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In this note, we provide the discussions and the proofs that we have omitted in “Char-
acterizing the Vickrey Combinatorial Auction by Induction.” In Section A, we prove
Theorem 3. In Section B, we analyze the case in which commodities are homogeneous.

SECTION A. PROOF OF THEOREM 3

In this section, we prove Theorem 3. FEfficiency and individual rationality of the
Vickrey allocation rule follow directly from its definition. The usual argument implies
that the Vickrey allocation rule is strategy-proof as well.

It remains to establish the uniqueness of a strategy-proof, efficient, and individually
rational rule on V. Let f be a rule that is strategy-proof, efficient, and individually
rational on V. We prove that f is the Vickrey allocation rule. It follows directly from
efficiency that

fa(v) € arg max{z v'(BY) : B € A}
i€N
for any v € V. It suffices to prove fi(v) =7 *(v) — o ~(v) for any i € N and any v € V.
Given v € V and A* C M, we denote

67 (; A') = max{> v/(B'): B€ Aand B' = A’}
JFi
We employ the following facts.

Fact 1: For any v € V and any i € N, fi(v) < v'(f4(v)).

Proof: Fact 1 follows from individual rationality. |

Fact 2: For any v € V, any i« € N, and any ¢' € V*, if v'(f4(0*,v")) > v*(f%(v)) and
0'(f4(0',07)) < ' (fa(v)), then fi(d",v7") = fi(v).

Proof: Let v € V, i € N, and 9* € V* be such that v'(f4(0°,v™")) > v*(f4(v)) and
o'(f4(0%, v7) < 0'(fu(w)). I Fi (0%, 07") < fi(v), then w!(f1(8",v7")) = v'(f4(8",v7")) —
fi@t 7)) > v (f4(v)—fi(v) = u'(f*(v)), contradicting strategy-proofness. If f; (o', v~") >
fi(v), then @ (f*(v)) = ¥'(fa(v)) — fi(v) > 0"(f4(0',07")) = fi(0",07") = @ (f' (0", 07")),
also contradicting strategy-proofness. |

Fact 3: For any v € V, any i € N, and any A € A, if A* D fi(v),

S (A7) < 57 (s AF) < 07 (0)
J#

Proof: Let v eV, i€ N, and A € A be such that A® D f{(v). By the definition of

o (v; AY),

> () <max{) v/(B): B€ Aand B' = A’} = 57 (v; A').
G J#



By A' D fi(v), 67 (v; AY) < 67 %(v; f4(v)), and by efficiency, 67 (v; fi(v)) = o7 (v). A

Let v € V and i € N. We shall show that f{(v) = & ‘(v) — 0~ *(v) by induction on
the cardinality #f4(v) of f4(v) and the cardinality of the items from which agent 7 with
v’ € V! obtains positive value. If #f%(v) = 0 or if v* € V! and agent i obtains positive
value from no items in f%(v), then Fact 1 implies f{(v) = gi(v) = 0. Thus, we start with
the case that one of such cardinalities is one.

STEP 1: Assume that (i) #f4(v) = 1 or (ii) v* € V! and there is one item k such
that k € f/(v) and for any k' € M\{k}, v'({k'}) = 0. Without loss of generality, assume
that (i) fi(v) = {1} or (ii) v* € VI, 1 € f4(v), and for any k € M\{1}, v'({k}) = 0.
Suppose f}(v) # 7 *(v) —o~*(v). We derive a contradiction in each of the following three
cases.

Case 1: f}(v) > v(f%(v)). This contradicts Fact 1.

Case 2: fi(v) <7 “(v) — o %(v). Let ' € V! be such that

filv) <¥'({1}) <7 '(v) — 0" (v) (1)

and

o"({k}) =0, Vk # 1. (2)
Note that whether (i) or (ii) holds, 1 € f4(v), and efficiency implies o~%(v) =
7 ‘(v; fi(v)). Also note that 1 € fi(v) implies T *(v; fi(v)) < T *(v;{1}). Suppose
7 (v; fi(v)) < T H(v;{1}). Then, fi(v) 2 {1}, and so (ii) holds. Let A € A be such
that A* = {1} and )., v/(A’) = 7 *(v; {1}). Then, since (i) implies v*(f4(v)) = v*({1}),
doien V(A) = v ({1}) + 7 (v {1}) > D v (f%(v)), and so fa(v) is not efficient for
v. This is a contradiction. Therefore, whether (i) or (ii) holds, o~*(v) =7 *(v; {1}).
For any A € A, if 1 € A%, then since 0~*(v) = 7 *(v;{1}) implies ) v’(A7) <
o~ %(v), it follows from (2) and the RHS of (1) that

0(A) + ) () SO({1)) + 07 (v) <T ().
i
Thus, any commodity allocation A with 1 € A® is not efficient for (¢*,v7%). Therefore,
efficiency implies that 1 ¢ fa(0%,v™7).
Fact 1, in conjunction with (2) and 1 ¢ fa(0%,v™"), implies that f;(¢*,07%) = 0. Tt
follows from the LHS of (1) that
@'(f(v) = 0"({1}) = fi(v) > 0= @'(f' (0", v7")).
This contradicts strategy-proofness.

Case 3: 7 ‘(v) — o (v) < fi(v) < v(f4(v)). Let 9° € V be such that

7 '(v) =o' (v) <¥'({1}) < fi(v), (3)

and

' ({k}) =0, Vk # 1. (4)



For any A € A, if 1 ¢ A’ then since ), v7(A7) <7 '(v), it follows from (4) and
the LHS of (3) that

(A) ) V() ST 7() < 0({1}) + o (v) = 0 (f4(0) + ) (fav)

J#i J#i

Thus, any commodity allocation A with 1 ¢ A® is not efficient for (¢°,v7%). Therefore,
efficiency implies 1 € fi (0", v™%).

In case of (), since 1 € f4(0",v™%) implies v*(f4(0%,v™")) > v*(f4(v)), and since
(4) implies 0*(f4(v)) = o*(f4(0%,v™")), Fact 2 implies that f/(0°,v™%) = f}(v). In case
of (i), since 1 € f4(0",v™") implies v*(f4(?*,v™")) = v*(f4(v)), and since (4) implies
0 (f4(v)) > 08(f4(0%,v")), Facts 2 also implies that f(0%,v~%) = f{(v). Thus, by (4) and

the RHS of (3), S . . S
fi(@0507) = fi(v) > 0'({1}) = 0*(f4 (0", v™")).
This contradicts Fact 1.

STEP 2: Let m’ < m. As induction hypothesis, assume that if (i) #f4(v) <m’' —1
or if (ii) v* € V! and there is M’ C M such that #M' <m/ —1, M’ C f4(v), and for any
k¢ M, v'({k}) =0, then fi(v) =7 *(v) — o *(v). We show that if (i) #f4(v) = m/,
or if (ii) v* € V! and there is M’ C M such that #M' < m/, M C fi(v), and for any
k¢ M, Z({k:}) = O then fi(v) = 7 %(v) — o %(v). Without loss of generality, assume
that (i) f4(v) =M ={1,.. m}or( HoleVi M'={1,...,m'} C f4(v), and for any
k¢ M, v'({k}) = O.

Note that whether (i) or (ii) holds, M’ C fi(v), and efficiency implies o~ (v) =
7 ‘(v; fi(v)). Also note that M’ C fi(v) implies 7 *(v; f4(v)) < T *(v; M'). Suppose
7 (v; fi(v)) < T %(v; M'). Then, fi(v) 2 M’, and so (ii) holds. Let A € A be such
that A° = M’ and > i vj(Aj) =0 ‘(v; M"). Thep, since (ii) implies v*(f%(v)) = v*(M'),
djen V(A) = 0" (M) +7 7 (v; M') > 35y v? (f4(v)), and so fa(v) is not efficient for v.
This is a contradiction. Therefore, whether (i) or (ii) holds, we have:

o (v; M) = 07" (v). (5)

We derive a contradiction in each of the following two cases.

Case 1: fi(v) < i(v) — o~(v). Note
fil) + 7w {1, ..M — 1)) — 5 (v) <57 {1, . ..,m —1}) — o (v).
Let 9 € V! be such that
Fiw)+5 7 (v {1, ... ,m —1}) =7 (v) < 5 (m') < 57 (v; {1,...,m —1}) — o~ (v), (6)
V{kY) > 7 (), Ve {1,...,m/ — 1}, (7)

and

¥'({k}) =0, Vk ¢ M. (8)



Together with (7), efficiency implies k € f4(9%,v™") for any k € {1,...,m' —1}. Thus,
it follows from (5), the RHS of (6), 9 € V!, and (8) that for any A € A, if A* O M,

’

O(A) + Y V() < Y H({RY) + (v M))

3

i k=1
m/—1
= Y 0({k) +'({m}) + 07 (v)
k=1
m/—1
< o"({k}) + o (v; {1,...,m' —1}).
k=1
Therefore, any commodity allocation A with A* D {1,...,m’} is not efficient for (¢, v77).
Thus, efficiency implies that f4 (9%, v™") D {1,...,m' — 1} but m & f4{ (0%, v™).
Accordingly, since we have o= (0%, v™) = ~*((0*,v™%); {1,...,m'=1}) = (v; {1,...,m'—

1}) similarly to (5), the induction hypothesis implies that

m/'—1

W (00 = Y 6 ({k}) = [T v = e (0, 0T ) {1, m = 1))

k=1

On the other hand, it follows from the LHS of (6) that

/

3

@'(f'v) = ) o({k}) - fi(v)

-1

> TR~ ) o s {1, = 1)) = (G 0)),

k=

>
I

3

=

This contradicts strategy-proofness.
Case 2: f}(v) >7 “(v) — o *(v). Note
fiw) +o (v; {1,...,m' —1}) =5 “(v) > ¢ “(v;{1,...,m' —1}) — o *(v).
Let o* € V' be such that
fiw)+oa (v {1,...,m' =1}) =7 (v) > o' ({m'}) > 6 "(v; {1,...,m' —1})—a"(v), (9)

o"({k}) > "(v),Vk € {1,...,m' — 1}, (10)

and,
o'({k}) =0,Vk ¢ M. (11)

Together with (10), efficiency implies that k& € fi(¢°,v™%) for any k € {1,...,m' — 1}.
Thus, f4(0%,v™") 2 {1,...,m' — 1}. Moreover, for any A € A, it follows from (5), (11),



the RHS of (9), and ¢* € V! that if A* D {1,...,m’ — 1} but m’ ¢ A*, then

3
L

DA+ vI(A) <
J#i

o"({k}) + o (v;{1,...,m —1})

1M

3
L

0'({k}) + 0" ({m'}) + 77" (v; M)

A
1M

8

= o'({k}) + 7" (v; M').

1

e
Il

Thus, any commodity allocation A with A* D {1,...,m’ — 1} but m’ ¢ A" is not efficient
for (¢°,v7). Therefore, efficiency implies that f (0%, v=") 2 M'.

In case of (i), since fi(0%,v™%) D M’ implies v'(fi(0%,v7%)) > v'(f4{(v)), and since
(11) implies o°(f%4(v)) = 2*(f4 (0", v7%)), Fact 2 implies that f}(9*,v~%) = fi(v). In case
of (ii), since f4(0,v~%) D M’ implies v*(f (0", v7%)) = v*(f4(v )), and since (11) implies
o' (f4(v)) > 0°(f4 (0", v™")), Facts 2 also implies that f} (0%, v™") = f}(v). Therefore,

FE ) = SO0 R - S
Let v* € V! be such that
v'({k}) >7 "(v), Vk € {1,...,m' — 1}, (12)
and .
v'({k})=0,Vk ¢ {1,...,m' —1}. (13)

Then together with (12), efficiency implies that k € fi (2", v™") forany k € {1,...,m'—1}.
Thus, f4@"v™") D {1,...,m' — 1}. Accordingly, since by (13), we have o~ *(v',v ") =
o (@) 4{L,...,m = 1}) = 7 (v; {1,...,m' — 1}) similarly to (5), the induction
hypothesis implies

@ 0) =77 () o (v {L,...,m —1}).
It follows from the LHS of (9) and ¢° € V' that

/

3
L

i(fr@ ) = @({k}) [T (v) = (v {L, ... ,m = 1})]

1t

3
L

0'({k}) = [(fi(v) = 0"(m)]

(]

B
Il

1

0'({k}) - fi(v)

(o).

This contradicts strategy-proofness.
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We have established the uniqueness of the strategy-proof, efficient, and individually
rational allocation rule on V. W

SECTION B. HOMOGENOUS COMMODITIES

In this section, we analyze the cases where commodities are homogeneous.
There are m homogenous commodities to be allocated among the n agents. Denote
M =1{0,1,...,m}. The set of feasible commodity allocations is:

A={a=(a',...;a") e M": Y a' =m},
iEN
where a’ refers to the number of the homogenous commodity agent i receives. Agent i’s
utility is given by u'(a’,t') = v'(a’) — ', where v* is a value function from M to R, such
that v*(0) = 0.
We consider the following types of value functions.

Monotonicity. For any a' and b* with a' < b, v*(a’) < v*(b°).
Strictly monotonicity. For any a* and b* with a’ < b', v'(a’) < v*(b').
Nonincreasing marginal utility. For any a’, v'(a’ + 2) — v*(a’ + 1) < v¥(a’ + 1) — v¥(a?).
The definition of the Vickrey allocation rule reduces to the allocation rule g such that
for any v € V,
ga(v) = arg max{z v'(b) 1 b e A}
i€N

and, for any i € N, gi(v) =7 (v) — 0 %(v),

where o ' = Zvj(gg(v)) and 7' = max{z v (b)) 1 b e A}
J#1 J#i
Other notations are the same as our paper. The concepts such as efficiency, strategy-
proofness, individual rationality are also defined in the same way.

THEOREM 4: (i) The Vickrey allocation rule the unique allocation that is strategy-
proof, efficient, and individually rational on the class Vg, of strictly monotonic value
functions.

(i) The Vickrey allocation rule the unique allocation rule that is strategy-proof, effi-
cient, and individually rational on the class Vg of strictly monotonic value functions with
nonincreasing marginal utility.

We prove Theorem 4 (i) first, and then explain how the same proof method can be
applied to prove Theorem 4 (ii).

PROOF OF THEOREM 4 (i). It is straightforward to see that the Vickrey allocation
rule satisfies strategy-proofness, efficiency, and individual rationality on Vy,. We now es-
tablish the uniqueness of the strategy-proof, efficient, and individually rational allocation
rule on V.

Let f be a rule that is strategy-proof, efficient, and individually rational on V,,. We
prove that f = g. It follows from efficiency that f, = g,. Thus, it suffices to prove f; = g;,
that is, fi = g for any i € N. Given v € V and a* C M, we denote

o' (v;a) = max{z v (b'):b e Aand b = a'l.
J#i



We employ the following facts.
Fact 1: For any v € Vi, and any i € N, fi(v)

< v'(fa(v)).

Fact 2: For any v € Vg, any @ € N, and v° € V4, if fi(v',v™") = fi(v), then
fiw',v™) = fi(v).

Fact 3: For any v € Vi, any i € N, and a € A, if o’ = fi(v), then } ., v/(a’) <
o (v;a') = o (v).

Fact 1 follows from individual rationality. Facts 2 follows from strategy-proofness. In
Fact 3, the inequality follows from the definition of 7*(v;a') and the equality follows
from efficiency. We establish that f{(v) = gi(v) = 7 ‘(v) — 0 (v) for any v € V,
and any i € N. Let v € Vi, and i € N. We shall show by induction on fi(v) that
filw) =7 %(v) — o (v). If fi(v) =0, Fact 1 implies f}(v) = 0 = gi(v). Thus, we start
with the case that f!(v) = 1.

STEP 1: Assume that f!(v) = 1. Suppose f;(v) # 7 “(v) — o *(v). We derive a
contradiction in each of the following three cases.

Case 1: f!(v) > v'(fi(v)). This contradicts Fact 1.
Case 2: f/(v) <7 “(v) — o *(v). Let v* € V}, be such that

filv) <T(1) <7 () =07 (v), (1)

and
Vs > 2,0'(s) —0'(s — 1) < m;nmln{vj( §)—vi(s'—1):8 >1}. (2)
j#i
We show fi(v¢,v7%) = 0. By (2), efficiency implies f{(v',v™") < 1. For any a € A,
if a' = 1, then since Fact 3 implies )., v7(a’) < 07*(v), it follows from the RHS of (1)
that . .
a')+ > v(a?) <T(1) + 07 (v) < T (v).
JF#i

Thus, any allocation a € with a® = 1 is not efficient. Therefore, efficiency implies
fa(0, 07 =0.

Fact 1, in conjunction with f,(0°,v™") = 0, implies that fi(0',v™") = 0. Thus, it
follows from the LHS of (1) that a*(f*(v)) = ¢*({1}) — fi(v) > 0 = @*(f*(0°,v™")). This
contradicts strategy-proofness.

Case 3: 7 ‘(v) — o (v) < fi(v) < v'(fi(v)). Let ©* € V be such that

7 '(v) =o' (v) <T'(1) < fi(v), (3)
Vs >2,0'(s) —0'(s—1) < Iﬁ?min{v](s/) - (s —1):¢ >1}. (4)

We show fi(v%,v") = 1. Together with (4), efficiency implies f(v%,v~*) < 1. For any
a € A, if a* = 0, then it follows from the LHS of (3) that

+Y V(@) =0+ () <T7(v) <T(Q) +0'(v) =T(fi(0) + YV (f(v))

J# J# J#i



Thus, any commodity allocation a with a® = 0 is not efficient for (¢%,v~"). Therefore,
efficiency implies fi(v%,v™") = 1.

Fact 2, in conjunction with fi (9%, v™%) = 1 and the RHS of (3), implies that f{(v%,v™") =
fi(w) > v'(fi(v*,v")). This contradicts Fact 1.

STEP 2: Let m’ < m. As induction hypothesis, assume that if f!(v) <m' — 1, then
fi(v) =7 %(v) — o~ %(v). We show that if f!(v) = m/, then f{(v) =7 *(v) — o *(v). Let
fi(v) = m/. Then Fact 3 implies:

o (v) =7 “(v;m). (5)

Suppose fi(v) # 7 *(v) — o *(v). We derive a contradiction in each of the following two
cases.

Case 1: fi(v) <7 “(v) — o %(v). By fi(v) <7 *(v) — 07 %(v), we have
fi) =67 (0) =7 (ym' = 1)] <7 (v;m’ — 1) — o (v).
Let 0° € V', be such that

fiw) =7 (w) =7 (oym’ = D] <V (m') = (m’ = 1) <7 "(vym’' = 1) =0 (v), (6)

Vse{l,...,m —1},0'(s) =0 (s — 1) > 7 *(v), (7)
and
Vs >m' +1,0'(s) —0'(s — 1) < Iggnmin{vj(s') —vi(s —1):8 >1}. (8)

We show here that f%(0°,v™") = m’ — 1. Together with (8), efficiency implies that
i@, v™") < m/. Together with (7) and * € V| efficiency also implies f! (0%, v™") > m'—1.
Thus, fi(v',v™%) =m’' — 1 or fi(v',v™") = m’. Moreover, for any a € A, it follows from

(5) and the RHS of (6) that if a’ = m’, then
o' (a") + Zvj(aj) <" (m')+ o (v;m!) < o' (m' — 1) + 6 (v;m —1).
J#i
Thus, any commodity allocation a with a® = m’ is not efficient for (9%, v="). Therefore,
efficiency implies that fi(7¢,v7%) =m/ — 1.
The induction hypothesis, in conjunction with f%(¢*,v™%) = m/ — 1, implies that
fi@,v™) =7 (v) — 7 “(v;m’ — 1). Therefore

T, v ) =0 = 1) =[5 (0) —7 oy = 1))

On the other hand, it follows from the LHS of (6) and Fact 2 that

u(f(w) = v'(m') — fi(v)
> o (m = 1)+ (fi(v) = [77'(v) =7 " (v;m = 1)]) = f;(v)
= o' (m' —1) =g (v) =7 “(v;m —1)]
= @(f(@,v)

This contradicts strategy-proofness.



Case 2: 7 '(v) — o (v) < fi(v). By fi(v) >7 *“(v) — o7 *(v), we have
fiw) =7 (0) =7 (ym = 1)] > 7 (v;m’ — 1) — o (v).
Let 0° € V, be such that

fiw) =@ () =7 (vim’ = D] > 0 () = T'(m' = 1) > 7 (vym’ — 1) =0 (v), (9)

Vs e {l,...,m —1},0'(s) = 0'(s — 1) > 7 *(v), (10)
and A
Vs >m' +1,0'(s) —0'(s — 1) < m;nmin{vj(s’) —v(s —1):8 >1}. (11)
j#i

We show here that fi(0°,v™") = m’. Together with (11), efficiency implies that
fi@',v™") < m/. Together with (10), efficiency also implies that fi(0°,v™%) > m’ — 1.
Thus, f!(v',v™") equals to either m’ — 1 or m/. Moreover, for any a € A, it follows from
(5) and the RHS of (9) that if a’ = m’ — 1, then

o' (a’) + Zvj(aj) <0 (m' — 1)+ (v;m — 1) < ' (m)) + 7 (v;m).
J#

Thus, any commodity allocation a with a* = m’ —1 is not efficient for (¢¢,v~%). Therefore,
efficiency implies that f¢(0¢,v7%) =m/.

Fact 2, in conjunction with f!(9,0~%) = m/, implies that f}(v',v~%) = f}(v). Thus,
u'(f1(v', 07")) = o' (m') — fi(v).

Let v* € V, be such that

Vse{l,....m' —1},0'(s) = 0'(s — 1) > 7 “(v) (12)

and
Vs >m/,v'(s) —v'(s — 1) < m;n min{v?(s') —v/(s' — 1) : s’ > 1}. (13)
JF

Then together with (12) and (13), efficiency implies fi(v%, v™") = m’—1, so that f}(v',v™%) =
7 (v) — o"(m' — 1) by the induction hypothesis. Thus, it follows from the LHS of (9)
that

BP0 = T~ 1) = () = o~ 1)
> B 1) = [(£i(0) = o) + T’ = 1)
— T) - il
— ()

This contradicts strategy-proofness.
We have established the uniqueness of the strategy-proof, efficient, and individually
rational allocation rule on Vy, and completed the proof of Theorem 4 (i). |

PROOF OF THEOREM 4 (ii). Note that Facts 1, 2, and 3 in the proof of Theorem 4
(1) hold on the class V4 of strictly monotonic value functions with nonincreasing marginal
utility. In the proof of Theorem 4 (i), besides the original value profile v being selected
from V5, we use candidate value functions 9* and ¥' from V4, to derive contradictions in
Cases 2 and 3 of Step 1 and Cases 1 and 2 of Step 2. In case the original value profile v
is in V4, such value functions 9* and v* can be selected from V.4 to derive contradictions.
Therefore, the method of proof of Theorem 4 (i) can be applied to demonstrate the
requisite uniqueness on V. |



