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Abstract
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1 Introduction

Whether efficient income redistribution should be done through income taxation alone or should
be complemented with other measures such as production distortion or consumption distortion
is one of the key issues whenever optimal public policies are discussed. With this regard, the pro-
duction efficiency theorem (Diamond and Mirrlees, 1971), which states that production distortion
is not optimal and the Atkinson and Stiglitz’s result on optimal commodity taxation (Atkinson
and Stiglitz, 1976, 1980), which shows that commodity taxation is not necessary in the presence
of an income tax system, are the most important results in public finance literature.

Recently, in public finance literature researchers started examining those results. For example,
Cremer, Pestieau and Rochet (2001) showed that the Atkinson and Stiglitz theorem does not hold
when individuals are different in ability and endowment. Saez (2003) showed that the Atkinson
and Stiglitz theorem does not hold when tastes are heterogenous. Naito (1999) showed that in
a model similar to the model of Stiglitz (1982) if multiple goods are produced and factor prices
are endogenous, the Atkinson and Stiglitz theorem does not necessarily hold and the production
efficiency result does not either. On the other hand, Saez (2003) argued that when human
capital accumulation is endogenous, then the Diamond and Mirrlees theorem and the Atkinson
and Stiglitz theorem still hold.

In this paper, we show that the Atkinson and Stiglitz theorem does not hold even if human
capital accumulation is endogenous contrary to Saez (2003). Consider a standard Harberger
model and assume that there are skilled human capital intensive sector and unskilled human
capital intensive sector. In this economy, if the government imposes a commodity tax on the
skilled human capital intensive good, then the return from the skilled human capital will decrease
and the return from the unskilled human capital will increase. Saez (2003) showed in this situation
an indirect redistribution through the changes of the return from the skilled and unskilled human
capital is redundant when human capital accumulation is endogenous. However, the analysis of

Saez (2003) assumes that the types of human capital is one dimensional. In reality, different



people have different comparative advantage in accumulating different types of human capital.
The present paper shows that in the presence of comparative advantage, the Atkinson and Stiglitz
theorem does not hold even if human capital is endogenous.

To illustrate the basic idea, consider a situation where people with higher ability have com-
parative advantage in accumulating skilled human capital and people with lower ability have
comparative advantage in accumulating unskilled human capital. Also, assume that the govern-
ment cannot observe individual accumulated human capital but can observe only income level.
For example, when an individual’s income is high, there are three possibilities: this individual has
high ability; this individual has a high level of skilled human capital; this individual has a very
high level of unskilled human capital. But the government does not know which case applies to
this individual. In this situation, a nonlinear income tax can be used for income redistribution,
but the power of a nonlinear income tax is limited due to the unobservability of individual human
capital levels and types. On the other hand, by imposing a commodity tax, the government can
change the returns from skilled and unskilled human capital. Such indirect redistribution might
complement an income tax when the individual level of human capital is unobservable.

The crucial assumption in the present paper is the presence of comparative advantage in
human capital accumulation. Whether such an assumption is reasonable or not is an interesting
empirical question. Earlier literature of the human capital theory assumed that earning could be
explained completely once it is conditioned by human capital level. Earlier empirical evidence
showed that there is a strong correlation between earnings and the level of human capital and
indicated that ability does not matter for explaining earnings once they are conditioned by the
human capital levels. On the other hand, recent literature of labor economics and self-selection
emphasizes that ability can also increase earning and play a systematic role for explaining earnings
even after it is conditioned by the human capital level. This literature points out that even in
an extreme case when human capital does not increase the productivity at all, if ability can

increase the productivity and if higher ability agents tend to acquire more skills, there will be a



correlation between human capital level and earnings. In the standard signaling literature, it is
commonly assumed that a higher ability person would get more benefit from acquiring skill. In
addition, recently, Dinardo and Tobias (2001) and Tobias (2003) examined whether the returns
from schooling are higher for high ability individuals than for low ability individuals by using a
non-parametric method. They found that the returns are higher for high ability individuals than
for low ability individuals. This suggests that assuming the presence of comparative advantage
is not unrealistic as an approximation of the reality.

To prove that the Atkinson and Stiglitz theorem does not hold in a closed economy, we need
to address several issues. In this paper, we assume that the economy is a closed economy in
contrast to the case of proving that production inefficiency (Naito, 2003). This implies that
the prices of goods and factors become endogenous and the effects of a commodity tax can be
complex since factor supplies would also change. Second, when the factor prices are endogenous,
it is well-known that the marginal income tax rate for some individuals can be negative. In
such a situation, it is not obvious that indirect redistribution through changes of the return from
both skilled and unskilled human capital can increase the social welfare. Despite such questions,
however, we prove that the Atkinson and Stiglitz theorem does not hold even when human capital
is endogenous.

At this point, readers might wonder about the difference between Naito (2003) and the present
paper. In Naito (2003), we assumed that the economy is open economy since our interest is on
commercial policy. In an open economy, the commodity tax cannot affect the factor prices due
to the famous factors rice equalization theorem (Samuelson 1949). Therefore, the Atkinson and
Stiglitz theorem is valid. In contrast, in a closed economy, the commodity tax can affect the
factor prices. Thus, we analyze the Atkinson and Stiglitz theorem in a closed economy.

The organization of this paper is as follows. In the next sub-section, we shows the main result
by assuming that two types of human capital are perfect substitutes in the utility function. Then,

we analyze the case when two types of human capital are imperfect substitutes. In section 3, we



briefly make conclusions.

2 Analysis

2.1 The basic model

The economy is a closed economy where there are two output goods: good 1 and good 2. Good
1 is skilled human capital intensive good and good 2 is unskilled human capital intensive good.
We assume that there are two types of human capital in this economy: skilled human capital and
unskilled human capital. We assume that the two types of human capital are perfect substitutes in
the utility function. This implies that people accumulate only one type of human capital. Besides
the reason mentioned in the previous section, conducting a welfare analysis when individual
behavior includes a discrete choice is useful from a theoretical standpoint as well. In many
important economic situations such as the choice of location to live, the choice of technology
by firms and labor market participation, decisions made by consumers or firms include discrete
choices. Until very recently, welfare analysis that includes discrete choices was rare. As far as
the author knows, only Boadway and Cuff (2001) started to investigate this issue very recently.
They analyzed an optimal taxation problem when some individuals are bunched at the bottom.
Another purpose of this section is to contribute to such a literature as well. As for individuals,
there are a continuum of agents and all agents have identical, additive separable utility functions
with respect to consumption, skilled human capital investment and unskilled human capital
investment. We index all individuals’ ability by ¢ where ¢ takes any value from one to two. We

assume that the utility function of type i agent has the following form:
u(eyy, c2i) — a’hi — a"hy

where u(cy4, co;) is strictly increasing with each argument and strictly concave. We assume that
the utility function is homothetic. This implies that the demand function does not depend
on income distribution of this economy. This assumption simplifies the analysis substantially.

We assume that the labor supply is fixed and it is normalized to one. hj and h{ are the level of



skilled and unskilled human capital of individual 7. hj and hj can be interpreted as the knowledge
levels, years of education, experience and training for each type of skill. Given the amount of
skilled human capital and unskilled human capital of individual ¢, we assume that the earning of

individual 7 is determined as

earning; = gs; X w® X hi 4+ gui X w* x Ay (1)

where w® and w" are the returns from one efficient unit of skilled and unskilled human capital,
respectively. (1) means that when individual ¢ accumulates h{ units of skilled human capital and
hi* units of unskilled human capital, the efficient unit of skilled human capital and unskilled human
capital are gy X hj and gy,; x h{' and the total return from skilled human capital and unskilled
human capital are gy x w® x h{ and g,; x w" x hj, respectively. Let gy x w® and gy; x w"
be wi and w}'. Denote (dg;;/di) as g}; where j=s,u. ¢;/gs and g;,;/gu; measure the absolute
advantage of an agents with ability ¢ + € over agent ¢ in accumulating skilled human capital
and unskilled human capital, respectively. We assume that agents who have higher ability have
absolute advantage in accumulating both skilled human capital and unskilled human capital:
gti/gsi > 0 and ¢.;/gui- L Also, as we discussed in the introduction, we assume that agents
who have higher ability have comparative advantage in accumulating skilled human capital than
unskilled human capital. Thus, we assume that
i, S ®
Gsi Gui
The economic meaning of the above equation is that as ability becomes higher, the return from
accumulating skilled human capital becomes lager than the return from accumulating unskilled
human capital.
As for the objective of the government, we assume that the social planner will maximize the

following utilitarian social welfare function:

!The assumption of the absolute advantage is not necessary. The assumption of the absolute advantage is a
sufficient condition that guarantees that agents who have higher ¢ will receive higher utility. As long as agents with
higher ability can receive higher utility the assumption of the absolute advantage is not necessary.



/Z{U(cli,c%) —a’hi —a"hj'}n;di . (3)
1

As for prices, we normalize the producer price and the consumer price of good 2 to one. Let
p1 and t be the producer price of good 1 and the specific tax on good 1. Then, the consumer
price of good 1 is p1 + t.

For production side, we assume the standard Harberger model. In this economy, there are
two sectors. The sector 1 is the skilled human capital intensive sector and it produces good
1. The sector 2 is the unskilled human capital intensive sector and it produces good 2. Each
sector uses both skilled and unskilled human capital. Consumers (workers) are perfectly mobile
between two sectors. When an agent who has hj units of skilled human capital and A" units of
unskilled human capital works in sector k, it means that sector k uses g, X hj units of skilled
human capital and g,; x b units of unskilled human capital. Each sector behaves as a price taker
and maximizes its profit. Let Fk(H,j, H}!) be the production function in sector £ = 1,2 where
H}j and H}' are the total amount of skilled human capital and unskilled human capital used in
sector k. We assume that F*(H o, H}') exhibits constant returns to scale and it is concave with
respect to both arguments. Let ¢®(w®, w®) be the cost function in sector k to produce one unit
of output in sector £ when the returns of one efficient unit of skilled human capital and unskilled
human capital are w® and w", respectively. When both good 1 and good 2 are produced at the

equilibrium, w® and w* are determined
p1 = c1(w®,w") and 1 = co(w®, w"), (4)

From the Stolper -Samuelson theorem, dw*/dp; > 0 and dw"/dp; < 0.
The output of both goods are determined from the following factor market equilibrium con-
ditions:

801 1 802 2
Yy Yy
ows ows

2 7
where H® = / gsi X hi x n;di and H" = / Gui X hj' x n;di
i 1

801 1 862 2
Yy Yy
Jw ow"

= H*, and =H" (5)
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H? and H" are the total skilled and unskilled human capital in this economy. Although the
output of both goods can be calculated from equation (5), it is more useful to work on the
production possibility frontier for analytical reasons. Let H® and H" be the total amount of skill
human capital and unskilled human capital in this economy and define a production possibility
frontier as I'(H*, H"). Since the production functions are concave and the factor intensity of the
two sectors are different, the production possibility set is convex. The output of good 1 and good

2 are determined as the solution of the following constrained maximization problem:
max p1y1 +vy2 S.t. (yl,yg) € P(HS, Hu)

Thus, we can think that the output of good 1 and good 2 can be thought as a function of pq,
H* and H*. Let Y'(py, Hy, H,) and Y?(p1, H,,, H,) be the output function of good 1 and good
2. At the optimum, the slope of production possibility set is equal to the relative producer
price of good 1. Thus, we obtain Yp1 = 0Y'/0p; > 0. The Rybcyzynski theorem shows that
Y. =0Y1/OH" < 0 and Y, = 0Y1/9H® > 0. Similarly, for good 2, we have Yf <0,Y}, >0,
Y. <O.

The prices in this economy are determined so that the output of good 1 and good 2 are equated
to the demand for good 1 and good 2, respectively. On the other hand, to find the equilibrium
price, it is easy to focus on the relative demand since the utility function is homothetic and
the relative demand is independent of income level. Let RD(p; + t) is the relative demand of
good 1. Because of the homotheticity of the utility function, it is independent of income level and
RD, =dRD/dp: < 0. Let RS(p1 H®, H") be the relative supply of good 1. From the shape of the
production possibility frontier and the Rybcyzynski theorem, we have RS, = ORS/0(p1+t) > 0,
RSps = ORS/OH® > 0, RSyw = ORS/OH" < 0. The equilibrium price is determined from the
following equation:

RD(p1 +t) = RS1(p1,H®, H")

From the above equation, the equilibrium price can be a function of ¢, H® and H“. Thus we can

write the price of good 1 as p; = p1(t, H*, H"). Once the price of good 1 is determined, then the



returns from skilled and unskilled human capital are determined by (4).
When two types of skill accumulation are perfect substitutes in the disutility function, the

agent always solves the following constrained disutility minimization problem:

Z(wi,w;, R) = minash; + a,hy

st R = w;h; + w;'hj’

where w] = gs; X w® and wj' = gy; X W

In the above problem, for an agent with ability 4, if as/a, < w{/w; he will accumulate only skilled
human capital and if as/a,, > w{/w}, he will accumulate only unskilled human capital. Note that
because of the assumption of comparative advantage (2), w;/w} is an increasing function of i.
Let i* be i that satisfies (w® X gs;)/(w" X gui) = as/a,. Then, agents whose ability is greater than
1* accumulate only skilled human capital and agents whose ability ¢ is less than ¢* accumulate

only unskilled human capital. We assume that such i* is located within 1 and 2.2 Given such 7*

,Z(wi,wi, R) is

) for i* <i <2

Sm‘:g

Z(w}, wl', R) = a*(

Z(“’f»“’?vR):au( ) for 1 < 7 <i".

&= S

Let X (R) be an after-tax income schedule that the government designs. Then, each agent chooses
his best R to maximize U(p2, X (R)) — Z(w], w}, R). Once R is chosen, an agent chooses his
optimal skill type and accumulates human capital to generate pre-tax income R. Let v(i) be the

maximized value given the schedule X (R):
5(0) = maxU(pr + £, X(R)) ~ Z(uf. uf" R).

where U(p; + t, X) is the indirect utility function when the price of good 1 is p; + t and

income is X. For the analysis of the optimal schedule of X (R), we assume that the schedule of

2This assumption is not so restrictive as the following reason. For example, if i* is greater than 2, all agents
will accumulate only unskilled human capital. However, the production needs both skilled and unskilled human
capital. As a result, the return from skilled human capital will start to increase and the return from unskilled
human capital will start to decrease. This implies that ¢* will start to decrease. This process will continue until
some agents start to accumulate skilled human capital.



X (R) is a continuous function. Although it is possible that the optimal schedule of X (R) is not
continuous, the tax schedules of almost of all developed countries are continuous. When X (R) is
a continuous function, it is straightforward to show that v(4) is continuous with respect to i from
the theory of the maximum (Berge 1963). In addition, there is an interesting property on v(i)
in the neighborhood of ¢* that turns out to be crucial for our result. The following lemma shows

that property of v(z).

Lemma 1 When i increases, the graph of v(i) has a counter-clockwise kink at i*.

Proof. Let v5(i) be the maximized utility of an agent with ability ¢ given the tax schedule when
he can accumulate only skilled human capital. Also, let v,(7) be the maximized utility of an
agent with ability ¢ when he can accumulate only unskilled human capital. By the definition, the
graph of v(i) is the upper envelope of vs(i) and v, (i) and i* is at the intersection between v (i)
and U, (7). This implies that there is a counter-clockwise kink at i* (See also Figure 1). n

Now consider the problem of designing a nonlinear income tax system. Let (R;, X;) be the
pre-tax income and after tax income when an agent announces that his type is j. Then define

v(7) and v(j;1) as follows:

v(i) = II{l%X U(pr +t,X;) — Z(wi,w', Ry)
J

0(j51) = U(pr + t, X;) — Z(wi, wi, R;)
v() is the maximized utility given the schedule of (R;, X;) and v(j; ) is the indirect utility when
agent 7 announces that he is type j. The global incentive compatibility condition implies that
type ¢ agent has an incentive to announce that he is type ¢:
i = argmax 0(j;1) (6)
{5}
Assuming the differentiability of (X}, R;), the first order condition of the incentive compatibility

condition is
o0G.i)| _OUdr 0ZOR _
dj . Jzx dj OROj

j=i

0




On the other hand, by using the definition of Z(w},w}, R;), we can calculate dv(i)/di for i in

(1,i*) and (i*,2).

d 'R
d—?:f%mﬁm € (i*,2) (7)
d 'R
di; _ aux(gfwu) for i € (1,7%) (8)

Next we will check a single crossing property of the utility function U (p;+t, X )—Z (R, w®, w", R).

The marginal rate of substitution between X and R is

1 S

MRS(R,X) = 79‘1}}5 for i € (i*,2)
1 u

- @gzwu for i € (1,i%)

Thus the MRS(R,X) is a decreasing function of i and a single crossing property is satisfied. This
means that the local incentive compatibility constraint (7) and (8) and the monotone condition
of R are sufficient conditions for the global incentive compatibility (6) (Fudenberg and Tirole,
1991). Through the analysis of this paper, we assume that the monotonicity constraint is not
binding.?

Given the first order conditions of the incentive compatibility constraint of it is useful to think

that the government controls v(i) and R; and that X; is defined from the following relationship:
v(i) = Ulpy + £, X) — Z(wy, wi’, R;) (9)

Let z(R,v,p1 + t,w$,w¥) be the solution that solves (9) about X. Obviously, dz/0v = (U,)~!
, 0x/OR; = Zg /U, and 0z/0p = —(Up)/(Uz), 0x/0p = —(Up)/(Us) ,0x/0w] = Zy: /(U,) and
Oz Jow" = Zyu [ (Uy).

Finally for analytical convenience, rewrite the first order condition of (7) and (8) :

9si Gui
0° = Z2a®h;  and 0 = “a"hi.

Gsi Gui

3This assumption is equivalent to assuming that
there is no bunching. Many of the previous papers assumed that there is no bunching at the optimum. (Konishi
1995, Naito 1998).
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Based on the setup, the purpose of the government is to solve the following programming problem:

i* 2
W(t) = max/ v (i)n;di —I—/ V¥ (1)n;di
1 )

Px

/
st. 0= &a‘ghf for i* <i <2 (IC1)
Gsi
/
ot = Juigupu for 1 << (1C2)
Gui
V(") = v¥(i") (BD1)
R}. = R} (BD2)

/ {R; — z(R},v],wi, wi, p1 +t)}n;di

/{R”—:E (R, v, wi, wi, p1 + t) yndi

1
2 i*
H? = / higs(i)n;di, H" / hit gy (i)n;di (SHC,UHC)
¥ 1
where

D1 :pl(taHsaHu)anj = vj(l)a

The above programming problem deserves several comments. First, (IC1) and (IC2) are the
local incentive compatibility constraints. Second, (BD1) comes from the assumption that the tax
schedule that the government designs is continuous and, as a result, the utility level of the agents
must be continuous. (BD2) comes from the assumption that individual i* chooses only one R.
Now let pf, it and A be the Lagrangian multipliers of (IC1),(IC2) and (RC). Let (31,02, 35 and
By be the Lagrangian multipliers of (BD1), (BD2), (SHC) and (UHC). The first order conditions
can be calculated and we will write them in the Appendix to save the space. Then, what we
need to know is the effect of increasing ¢ from zero on the social welfare, which is equivalent to

dW/dt. By using the envelope theorem, we have (See Appendix)

di* !
= {utatht % a2 (10)
dpy g

s gu

aw
dt
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~RD,

0i* s oi* u <0
RDp — RSp + RSy apr Jsi* hi* — RSgu apr Jui* hi*

where Wy =

From the FOC of vj. and vjt, we have p. = pj%. In addition, as we show in the Appendix, p
and pf are positive. Furthermore a®hf.(g,/gs) and a“hl (g, /g,) are the right hand slope of v}

and the left hand slope v}* at ¢*. From Lemma 1, the slope of v} is steeper than the slope of v}

at 7*. Since % < 0, we have dW/dt > 0.

Proposition 1 Suppose that the social planner designs a nonlinear income tax system to maz-
imize the utilitarian social welfare function without a commodity tax. Then, introducing a com-

modity tax on an skilled human capital intensive good will increase the social welfare.

In the above equation (10), ¥; shows a change of the price of good 1 when ¢ increases in a
compensated way.* Second, as for the meaning of the inside of the bracket in (10), it is useful
to see Figure 1. In Figure 1, when the government increases the commodity tax ¢ from zero,
the graph of v4(7) will shift downward and the graph of v,(i) shifts upward. As a result, i* will
increase. Also, notice that from (IC1) and (IC2), the slope of v5(i) increases and the slope of
Uy (1) decreases. The inside of the bracket is the difference of the slops of two curves.

In the mechanism designs problem, v, the slope of the value function, is related with how the
compensation schedule must be sensitive with unobserved ability. When o is higher, it means that
the social planner needs to give higher utility to those with higher ability. With redistributive
social welfare function, the social planner wants to give higher utility to agents with lower ability.
Thus, when ¢ is high, the level of utility that the social planner can give to the agents with lower
ability is limited since the amount of the resource is limited. In such a situation, if the government
can make © smaller exogenously, it is possible to increase the social welfare and changing ¢ can

be a good policy tool for changing ©.

4First note that the total skilled and unskilled human capital are functions of the price of goodl. Thus, for a
given level of the commodity tax, the equilibrium price can be determined from

RS(t+ p1) = RS(p1,H?(p1), H*(p1)). Second, —%gsi*hf* and %gm*hﬁ* are the compensated change of
supply of skilled and unskilled human capital when the price of good 1 increases. Thus, we obtain dp, /dt = ¥,

12



When t increases, the change of © is not the same for all individuals however. As Figure
1 shows, all individuals whose ability is lower than ¢* will experience a decrease of ©¥ and all
individuals whose ability is greater than ¢* will experience an increase of © except the neighbor-
hood of i*. But, as the analysis in the Appendix shows, the effect of a change of ¥ for those
agents is of the second order and can be replicated by the adjustment of the nonlinear income
system. On the other hand, there are some individuals who experience the first order change of
0. Individuals whose ability is in (i*,7* 4 (di* /dp1 ) (dp1 /dt)) will switch from accumulating skilled
human capital to unskilled human capital. Since the graph of v(i) has a counter-clockwise kink
at i*, individuals in (¢*,7* + (di* /dp1)(dp1/dt)) will experience the first order decrease of ©. This
implies that the government needs less ability-sensitive compensation schedules for those agents.
Because this change of v has the first order effect, it will increase the social welfare.

(10) can be interpreted in terms of the marginal tax schedule as well. Note that (0Z/0R™)/U,
is equal to 1 —T;" where T;™ is the marginal tax rate of income of those who accumulated m = s, u
type of skill and his ability is equal to 7. From the FOC of R} and R},

« O gy
ORY gu

hi g
0 Z%and)\nﬂ“:ugxa

AnT? = u? x a®
n’L HZ aangs

Thus, Since (0h/OR) x R = h, we have

d j*
aw|_, d
dt t=0 dpl

A(RLTE — RLTY).

T3 and T}t are the marginal tax rates of individuals just above ¢* and just below i*, respectively.
When ¢ increases in a compensated way, the price of good 1 will increase by ¥; taking the effect
of the change of human capital into consideration. When the price of good 1 will increase, i* will
change by di*/0p;. Then, an individual just above i* who initially accumulated skilled human
capital will switch from accumulating skilled human capital to unskilled human capital. Since the
marginal tax rate of those who accumulated skilled human capital is higher than the marginal
tax rate for those who accumulated unskilled human capital around 7*, the marginal tax rate will

decrease.” Thus, R:TS — RLTY is the earning that is affected by a change of the marginal tax

SReaders still might wonder why the marginal tax rate for those who accumulated skilled human capital is

13



rates. Since this change of the marginal tax rate is of the first order, it can increase the social

welfare.

2.2 A case of Imperfect Substitutes

In the previous sub-section, we consider a case where two types of human capital are perfect
substitutes. As a result, each person accumulates only one type of human capital. In reality,
however, individual might accumulate both types of human capital. It is important to check
the robustness of our proposition when two types of human capital are imperfect substitutes. In
addition, in a model where two types of human capital are perfect substitutes, the income tax
does not affect the decision regarding which type of human capital to accumulate. One way to
make human capital accumulation depend on the income tax system is to assume that two types
of human capital are imperfect substitutes.

In order to make two types of human capital are imperfect substitutes, we assume that the

utility function of type i agent has the following form:
u(ci, e2i) — fs(hi) — fu(hy).

Regarding u(ci4, c2i), we make the same assumption as in the previous section. As for f;(h7)
(j=s,u), fj(hg ) is strictly increasing and strictly convex. The labor supply is fixed. In addition,

to simplify the analysis, we assume that fs(h$) and f(h%) have the following functional forms:®

fs(hi) = (k7)™ and fo(hi') = (h{)™

where v, and -, measure the curvature of the disutility functions of skilled and unskilled human
capital accumulation respectively and they are strictly greater than one. Given the amount of
skilled human capital and unskilled human capital of individual ¢, we assume that the earning

of individual ¢ is determined as we assumed in the previous subsection. Agents who have higher

higher than those who accumulated unskilled human capital around ¢*. The reason is around the right hand side
of i*, the marginal return from ability is higher at the right hand side of i* than at the left hand side of ¢* because
1" is a switching point.

50ur main results can hold in more general functional forms.
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ability have comparative advantage in accumulating skilled human capital than unskilled human

capital. More specifically, we assume that

9si o Iuiu (11)
9si Gui Vs

(11) implies that when the disutility of accumulating human capital is not constant, the compar-
ative advantage condition need to be adjusted by the curvature of the disutility function.”

As for the objective of the government, the prices, and the production side of the economy,
we make the same assumptions as in the previous sub-section.

As for designing an income tax system, it is useful to analyze in two steps. The first step is
to know how an individual ¢ will choose skilled human capital and unskilled human capital to
generate pre-tax income, R. The second step is to know, given an after-tax-income schedule of
X = R —T(R), how each individual chooses pre-tax income.

The first stage of the problem can be solved considering the following programming problem:

min f5(h;) + fu(hi) (12)
s.t. R=w; x hi +wj' x h{
where w; = g5 X w® and w;}' = gy; X W

Let the minimized value of the above problem be Z(w{,w}, R). Z(w;,w}, R) is the minimized
disutility to generate the pre-tax income R for an agent whose net returns from skilled human

u

i, respectively. We denote the solution of the above

capital and unskilled capital are w; and w
problem as b (w{,w}, R) and h{*(w{,w}, R). For the analysis later, it is useful to calculate com-

pensated human capital supply. Consider the following dual problem of (12):
E(wj,w}', V) =max wh]+ wih}

st. fs(hi) + fu(hi’) <V

"The economic interpretation of (11) is as follows. Consider a condition that type i and type i-+¢ agents have the
same degree of comparative advantage. Equation (11) says that if the marginal disutility of accumulating skilled
human capital grows faster than the marginal disutility of accumulating unskilled human capital (vs > 7.), then
the increase of the return from skilled human capital, gi;/gsi, can be lower than the increase of the return from
unskilled human capital, g.,;/gui, in order to have the same comparative advantage. This is because accumulating
skilled human capital accompanies larger disutility from the first place.
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Let the solution of the above problem be Ef (wi, w, V) where j = s,u. Then, from the dual

relationship, we will have
Bl (wg wi', B(wf, wl', V) = B (w), wi, V) 5 j=s,u.

By taking derivative on both sides, we will have the Slutsky equation for A and h}:

J J 77 J J 7.7
s + O™ =t 4+ A s
Note that the indifference curve of fs(hi) + f,(h) is strictly concave. Therefore, aﬁf Jows > 0,
(9%”;‘ Jow" < 0, 871? JOow} > 0 and 87# /Ow; < 0. This relationship means that if an individual
maximizes his earnings holding the total disutility constant, an increase of the net return from
skilled human capital will increase the supply of skilled human capital and an increase of the
return of unskilled human capital will decrease the supply for skilled human capital.

Let X (R) be the after-tax income schedule that the government designed. Then, at the second

stage of the problem, given Z(w;,w", R) and X (R), each individual ¢ will maximize his utility:
max Ulpy + 6, X(R)) = Z(wi, wi', B)

The objective of the social planner is to design a schedule of X(R) to maximize the social
welfare. By using the same technique in the previous section, we can calculate dv/dvi: dv/di =
-> s sz X (dwg /di). Let «; be the Lagrangian multiplier of the required income constraint
in the disutility minimization problem (12). From the FOC of the minimization problem for
Z(wi, wi, R), we obtain

d ' " Ihd
671; = CMZRZ{%GSZ + %Hm} where jS = % . (13)

S? ut (3

Because of the assumption from the absolute advantage, dv/di > 0. (13) has a clear economic
meaning. It means that the slope of the value function v(i) is proportional to the weighted
average of the absolute advantage of skilled human capital accumulation and unskilled human

capital accumulation. For analytical reason, it is useful to eliminate «; in the above equation.
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Using the first order condition for h{ and A, we can rewrite (13) as follows:

dv g gl i g
— SLfo(h)h; + 22 f(hi )R 14
= O 0 (1)

Given (14), as in the previous section, it is more useful to assume that the social planner

controls v; and R; and x; is defined by the following relationship:®
v(i) = U(pr +t,X;) — Z(w;, wi', R;).

The problem of the social planner is to solve the following constrained optimization program:

2
W(t) = max /1 v(i)n;di

{R;.vi}

dv g g/ <
t. S? hs hs ur g/ hu hu
st G = IR+ (RS

2 2
/ nl{Rl - l‘l}dZ + t/ clmidi =0
1 1
H? = /gsihfdi y H" = /gm’h?di,
where p; = p1(t, H*, H")
and ¢ is given.
In the above programming problem, W (t) is the maximized social welfare for given ¢. Also note

that A7 and h} are functions of (R;,w], w;') and that w; and w}* are the functions of p;.

After several calculations, we can obtain the following equation (See Appendix):

Ohs dw? Ohs dw? kh} 15)

awl o _ f¢%7>—< J9ufil +f!
dt |, 2y el e %Wss@ %wm
where
. RD,
2 p
2 ohs d ohs d 8h d ohY d
(O dvg | O dug 13 9w G+ ke o 1

RSP_RDP+RSHS 1gz[dw dp1 +8w dp

and p; is the Lagrangian multiplier of the incentive compatibility constraint. Because of the

property of the compensated supply function of h;, 8%‘; JOow! > 0 and 87Lf Jow < 0. From the
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Stolper-Samuelson theorem, dwf/0dp; > 0 and dw}'/0p; < 0. From the Rybcyzynski theorem,
RSps > 0 and RSy« < 0. From the assumption on comparative advantage, ’ys(g;i /gsi) —
Yu(Goi/gui) > 0. As for the sign of the Lagrangian multiplier of the incentive compatibility
constraint, the standard argument shows that p; > 0 for all i € (1,2) (See Appendix). Thus, we

obtain dW/dt > 0.

Proposition 2 Suppose that the social planner sets the income taxr structure to mazimize the
social welfare function in an endogenous skill accumulation model at the zero commodity tax .
Then an introduction of a commodity tax on an skilled-labor-intensive good will increase the social

welfare.

Equation (15) has several implications. For an illustration, consider a situation where the
disutility functions of skilled and unskilled human capital accumulation have the same degree
of curvature, i.e. 75 = v, = 7. Then, (15) shows that if (g.;/gsi) = (g.3/Gui), dW/dt = 0.
In other words, if there is no comparative advantage and if higher ability individuals are as
good at accumulating skilled and unskilled human capital as lower ability individuals, then there
is no welfare gain from changing the returns of skilled and unskilled human capital. Second,
(3%? Jow?)(Owf /Op1) and (8%f JOw) (0w} /Op1) measure how changes of returns from each types
of human capital changes the compensated supply of skilled human capital. Third, ¥s measure
how a change of the commodity tax t will change the relative price of good 1 taking into the
effect of changes of the supply of human capital into consideration. ? Also note that v x fi(h$) =
L (R)RS + fL(h?) and that f!(h{)h + flL(h]) is related with a change of ©. In addition, note that
u; measures how the social welfare increases when the incentive compatibility is relaxed. This
implies that the term after the integration measures how a compensated change of the returns

from skilled and unskilled human capital changes the slope of © and increases the social welfare.

9First note that the total skilled and unskilled human capital are functions of the price of goodl. Thus, for a
given level of the commodity tax, the equilibrium price can be determined from
s u 2 g1 Oh$ dw! | Oh dwlq .. 2 4 rOhY dwi | ORY dwd, ..
RS(t+p1) = RS(p1, H'(p1), H"(p1)). Second, [} 97555 Tt + sut apr)di and [ 9! (555 550 + Gt 51 Jdi are
the compensated change of supply of skilled and unskilled human capital when the price of good 1 increases. Thus,
we obtain dp; /dt = Us
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The intuition of the above proposition is as follows. In a situation where higher ability
individuals have comparative advantage in accumulating skilled human capital and lower ability
individuals have comparative advantage in accumulating unskilled human capital, a decrease of
the return from skilled human capital and an increase of the return from unskilled human capital
will hurt higher ability individuals and benefit lower ability individuals. If the social planner is
interested in redistributing income from high ability individuals to low ability individuals, such
changes of the returns from skilled and unskilled capital can indirectly redistribute income. On
the other hand, starting from zero distortion, the deadweight loss of the commodity tax is of the
second-order but the welfare gain of relaxing the incentive problem has the first-order effect. As

a result, introducing the production distortion increases the social welfare.

3 Conclusion

In this paper, we have examined whether using a commodity tax can increase the social welfare in
the presence of a nonlinear income tax system when human capital accumulation is endogenous.
For that purpose, I developed two models where individuals can choose the amount of both
skilled and unskilled human capital based on their comparative advantage. In the first model,
we assumed that skilled human capital and unskilled human capital are perfect substitutes and
that individuals accumulate only skilled or unskilled human capital. In the second model, we
assumed that skilled human capital and unskilled human capital are imperfect substitutes and
that individuals accumulate both types of human capital. Assuming that individuals with higher
ability have comparative advantage in accumulating skilled human capital, we have shown that
indirect redistribution such imposing a tariff on unskilled human capital intensive good can
increase the efficiency and complement an income tax system. This suggests that validity of
the Atkinson and Stiglitz theorem depends on how the process of human capital accumulation
is modelled. The result of this paper also suggests that empirical studies such as Dinardo and

Tobias (2001) and Tobias (2003) that showed the returns from human capital were different among
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individuals with different abilities have important implications for public policy. For example, as
Dinardo and Tobias (2001) and Tobias (2003) have shown, if the return from college education
is higher for people with higher ability, the subsidy to college education can have negative effect

on social welfare.

Appendix

Proof of Proposition 1

The Lagrangian is:
7* 2 7* . 2 .

L= [ otimdi+ [ v [ or - ahiga/gadi+ [ il - a*hilgh/g.0)di
1 7* 1 ¥

+01{vi —vik} + Go{ R} — R}

i* 2
+)\/ {R?--ﬁ(RZﬂ’U?,@Uf,’LU?,pl—I-t)}nde—F)\/ {Rf—x(Rf,vf,wf,wZ‘,pl—i—t)}nldz
1 ¥
2 2 i*
—|—)\t/ n;c1idi + ﬁs{/ gszhfdz — HS} + ﬂu{/ gmh;‘dz — Hu}
1 i* 1

Denote x Rj,vj,w‘?,w?‘, 1 + 1) as z* where j = s,u. By using the integration by parts, we
(] 7 (2 (2 p j

obtain

Sk

¥ 2 % 7
L= / v (i)n;di + / v (1)nidi + pivgs — piot — / pividi — / piahi(ge; ) gui)di
1 i 1 1

*

2 2
[i303 = PV —/ pividi —/ pi 0’ hi(gki/9si)di + Pu{vi —vit} + Bo{ R} — Rit}
,L*

i*

¥ 2
A / (RY — (Y, o, q, wl, wl, py + ) yndi + A / (RS — 2(RS, o wwl, py + 6)madi
1 7%

2 2 ¥
+)\t/ niclidi + +ﬂs{/ gsihfdi — HS} + Bu{/ gmh?dz — Hu}
1 i* 1

J 0
Denote z(R;,v;,

J
7

p1 +1t) as 2¢ where j = s, u. The first order condition for v¢, v§, vs., RS
J i 2y Yq

S
w;, w 70

R:., v, vk, of, RY , R, H® and H" are

. o0x; decy; Ox;
vi g — @l — )\nia—v; + Atn; 3:13; 81}‘; =0
(2 K3
vyt uy =0

Vi —pi + 51 =0
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s g;Z 8h 8 8611' axl

R} [—ps s Jsi An; — An; + Atn; =0
bl ) a2 gl s Wi — Mnippg + Amig La
Rls* . 52 — O
. 8 8612‘ 8$l
w ng — s — )\ )\t -
o s ] = Ani s M s
—B1=0
vy tpt =0
g/ ; ah“ 8 8611‘ 81:1»
RY : [—pd x "=t wGui An; — An; + Atn; =0
b et B Buguil g g Ans = i M S R
R :B2=0
Hs . 87‘[/ 8]91 _ /65
Opy OH®
HY - 87‘[/ 8271 = B,
Opy OHY
Now we characterize those first order conditions. First, note that
i o o o1
i =i [ (= AGd and =g+ [ =25 (16)
1 8’[)‘7 1 61]]

Since pf. = ph , pi = ff n;j(1 — 8$])dj for i € (i*,2) and p¥ = ff n;j(1 — ‘%])d] for

€ (1,7*) Note that 8% = 1/(U;) . A single crossing property and the monotonicity of R
and R;' guarantee that x; is increasing. This implies that givj is increasing and the inside of the
integral is a decreasing function of 7. Since p5 = 0 and pf = 0, the only way that those conditions
are satisfied is that initially n;(1 — )\givj) is positive and after some **,it becomes negative. In
this case, for all is € [i*,2) and 4, € (1,7%], . and pg’ are strictly positive.

Now we examine dW/dt and evaluate at ¢ = 0. From the envelope theorem,
dW 0L Op / / /
A ic1idi — A idi — A o nidi
@ op ot ), mendt A+ 1) T a( 1—|—t)n !
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where

oL _dr
Op1 dp

/
Guz*

ui*

{vg‘mZ — VR M+ [0+ vl — vt — pthah

st*

_ﬂsi*vz* Mz*vz* + :uz*v( ) + ,LLz Shs zSZ + ﬂl{vs Sk *} + ﬁQRu T BQRS
— MR} — (R, v, p1 + t,wie, wik ) Ings + MR — o( R, v, p1 + t, wik, wis) n«

_/Bsgsi* h‘s* + /Buguz* h 3% }

2 8hs 811) 2 oxr: Ow?
—usas(a . . 7 i, s
" {/Z* [=#ia™(9si/ 95i) + 68981]8 $ Opy = A  Ows Opy nzdz}

2 ohy owy " O Ow
_u . _ 1 i 1
+{/z~*[ o (g"“/gmHﬁ“gm]a v Op1 M dwt dp, i

—)\/ a0 nzdz / al 1+t)nzdz

By using the above first order conditions, we have

L ¥ / /
5 = {”f* a* b — it ahE T — Bogae b + Begai hf*}
op1  dp gs Ju
2 2
oh; ow; ox; Ow?
- St s9si tdi — A Ln;di
+{/Z*[ Nz (931/9 )—l_ﬂg]a a o awisapln Z}

2 Hhu ow? " Qx; Owl
/ . X ? 1 1 oo s
+ {/ [ :uz (gui/guz) + ﬂuguz] awy 8]?1 >\ . 8101“ 8]?1 nldz}

/8 nldz )\/ 5 nzdi

Now we need to calculate the inside of the integral. Note that from the definition of 2] and A},

we have

8w»s ZaRs a owy ' ORY

]

This implies that

oh; : Ohs

N st sS85 f > si/ 9si) — PsGsi hzs y
(=130 (94i/ 9si) + Bsg ]8@ (170 (gsi/ 9si) — Bssi] R
ohy Ol
and [—p (gm/gm) + Buguil 5 D = [ui'a (gqlu/gm) — Buguilhi 8RZ“
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By using the FOC of R; and RY,

ohs ox
EP-Lyoviy si) — BsGsi hs A hs )\ i )\ ;
(1450 (gi/ 9si) — Bsgsil "ORs P — An; aRs}

ohY ox
s, 88( I N JpU i pu
[iuz (gsz/gﬁ) ﬁugsz]hz 8R}LL hz {)\nz )\nl 8Ru}

Thus, WIS
oL di* Gl Guiv
oL _ S.a’hi 28—t ahE TR B, gy hi u ui*h?*
opp  dt {'ul RO . R
) 2
Or: - Ows 0x; Ow;
R {An; — Anj oo}t di — s cidi
L ooy gotai o [ g G}
2 r
Ox: - Owt Ox; owy
hi{Ani = Anioeo} ——di — A i idi
—l—{/l i{an naR”}31 . 8w§‘8p1n z}

2 Oxy
- A 77%(11 )\/ 7nldz
i+ O(p1+1) Ip +1)

Next, we need to calculate )\fﬁ hin; apl +A fl h“nz - Wi ;. Note that )\f hin; 8pl 4+ fl h¥n,; al;}yd' =

)\f B gsii 22 ap + >‘f1 e guin; 28~ S “di. )\f B gaii 22 ap 4+ )\fl e guin; 22 o “di is a change of total
earning due to a change of the price of good 1 when levels of human capital of all individu-
als are fixed. On the other hand, from perfect competition, for given level of human capital
of all individuals, the total revenue of the firm should be equal to the total payment to fac-
tor owners. Thus, p1y1 + yo = w?® fﬁ nihigsidi + w* ff nihigyuidi always holds. Let Q(p1)
be the total revenue of firms when all human capital level of all individuals are fixed. Then,

dQ/dp, = /\f B gsii 92~ o . )\fl Rl guin; P o “di. By definition of Q(p;)

Q(p1) = max piy1 +y2 st (y1,y2) € D(H®, HY)

H? and H"Y are fixed.

From the envelope theorem, 572 = y1. Therefore, we have

s 2 u i*
Ay = ow / higsini + A@w/ hi guinidi.
aO' i* 80’ 1

Third, we will show that hf & = — % and hY' & = — % From the definition of Z, we
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have

0z YA
8RS = aS/w and @ — —ashs(l/w ) for i € (i*,2)
0z VA
o = a"/witand S5 = —ahi(1/w}) for i € (1,i")
g i
Thus, by using the definition of 88]%”5, aa,ffs 73655, 3%5, we can check that i} aags =— afi:’)'; and h¥ a%cu —
_ Oz
ow;”

Therefore, dL/dp; is

oL
op1

di* [ & .5 9s g, OL Op OL Opy
- o ashs 95 qupn Ju O g ZE O b
o dp {/Lz a s M= Tu ap1 aHsgsz o+ 01 Guix

From the FOC of H® and H“, we have

oL 1 op1

ap T dpl[aﬂs

Op1 i* g. g,
Gie e — L g ]} = 1{uf*a5hf*gs—u?*a“h%‘*“

Therefore, this implies that
di*

OL _ ap spys 9 9,
om N Hi Y gs izathi Gu

where A" =1+ dp1 [8817;18 Gsi* N 86};2 Gui=hit] > 0. By using the definition of dp,/0t,0p1/0H?

and Op1/0H, we have

dw di* g g,
W] et o
dt |,— dpy gs Gu
where
—RD
where ¥ = RD,

RD, — RS, + RS & o goin b RSHug%i Gui h
From the FOC of vj. and v, we have pi. = pit. In addition, ashfz—é and a“h?% are the right
side slope of v and the left side slope v;* at ¢* From Lemma 1, the slope of v is steeper than the

slope of v at 7*. Since % <0, % > 0.
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Proof of the Proposition 2

Let p; and A be the Lagrangian multiplier of the incentive constraint and the resource constraint.

Denote x(R{, vi, wi, w¥, p1 +t) as 2. Then, the Lagrangian function is
2 . > dv 118\ S( Iopuy g ) .
W(t) = . vingdi + . M[E = Js(B)hi(95i/ 9si) — fulhi' )i (Gui/ Gui)di] +
2 2
‘|‘>\ nl{Rl — l’l}d’L + t/ nicudi
1 1
2 2
+ﬁs{/ gsihidi — H*} + ﬁu{/ guihidi — H"}
1 1
By using the integration by parts, we can obtain
2 2 2 2
Wit) = [ o+ [ pdi= [ ng b di— [ nd b6l g
1 1 1 1
2 2 2 2
-+ )\/ ’I”LZ{RZ — $Z}dl + )\t/ nic1idi + ,85{/ gsihfdi — Hs} + ﬂu{/ gmh?dz — Hu}
1 1 1 1
2 2 2 2
= / vinidi + pove — p1v1 — / Uividi — / pi o (R (gsi/ gsi)di — / pi o (R (90 / 9ui) di
1 1 1 1
2 2 2 2
+ )\/ nz{RZ — :L'Z}dl + At/ niclidi + ,85{/ gsihfdi — Hs} + 6u{/ gmhfdz — Hu}
1 1 1 1

the first-order-conditions are

ox; dcy; Ox;
Vi My — Up — ANy —— 9o: + Atn;—— 0% du
, d[f;(hf)hf(g;i/gsi)] oh; dlfo (W) (gyi ) Gui)] OB
Ri: =g dhs oR; 1 dh? oR, T
Oh oh o0x; 801z 835
ssi uJui - tn =
F0s9si g T Pudui g = Anigp F AT S5 R,
w1 =0and uy =0
From the FOC of v;, we will have n; — u; — An; aﬁ’ + Atn; G Ocx gfj =0
ni — Anigjfj = i
ox;

at t = 0. By integrating both sides and using the definition of

‘ A
il ——1} =
/1n{ Ux} I
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From the first order condition of the revelation problem, U,(p1, X)X'(i) = ZgR/(i). This means
that the sign of X'(7) and R/(i) are the same. Since v(7) is strictly increasing, X'(i) and R/(7)
must be increasing. When X'(7) is increasing, U% is increasing. This implies that if at some ¢**
1—=X/U, =0, then for any ¢ > i**, 1 — \/U, < 0. However, us = 0 from the FOC of vy. This
implies that p is initially strictly positive until ¢** and then it begins to decrease and reaches
to zero at ¢ = 2. Therefore, pu; > 0 for all 1 < i < 2.

Now, we calculate the effect of increasing the commodity tax from ¢ = 0. By using the
envelope theorem, we have

AW oL dp; /2 , /2 oz; .
Al [t < NI mdid+ | [———"1d
1 cuitidt 1 ! 3(}714-75)] !

where OL/0p; is

dlf (h)h3(gl,/ 9] dhs dws  dhS dwt .
i SZ A SZ' 1 (3 1 (3 d
ap1 / = e 095 s apy T dwr dpy T
dlf (R )R (gs ) gus)] LR dwt dRY duw
/ {=mi dh? +ﬂ“gm}{dwg dp, +dw dpy bdi

/ ox; Ox; Ow;  Ox; Ow}'
+ A —
1 O(

idi
p1+ 1) 8wf opr  Ow} Op Indi

Note that dz;/0(p1 +t) = —(Up,)/(Uy). From the Roy’s identity, —(U,,)/(Us) = c1;. There-

2 . 2/ Ox; . s Ox; __ Ox; __ Oxr; __
fore, X [["crinidi = X [} (8p1)nz-dz. In addition, Jur = zws Uz and gt = 20 /Uy and gp- =

ZR;/Uz. Using the definition of Z,s and Zu, 8—:”1 = —a;h /Uy, Oz; —a;h¥ /U, and gﬁi =

owY

a;/U, . Thus, fl ciinidi = fl

R _H)nldz Therefore, we have

On the other hand, the FOC of R; at t = 0 is that

[f 2 (R i (90i/ 9ui)] ahu

d[f5(hi)hi g4/ 9si)]

{*/‘z dhf

—|—)\ni = )\nlal/Um

Now, we will calculate A ff[— gié %:f — gfj@ %ﬁ]nidi. Note that —\ amg n; = Aa;nihf /U, and

26



ox;
A 8w’l‘

/2 { (_M,d[thf)hf(g;i/gsn]
] ’ dhs

. (_Md[f;<h”;>h;‘<g;i/gm>1

dh

N { /12 (_Md[thf)ﬁ;gsi/gsin

dhY

Therefore, 0L/0p; becomes

oL

Oop1

2 NIRRTV

= Aa;n;h!/U,. From the FOC of Ry, A [7[~

ohs
Bs sz) ]{Z
Oy Sa :

+ ﬁsgsi)

ALfo (W) (G ) Gui)] \ ony LOw)
+ ( Hi + /Buguz OR; + An; hz 8]91 di

dz; Ow; dz; Ow}
Jws Ipr  Dwt Ip; L]n;di is equal to

8hf
OR;

2 HBHS\BS(,
i tzo — {/1 (_Mzd[fs(hz)di;’;;gs/gs)] +/Bsgf> [{

ang 005 dup {dhs OB du
dw? "R’ dp iaRi dpr
drr OhY . dwt  dR*  ORY. . dut
x By 2 g
aws T or,"Vapy Fawr t oRs }dpl]Z

2 o0x; 2 ow owy'
+ )\’+/)\th 1d +/>\2h$ d'}
/1 | d(p1 +1) 1 " Op1 1 " Opi

Note that fl An;hi 80

)\nl “aw di = M\y' from the argument in the previous sub-

section. Therefore, +f1 /\a(gﬁt + fl An;hj dpl di + fl Anghit 8}; di = 0. We have
oL _ /2 DR G 9e)) | b (OB duwp | OB duty
Op1 1 ‘ dhg 51 owf dp1 ~ Owl dpr
2 d[f (KR (g.,/9u)] oY dws  OhY duw
— 1 u\"" 1 \Ju/ JU » u 1 1 7 v \di
+/1 ( a dh} +Bugi [8wf dp1 + ow! dpl] ’
From the FOC of H® and HY, 3, = %8%)5 and G, = g%a%u' Thus,
oL _ /2 AR 93/ 90 | (OB duwy | Oh: duy,
op 1 Hi dh; ow; dp1  Owy dpr
2 dlfL (W) (g./9a)] | (ORY dws  OhY d
+/ — 1 [fu( 2) zu(gu/g )] [ 7,8 W + w’L ]dl
1 dh ow; dp1  Owy dpr
OL ( (2 0p . Ohs dws OhS dw® 2 9p . Oh%dws OB dw
e s ) ) ) i\ di u ) ) i\ di
Op1 ( 1 OHsg’[ﬁwf dpr  ow! dpl] o 1 oHwY [awf dp1 + ow dpl] !
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Solving for 8—L, we have

L _ 1 / W)k g/ go)] | (OB duwy | Ok duy)
opr Ay Hi dh ow? dpy — Ow} dpy

2 ' (WY (g, he dw?  OhY dw?
/1 <_md[fu(hi)hi (gu/gu)}> [Bhi duy | Ohy du} ]dz}

dhy ow? dpy  Ow; dp

Bh dw?
Bw“ dp1

_ 2 9p srOhd dw? 2 ap ahu dw? | 9hY dw?
where A =1 — ( 1 aHsgi[awf dp1 + s dp1 + awu dp: ]dZ > 0.

ow 1 2 fr(hs)hs : Ohs dws ons dw®
o A {/1 (“Z[fg(hf) + 1](%/93)) [fsa < dpy fs@w dpy ~|di
2 "
o L (hE)RE / 0h“ dw; 8h“ dw?
[ (RSt + 0000 ) (G S+ £ S S
From the definition of Ef and 7#, we have
~ aﬁs ony ~ . Oht R
!/ S u ! s u (A

Therefore, we have

Ohs dws Ohs dw
di

oL| 1 f [ fIh)h , FulhiOh
ol —A{ [ <[ﬁ(hf)+ﬂ<gs/gs>—[ o }(gu/gw) Ry
2 : Ohs d Ohs dw!
:_% {/1 wilr*(9s/9s) = (gu/gu)]fz[aw dZ +f;aw% dZi ]di}

Using the definition of dp;/0H® and dp;/OH", This implies that dW/dt is equal to

dw 2 O dw L, OhF dw
Tﬁ - _\IIQ {/1 Ml[’y (gs/gs> - (gu/gu)]f [aw dpl + fs aw? dpl ]dZ}

where

. _RD,
2 = —

8h dw? 6h dw} hu dw? OhY dwiy ;.
RDPI - RS RSHS fl gz 8wg dp1 + Bw“ dp1 ]d RSHu fl gz ('9w‘S dp1 + ow;' dpy ]d

From the condition of the comparative advantage, v*(g./gs) — v*(9,,/9«) > 0. In addition,

Uy < 0. Thus, ¢ dt > 0.
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Figure 1: The Graph of v(i)
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