variables. Stability of the system therefore requires two positive and two
negative eigenvalues. The Jacobian of this system evaluated at the secular stagnation steady
state is as follows:

afz —1) azx.m azym Ty M
< | _ Wb (c) < |- w” (b)bg < |_ W (b)by
0 e L AT & ()2 } enc |: axg + &) :| 77“6|: QL + 10) ' (H6)
0 0 [—0we — Vo] e [mowg — Vawg — o] - [—awy — Up]
0 0 —p'(0)u —[0+p(0)]

The eigenvalues of this system solve the following characteristic equation:

Q) = Jalz — 1) — A]-

c | Wb (o) | c | w' (b)b, c | w' (b)by,
e [ Qe & (02 } A e [ azy + ¢’(c)9:| e |: Xy + 100) }
7% [—az. — Jzx.] n% [—axg — Vpzp — V9] — A T% [—axy — gz, | =0 (H.7)
0 —p'(0)u —[0+p(0)] — A

It is clear that A\ = a(x — 1) < 0 is one solution. The other eigenvalues solve:

i one + 298] kg [ — 2] ‘

e ¢'(c)? Me ¢'(¢)

0
—n—e[a+ﬂz]xc —n—g[a—l—ﬂx]a}u
_c ()" ()| _ _c _ w(bbe
—[5+pB)+A]-| 7 [“’”g MAGE } A , [0‘“””9 7@ ] =0.  (H8)
——[a—l—ﬁx]xc ——[aa:9+19x959+199]—)\
70 7
We rewrite this expression as:
Q) = =2 4+ 402 — AN+ Ag =0, (H.9)
where )6 6
c w c
Ay = —— amc+> — — (axg + Fpxg +%9) — 0 — p(h),
2= < (02 p” (awg o + o) p(0)
6 c W' (b)¢" () 0
Al = —p () u— (a+ V) xy + [0+ p(0 [ (aa:c+ + — (axg + Fpxg + 0
1=—p'(0) "79( ) [0 + p(0)] o (02 ?79( 9 o+ Up)
c 0 w'(b)d" (c) c 0 W’ (b)by
+77c p” (a:vc + 5 ()2 (g + Vpxg + J9) — T (o + V) ze | g — 70 )
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s 0o ) o).

o p(e)]nccni Kax + W) (g + Dag + 00) — (a + 0a) e (04339 _ w¢(fc);)9>] .

Noting that u/(0) = —p/'(8)u/[6 + p(6)] and b'(6) = by + byu'(0), we can modify Ay as follows:
0

o (5)¢"(0) " (B)b, )

Ly — ALy Le + ————T¢

@50 (omen + 55 %0

- (aa:c + W) (g + Dag + 99) + (o + D) e (m - “’”(b)’”)]

¢ (c)
= ——(a _WSO)(e) gy WO W (0)bg
— o) (et 0e) [ ¢(c)2 ©) ¢(c) ¢ (0) #'(c)

() O (2

_ <9 o | W) (zu , Ty g
~ 5O (ot 02) [ ( 0) + +)

Te + Ty

e 16 ¢'(c)? Le ze (ot )z
w" (b) ady
— v () — .
¢ (c) (6) a+ 19,
Using the partial derivatives of x defined in (H.1), we can rewrite the term in brackets as follows:
Ty g Ug _ / _ —Uy
—u )+ —+ —— = EO)u'(0) + ku — (1 — w)y———
P (0) + 5 i = e+ RO (0) = (1= )i
~ _dx®(0) _ de(0,x2%(0))
= ! —(1- = d
(g + kO)u'(0) + ku — (1 —uw)y g7 7 ,
where dxse(O) =— (ai%x) follows from the No-Arbitrage condition (41) and c¢(6, 2%(0)) is defined

in (36). It then follows that Ay can be rewritten as:

w'(b) ¢"(c) de(8,2(0))  ¢'(c) ardy
W (b) ¢'(c) e W) a+9, ]

Ao =[5 +p<e>]7jc7fe (o +0) jw(b))

Using the expressions for 9,, ¥y and dx;(ge), it is easy to see that the last part of this term is

identical to expression (G.3) in Appendix F. Hence, we can rewrite this equation as:

—v'(0) +

Ao = 5+ p@] 52 (0 + 0.) 2.6 (0). (FL.10)
Ne Mo

If the secular stagnation steady state is unique, it holds that G'(f) < 0 and it follows immedi-
ately that we have Ay < 0. Since Ay can be rewritten as the product of the three remaining
eigenvalues, i.e. Ag = AA3\y < 0, we either have one or three additional negative eigenvalues.
Stability requires two positive and two negative eigenvalues. Since As = Ao + A3 + A4 and

A1 = X3 + Mg + As\y, we require either A > 0 and/or A; < 0.
Suppose As > 0, then stability immediately follows. Suppose instead Ao < 0. This implies

_i (OmmL "W) - 1799 (v + V) xg <0+ p(0) + :9?907 (H.11)
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which we use to show that A; < 0 in this case, from which stability follows. Reformulate A; as:

—'(0)u W’(b)¢”(0)>
J+ p(6) ¢'(c)?

e G K] (G e A G el

B 0 e (T o e P OTAt

=54 0O 0t e (220 0) + 2k ) 0] (e )
G R N PO IOy

* ( T (0 >199+?7c?70( “9“{ d2 T H0 ]

0 de(f,z%(0)) ¢ 0
40 (ot 002 OO L (54006 + 0o
¢ ()60

< 0 0 N w'(b)¢”(c)x w”(b)ng
T G0 (‘” (‘9”77199) o “99”)< Je? 0 H0) )

=—[6 -1-17(67)]739 (a4 ¥z) xcdc(@,;cg(@)) + <5 +p(0) + 77090"9) (;Ca:vc - Z;Eg)

c 0 W' (b)g" (c w"(b)b
o 00 (S e+ )

Tle Mo
For sufficiently high values of 7., specifically for all n. > 9, it holds that ( T, — t;:glg) < 0.

Ty + X +

A1:[5+p(9)]0 (a+ 7, )< aieﬁx)+[6+p(9)]ncc <awc+

We formally show this in Lemma 6. It then follows that for Ay <0, we have

0 de(6,x%(9)) c () 0 c W'(b)
< 420l o4 02 G (Fan s e yan) (om0

e o200,
= 4301 (w0 OO (€ SOV (g S
4k b) xgz/g - b) 28 v+ S (0t 0,) w;,(fz)b@ e
—[(5—!—17(9)]7760 (0+ ), 2OTO) (ncax - ‘;8 ) z—nccni (a+0y) e <£L‘9 - w¢(é’g;’ 9) .

Since w > (0 by Lemma 4 in the stagnation steady state, all three terms are negative
and we have A; < 0. Therefore, we cannot have three negative eigenvalues, which together with
Ag < 0 and A1 > 0 implies that there are exactly two positive and two negative eigenvalues. It

follows that the dynamic system is saddle path stable around the stagnation steady state.

Appendix I: Proof of Lemma 6

We want to derive the conditions under which, in the stagnation steady state, we have

T = L OO —wg (L1)

¢'(c)?
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Consider the following modifications using the definition of 7. and ¢

v(o) = LU= L0 a1y — o=

(I -u)y ol _a(l—u)gjx—kue—g
_A=W N rn — 1)+ g Rt

It is easy to see that Y(6) > 0 for n. > 1. Suppose 7. < 1, then x = 1 establishes a lower bound
on the right hand side:

(A -y

1(0) >

“”+g]>(1‘”§mm—ay (1.3)

[’)%_O‘M(l—u)y c

It follows directly that Y(6) > 0 for n. > ¢ or

W (6)¢(c) (1 — w)g
(o)

—a>0 if 770>%- (L4)

Appendix J: Proof of Proposition 2

(i) Effects on labor market tightness and unemployment: Use the steady state condi-
tions (37) and (39) to define G(0, x), where z®() is given by (41) as < 1 and x denotes any
parameter as follows:

1—s)k
W (1= u(0) L)
¢/ (c(0,2(0)))
with G(6%,x) = 0 and Gps < 0 in steady state where Gys denotes the total derivative with
respect to 6 evaluated in steady state. The negative sign follows from the uniqueness of the

steady state as shown in Appendix G. ¢(6,2%(0)) is given by (36) with x = x%(f). The effects
of changes in a parameter x on the labor market tightness 6 can be recovered from (J.1) as

G(0,x) =p— —a(l —z%(0)), (J.1)

db G
Z o X (J.2)
dX G@s
In addition, we derive the following partial derivatives from z%(6, x) in (41):
2e>0,2,>0, 2,<0, 2, >0, 25 <0, 2g=0, x+gaz > 0. (J.3)
Using (J.1) to (J.3) and Lemma 6, we derive the following total derivatives:
do _ [W(b)¢"(e)(1 —u)y e
iz { 07 Y G (14)
do_ [W(0)¢" ()1 —u)y s
Fe [ ¢, 072 +a Co <0, (J.5)
do w" (b)b(0) w qb” (1—u)y X
ds  (1—8)9'(c) [ 2 Y G (J.6)
wealth channel (-) interest rate channel (+)
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49 _ w"(0)b9) 1 W(0)¢"(c)fu 1 [W(B)¢"()d —wy Tk

_ N 37
kT ko) Go T 0@ Gr (0?2 | Gy ()
wealth channel (+) cost channel (+4) interest rate channel (-)

a9 WD) (c)(1 —u) x+ Yy Ty

- (e Go %Gy =0 (7:8)
/ 1
1

4 _S0)e(e) 1 (3.9)

dg — ¢'(c)* Goe

Expressions (J.4) to (J.9) imply the following response of labor market tightness to parame-

ter variations. The response of the unemployment rate is opposite as is clear from the Beveridge
curve in (31):

), (J.10)

). (J.11)

(ii) Effects on realized working hours: From the asset market equilibrium curve (41), we
recover the effects of parameter changes on realized working hours as follows:

dz(0 dz®(0) do dz(f dz(6 X

0.0 _ o OV D o 420 G [, dtO) G T )
dy XTTd0 dy X T dd Gee A0y, | Goe

d:ra(H)

where > 0 and G, are the partial derivatives of G(0, x) with respect to any parameter
X- Usmg the expressions above for 4 and % (I1—w)y dx (9 — (gx*(0) + kO)u/'(0) — ku
from (36), we get the following results.

ilT: - [w;(/lz)cl;(e) - :;:Ei; q;,/((;) [ku + (g + k:@)u’(@)]] g; (J.13)
% = [_w;(/lz)cl;/w) - ;8 ﬁ:,/(cc)) Vo + (7 + k@)u’(@)]] . (1.14)
fTi - { 8 [ de(e) (1( _) 9 b’(9>] - ;8 (Z((;) [ku + (g + k:e)u'(e)]] %GQS (J.15)
7= |50 | e bl(”] Zébi e [’““ O R L | P S CET
[0SO o e S500=90] 2
L o 0020 ]

From Gys < 0, we derive the following upper bound for the first term in brackets:

WOU(0) _ _w(b)¢"(c) de(6,27(9)) dz*(6)

¢'(c) ¢'(c)? do do

Since zg3 < 0 and G+ < 0, it follows that:

dx w'(b)d" (c) de(8, z*(9)) dz®(0) W' (b)¢"(c) [dz®*(0) (1 — u) B 0,z%00)) ] =y
N IO, o “Ta T d(ee { B w, @t - — g H Goe
L w0 GO -w,
=—— | + 5(0)? . (x+ yxy)} Cor <0, (J.17)
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de  da®(0) o
dg  df dg
Taken together, we have derived the following effects of parameter changes in (J.13) to (J.18):

> 0. (J.18)

z* l’(E,Z, Saka vy, g
A S N 2N )\ ,
? ? ? ?
? ? ? ? — +

). (J.19)

(iii) Effects on total output: The effects of parameter changes on total output follow from
the total differential of Y (6) = (1 — u(0))z*(0)y as:

dy du dr
S = 20— + (1 — W) — + Y, 2

where Y, = (1 — u)z for x = g and zero otherwise. It then follows that these effects are given
by:

% =(1—u)ygz. + _(1 — u)gda:(‘;g(G) — xgu’(ﬁ)_ Z—z, (J.21)
+
% =(1—u)gz, + _(1 — u)gjdm;ée) - ﬂfgul(a)_ %7 (J.22)
+
= 1w+ [0 -0 )] 9, (1.23
M ~
% =(1—u)gar+ _(1 - u)gdxse(H) - xzju’(Q)_ %, (J.24)
+ ne
= (=g e 0) + (1= a0
o (o BN SLOVEO) | det(6)1 - u
_{ 4 )(y+$y> ¢'(c) +aa®(f) (y ©)+ do >
w'(b)g"(c) (- ® / Ty
—(1 - ) PIBE (y—i— :vy) (ku + kOu (9))} oo
As above, we apply an upper bound on —w”gf)(i;w) that results from Ggs < 0. Since z3 < 0 and
Gys < 0, it follows that:
Y [ 0)) [C06) 0t (6) | At O)] (o dat() ]
dy<[<1 )(y+ xy)[ Do o), o2 }+ (y (0)+ 4! xy)
w(b)¢"(c) (_ x(8) / Ty
—(1-— U)W <y+ . ) (ku + kbu (9))] Co-
o (o FOY SO ()
= |- (5+ 22 OE; (- 020 - o)
~ap (1= 00— op0)) | G
N PR A C) NP D PR, “0)) WO, ] T
a0 v o) s 0w (5+ S LOCD 4o a<v o
+ + +



av _[p') . dz*(0)] p(0)y do
g~ Lpe) " (6) + do | 6+ p(0)dyg > 0. (J.26)

Taken together, we have derived the following effects of parameter changes from (J.21) to (J.26):

87 Z? S? k? g? g
A G N 2N )\ ,
? ? ? ?

Y =Y/( ). (3.27)

(iv) Effects on consumption: Finally, the effects on consumption are given by the differ-
ential of (36) with x = z%(#) given by (41) using the expressions above as:
de
dx

i 10)— bl P L1 e = AO:2N0)) O
= [~[yz + kO] (0) — ku] dX—I-(l u)ydx—l-cx— 70 dx—l—(l )Yy + ¢y, (J.28)

Wherew>O,c€:cZ:cS:O,ck:—9u<0,Cg:(l—u):v>0andcg:—1<0.

de  dc(f,2%(9)) do I P , W)Y (0)] .
i TE +(1 —f)ym6 = {[(yw + EO)u'(0) + ku] oo — (1 — u)yqb’(c)] Go (J.29)
de _ de(6, z(0)) do UV [ o o (1—u W)Y (0)] x.
T UL o+ 0y + ko - (1w 22O 2=
de  de(6,2(0)) do ~
P R A G L (J:31)
+/- B
de  dc(0,2%(0)) do _
TE T%—i—(l —u)ymk;%, (J.32)
+/- - -
de . . W'(b)g" (¢) de(8,2%(0)) - o (o — (1 —u WOV ()] zy
& = e |1 SO ECTON o s ko (6) + ku(O) 2 — (1 - g D] 2
B @20 (b)b (0)¢ () dz®(0) _ de(0,2%(0)) (DY (0)] g
— (1-u)z e |-ty - OO o gyt 2
= {a ((1 —u) dxc‘;e(e) (Jag + x) — 7@(97;; (9))$y) — (1 —=u) (yzg + z) w”((;)(il)(e)} Gigs
B de(0,z(0)) _ dz®(9) W’ (b)b'() 1
= |ma—— %y + (1 —u) (gzg + ) (a P ) G <0, (J.33)
+ as x53<0 + as grgte>0
de [ dat(0) _w"OGWO)] 1
dg { B0 ] G (1-34)
Taken together, (J.29) to (J.34) imply the following effects of parameter changes:
CZC(\?,\?,\?,\?,\@&)- (J.35)

+
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