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1 Introduction

Public debt burden is a long-discussed issue in the literature. For example, Tobin (1980,

p. 49) states:

Do government deficits absorb private saving? Does public debt diminish
private demand for stocks of productive capital assets? Can the burden of
current government expenditure be shifted to future generations? These are
old questions. Today they are once more in the forefront of economic contro-
versy. Few issues of economic theory and fact evoke such polar disagreement.
The contesting views carry radically divergent implications for public fiscal

and financial policy.

This issue has become more relevant especially after the financial crisis of 2008. Many
countries face serious economic turndown and are forced to expand fiscal spending by
issuing public bonds, which provokes serious worries about debt burdens on future gen-
erations. Particularly in Japan serious stagnation continues for twenty years and a huge
amount of public debt has accumulated. We reconsider this issue in the presence of de-
mand shortage and involuntary unemployment and show that there is no public debt
burden on future generations.

Public debt is widely believed to place burdens on future generations in the literature.
Using an overlapping-generations model with finitely-lived agents, for example, Diamond
(1965) finds that internal debt reduces capital accumulation (if the saddle-point stability is
valid) and deteriorates steady-state welfare (if the economy is dynamically efficient). Blan-
chard (1985) and Weil (1989) obtain similar results in alternative overlapping-generations
models with infinitely-lived agents.! They find that public debt makes future generations

worse off on the dynamically efficient path since it creates persistent income transfers

!Blanchard (1985) assumes that each agent anytime faces a common and constant instantaneous
probability of death and thus all generations have the same average rest of life. Weil (1989) does not
take account of the death probability. However, since the role of finite lifetime is negligible in the present

context, as Buiter (1988) discusses, these two analyses have basically the same implication.



from future generations to current generations.? In these models public debt burden is

3 While they consider the case of full employ-

due to intergenerational redistribution.
ment, we use an overlapping-generations model with involuntary unemployment since a
government more likely issues public bonds under stagnation so as to finance extra fiscal
spending and create new demand. In this setting we show that there is no public debt
burden on future generations although the economy is dynamically efficient.*

There are not many studies that explore the implication of public debt in the presence
of demand shortage and involuntary unemployment. Among those, Tobin (1980) suggests
that a helicopter drop of government bonds raises demand for current consumption and
reduces unemployment whereas Modigliani (1961) argues that government bonds place
burdens on future generations even in the presence of unemployment. However, both of

them use ad hoc models without rational agent behavior. Rankin (1986) uses a Diamond-

type overlapping-generations model with nominal price rigidity and analyze public debt

2Lopez-Garcia (2008) obtains basically the same result as Diamond (1965) in a model with endogenous
labor supply. By developing an endogenous growth model with overlapping generations and production
externalities, Saint-Paul (1992) shows that public debt reduces the growth rate and the welfare of some
future generations. The implication of Diamond (1965), Blanchard (1985), and Weil (1989) has been
extensively investigated in various directions. See e.g., Drazen (1978) for human capital accumulation,
Persson (1985) for an open economy, Lapan and Enders (1990) for endogenous fertility, and Sen (2002)
for monopolistic competition in the commodity market.

3There are other sources that make Ricardian equivalence invalid. They are e.g. capital market
imperfections and distortionary taxation. See Bernheim (1987) and Romer (2005, ch. 11) for the condition
of Ricardian equivalence to be invalid.

4Since neither population growth nor physical capital depreciation is assumed, the equilibrium path
is dynamically efficient in our model. With full employment public debt issuance makes future gener-
ations worse off on the dynamically efficient path, as mentioned above. On the dynamically inefficient
path, however, public debt issuance may make future generations better off because it remedies capital
overaccumulation (see Diamond 1965 and Tirole 1985). Chalk (2000) and Rankin and Roffia (2003) ex-
amine whether there is a path toward the dynamically inefficient steady state where the government rolls
over the debt forever, implying that future generations are not worse off on that path. In an uncertain
economy setting, Bohn (1995), Ball et al. (1998), and Blanchard and Weil (2001) distinguish the rate of
return on public bonds from that on physical capital to find a positive probability of deficit sustainability

on the dynamically efficient path.



burden. He shows that in the presence of excess supply in the commodity and labor
markets, viz. “Keynesian unemployment” in Malinvaud’s (1977) terminology, a perma-
nent increase in public debt raises steady-state output and welfare under some reasonable
conditions, including saddle-point stability.

The model of this paper has a similar structure as that of Rankin (1986) but differs
from it in the following two aspects. First, we take into account employment of not only
the young but also the old. Second, while Rankin focuses on the steady state only, we
analyze the effect of a temporary increase in bonds in the transitional state. This extension
enables us to distinguish the following three policies: (i) public debt is redeemed only by
taxing on the current young, (ii) additional taxes are levied on not only the current young
but also the generations that are not yet born, and (iii) deficit-covering bonds are issued
to redeem the current bonds.> We show that in any of these three cases there is no debt
burden on future generations. Even if the old are employed due to fiscal spending and
the young are taxed, employment of the young eventually increases enough to cover the
tax payment, yielding no public debt burden on the young.

When analyzing public debt burdens on future generations in the presence of unem-
ployment, Ogawa (2005) employs a model ¢ la Blanchard (1985) and Weil (1989). He
shows that whether or not public debt issuance makes future generations worse off depends
on the amount of outstanding bonds. In that model all generations, including the current
generation, coexist even in the future and hence a government can anytime redistribute
debt burdens through appropriate taxation. In the Diamond model, in contrast, such
redistribution is infeasible because the current generation does not exist when imposing
a tax. Such a difference in the demographic structure between the two types of models
leads to a different conclusion. This paper finds that public debt issuance never makes
future generations worse off in the Diamond model.

Steigum (2001), Kaas and von Thadden (2004), and Josten (2006) take account of
real wage rigidity due to the bargaining power of trade unions. Among them, Steigum

(2001) shows that debt burdens on future generations that arise from postponement of

SWe explicitly introduce equities whereas Rankin (1986) assumes that firm revenues are always trans-

ferred to the old. This difference does not alter the main implication.
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the labor income tax is larger with union power than without it. Kass and von Thad-
den (2004) compares unemployment dynamics under balanced and unbalanced budgets.
Josten (2006) uses an endogenous growth model with production externalities and finds
that an increase in the debt-to-capital ratio forces the government to raise the labor in-
come tax, which worsens unemployment and decreases economic growth. Whereas they
consider structural unemployment, we treat involuntary unemployment due to demand
shortage. Using a New Open Economy Macroeconomics model with short-run nominal
price rigidity, Ganelli (2005) considers a permanent tax cut financed by debt issuance
that is maintained even after nominal prices fully adjust. He concludes that it leads to
current account deficits and decreases long-run consumption in the home country. We in
contrast examine the effect of debt issuance only in the period where nominal prices are
fixed and find that consumption of future generations does not decline.

The rest of the paper is organized as follows. Section 2 presents the basic structure
of the model and formulates the dynamics. Section 3 discusses the main implication of
public debt burdens in the presence of Keynesian unemployment. Section 4 extends the

analysis to the case of deficit-covering bond issuance. Section 5 concludes the paper.

2 The Model

Individuals live for two periods and two generations coexist at any point in time. The
population size of each generation is normalized to unity. Nominal price P, and nom-
inal wage W, are fixed and Keynesian unemployment occurs at least in the period in
which bonds are issued and the period in which they are repaid. Note that the following
argument holds whether prices and wages are rigid or flexible in the subsequent periods.®

Utility of an individual born in period ¢ depends on consumption when young and old,

6Rankin (1986) assumes nominal prices and wages to be fixed in all periods since he treats the effect
of bond issuance in steady state. In contrast, we analyze the effect on economic variables in the period
in which the bonds are issued and the period in which bonds are repaid in the presence of unemploy-
ment. Hence price/wage rigidities are required only in the relevant periods. See Ono (2001) for a recent

discussion about public debt burdens under a liquidity trap and price/wage sluggishness.



¢f and ¢, respectively, and real money holdings m(= M,/P;) at the end of her youth

—i.e.,

Up = u(cy) +v(my) + Ou(cl,y), (1)

where o' >0, v <0, v >0, v" <0, 6> 0.

Given real wage w; (or weq), each individual earns wage income wyl{ (or wy1l7,;) by
supplying labor I (or 17,,) and pays lump-sum tax-cum-subsidy 2} (or 27, ;) when young
(or old). She accumulates three kinds of interest-bearing assets, viz. public bond b;1,
physical capital k1, and equity v;,1, when young, and receives returns (1 + 7441) (b1 +
kiy1 + v41) when old, where 7, is the real interest rate. The budget equations when

young and old are respectively

e +my+ (b1 + k1 + ven) = wili — 27, (2)

Copp = ———my + (T4 701) (b1 + kpyr + vi01) + Wil — 2001, (3)
L+ e

where 7,1 represents the inflation rate. These two equations reduce to the lifetime budget

equation:
R
me +
L+ R 147

o + Copq = S, (4)

where R, and €); are respectively the nominal interest rate and the capitalized value of

lifetime disposable income:

Riyr = (L+71e0) (14 ) — 1, (5)
1 o o
Q= wlf — 2 + T4, (Wil s = #841) - (6)

The individual chooses (¢/,my,cf, ;) to maximize (1) subject to (4) and hence the

optimal conditions are

u'(c)) = (14 re41)0u' (7, ), (7)
v’(mt) _ Rt+1
w(cf) 1+ Ryyr




Equations (4), (7) and (8) yield the following demand functions:

¢} = Qe Te1, Reya), 9)
my = m(Qe, o1, Riyr), (10)
i1 = ¢ (Q,repr, Repa), (11)

where 0 < ¢, <1, mg >0, mg<0.

See Appendix A for the abovementioned properties of the demand functions.

The firm sector has the following production function:
yp = F(ky,ly), satisfying Fj, >0, Fy. <0, F; >0, F;; <0, Fiy >0, (12)

where k; and [; are inputs of capital and labor respectively. Physical capital depreciation
is assumed away, for simplicity. Since P, and W; are fixed in the relevant periods, which
leads to shortages of commodity demand and labor demand, the firm sector minimizes

the total cost of producing output y; and then
Fk<ktalt) _ E(kt7lt> =

1.
Tt Wy
This equation gives k; as a function of [;, r; and wy:
]Ct = k(lt,rt,wt), where ]{?l > 0, kr < O, kw > 0. (13)

Because of the shortage of commodity demand the firm increases neither k; nor [; although
the marginal productivity of each input exceeds each price, and hence the firm value v,

is strictly positive. Since k is given by (13), the dynamics of v is
Vier = (L1 — F (k(l, me, we), b)) + 1ok (L, 7o, we) + wily. (14)

In the presence of labor demand shortage we have to assume a rule of job allocation

between the young (I{) and the old (19). It is
W=1(), 1°=1— (), where 0<<1. (15)
Substituting (5), (9), (13) and (15) into (2) leads to

U)tly(lt) — Zég = Cy (Qt, Tt41, (1 + Tt+1)<1 + 7Tt+1) — 1)

+my + by + k(L1 71, Wig1) + Vi (16)



From (5), (6), (10), and (15) we find 7,41 and €, to satisfy

my :m(Qt,rHl,(l+Tt+1)<1+ﬂt+1) - 1)7 (17>

1
Q= 'LUtly(lt) - Zf + {wt-i-l [lt+1 - ly<lt+1)] - Zf+1} :

L+7r
These two equations solve 7,1 and €); as functions of [; and [;, for given price parameters
P, and W for s = t, t + 1, and policy parameters M;, z{ and z?,;. Applying them into
(16) gives ly4q as a function of [; and v444. Shifting (14) by one period and applying 7,1
obtained from (17) into the result gives vyy9 as a function of l;, v441 and l;11, where ;1
has already been given as a function of [; and v;,;. Therefore, [;,1 and v, 5 are represented
as functions of [; and ;1 —i.e., [ and v formulate an autonomous dynamics. Note that we
consider the case where nominal prices and wages are fixed and so are (wy, wyi1, Tr1, My)
in the relevant periods.
Totally differentiating the dynamics of [ and v gives effects of bond issuance b;,; and

tax burdens z/ and z{,, on the dynamic paths of [ and v:

i di A
At . = Bt ' + Ot dZ%l ) (18>
dvigo th+1 450
Zt4+1

where

oGt —Pret Bt

At _ Gt Gt
— )
Yl —Orer &t
Gt Gt
_(1 & )w Y G—(14rt41)8t
B, = @ G
b= (14re11)8 ’
Y _ t+1)0t
mgtwtllt 2
y
Y _ “a,
Ct — 1 1 CQt 1+7't+1
_ _ My
0 me, 14rien



_ C?th“rl (1 T llyt+1)

o = T — ki, (<0),

o= _C%t (11()t1+—11-li"+;1_)225+1) T C¥t+1 + (1 7THl)ci{?tﬂ + Frs
vy = —mQtwltJj_(:t:l llym) (< 0),

0y = _mﬂt(lgiliil; i) + My + (L4 ) mp,

€ = (Fk‘t+1 - Tt+1)klt+1 + ‘Flt+1 — W41 (> O),

Ct = Vi + kt+1 - (Fkt+1 - Tt+1)k7“t+1 (> 0)

3 No Burden on Future Generations

Given that initially there is no public debt, this section considers the case where the
government issues bonds to finance fiscal spending in period 7" and repays them by taxing
on the old and/or the young in period 7'+ 1 so that the original path is recovered in period
T + 2 and after. Section 4 treats the case where a tax is imposed also on the generation
born in period T+ 2 but not on the generations born afterwards.

The government unanticipatedly issues bonds dbry1(> 0) in period T in order to
finance government purchases dgz(> 0) and subsidy —dz%(> 0) to the old, and in period
T + 1 taxes dz.,,(> 0) on the old and dz7.,,(> 0) on the young so as to redeem the

bonds. That is,

{db:}2 = (0, ...,0,dbr44,0, ..., 0), (19)
de+1 = dgT - dZ%7 (20)
erZIJw_’_l + dZ%Jrl = (]. + T’T+1)de+1. (21)

Furthermore, in order to focus on the pure effect of bond issuance on the generations
born in periods T" and T + 1, we consider the bond issuance and the subsequent taxation
that do not affect the utility levels of the generations born in period ¢ € [T+ 2, 0.
Formally, in period 7'+ 1 the tax-cum-subsidy on the young dz%,, is adjusted lest the
dynamic path should change from the original one in the subsequent periods t € [T42, 00].

Therefore, we substitute dly12 = 0 and dvpys = 0 into the dynamics (18) for t =7+ 1

9



and thereby find such dz¥_, to satisfy

—(]_ - Csy) ) le+1
T+1 dz%—s-l = BT+1 ,
mag.,, dvrio
which reduces to
dZ%_Fl = wT+1l?T+1le+1, dl/T+2 = 0. (22)

The implication is straightforward. If in period 7"+ 1 the government levies a 100%
tax on the additional labor income of the young that is created by fiscal expansion (i.e.,
dz7yy = wrl},, diri1), the budget of the young is unaffected. Thus, in the subsequent
periods employment and the firm value remain unchanged (i.e., dl; = 0 and dv;4; = 0 for

te[T+2,00]).

3.1 No Burden on Children

Public debt is widely believed to place a burden on children by generating an income
transfer from them to their parents. Theoretical studies, such as Diamond (1965), Blan-
chard (1985) and Weil (1989), support this view in the case of full employment. We in
contrast treat the case of Keynesian unemployment and find that such burdens do not
arise.

Because (19)—(22) imply no welfare effect on the generations born in period ¢t € [T +
2, 00], we can obtain the pure welfare effect on the children (viz., the generation born in

period T') of bond issuance by assuming the following policy:

Policy 1. Public debt is fully redeemed by taxing on the old in period T +1, —i.e., dzg. | =

(14 7741)dbr1 (> 0) and dz¥. , = 0.

Under (19)—(22) and Policy 1 a unique consistent equilibrium obtains as follows:

diy T dl; 0
— | | dbps, = for vt € [T +1,00].  (23)
dVT+1 0 thJrl 0

The period-T value of the additional tax imposed on the children when they are old is

1

mdz% +1 = dbryy. If full employment holds, it makes the children worse off since

10



there is no room for employment expansion. However, in the presence of involuntary
unemployment fiscal expansion financed by bond issuance stimulates aggregate demand

and increases employment since from (12) and (23) where kr is predetermined we derive

1 1
——dbpy, dlp = ——dbpy.

Yy
lelT

dy:r = FlT

legJT
Accordingly, the children earn additional labor income that exactly offsets the additional

tax since (15) and the second equation above give
wle% = leldelT = de+1.

This result implies that the children’s welfare is not affected by the bond issuance.
The formal proof is as follows. Since from (23) dlz,; = 0, dvyys = 0 and drry; = 0 and
prices are invariant in the relevant periods, (14) in which ¢ = 7'+ 1 and (17) in which

t = T respectively yield

1 1 + T'T+1

€
drrp :_leT+1 + —dvpys — dvry1 =0,
T T Cr
a0y — = e TAE T My
mao, ’
drryy =0

Therefore, from (1), (5), and (9)—(11) we derive
de¢. =0, dcp,, =0, dUr=0.

In sum, the parents (viz., the generation born in period T — 1) receive income through
either transfers or government purchases and use it up before they die (i.e., within period
T).” Hence, in the presence of Keynesian unemployment their children definitely enjoy an
increase in labor income that exactly offsets the tax burden due to public bonds. From
the second property of (23) with Policy 1, there is obviously no welfare effect on the
grandchildren (viz., the generation born in period 7'+ 1). We summarize this result in

the following proposition:

"As analyzed in Barro (1974), if the current generation chooses to bequeath a legacy to future gen-
erations due to altruistic motives, the Ricardian equivalence holds and an issue of public debt has no

effect.
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Proposition 1. Under (19)-(22) and Policy 1 public debt places no burden on future

generations.

Remark 1. If government purchases are used to build facilities that yield utility for future

generations, they are better off by the magnitude of the utility.

Note that Policy 1 improves the welfare of the parents. To show it we combine (3)
and (14) and obtain

1
1+7TT

cr = my_1+ (1 +7rr) by + kr + vryy + F(kr,lr) — wply + wr [Ilr — (7)) — 25,

where kr is predetermined. Totally differentiating this equation and applying (1), (20)

and (23) into the result yields

de§ = [(Fi, — wr) +wr (1 — l;’T)] dly — dz8. (24)
F, —wrl} I3
= gy — T4z > 0,

dUr_q1 = 0u/(¢})de > 0.

An increase in aggregate employment makes the parents better off since it raises not only
the value of equities held by them but also their wage earnings. Those two effects are
represented by the first and the second term of the coefficient of dir in (24), respectively.
Direct transfer —dz9(> 0) obviously benefits them. Thus, Policy 1 makes them better
off. The two expressions of d¢f. in (24) imply that the welfare of the parents increases as
the marginal expansion of their employment (1 — Z?T) is larger, and that they receive a

larger gain from direct transfer —dz9 than from government purchases dgr.

3.2 Tax on Grandchildren

We have so far considered the case where all the tax burden due to public debt rests
on children. This section examines the case that a part of it is placed on grandchildren,
which is broadly believed to make them worse off. To address this issue we consider the

following policy in place of Policy 1 in the context of (19)—(22):

Policy 2. Public debt is redeemed by taxing on both the old and the young in period T'+1:

dzfy + degy = (L+rpp)dbryi (> 0), d2gyy >0, and dzy,, > 0.

12



Note that this policy can be interpreted as a combination of Policy 1 and an income
transfer from grandchildren to children in period 7"+ 1.

Under (19)-(22) and Policy 2 we have a unique consistent equilibrium that satisfies

dl —— dl 0
= Toilipy, dz7., 4, ' = for t € [T+ 2,00]. (25)

dl/T+2 O th—l—l 0
With full employment the additional tax makes the grandchildren worse off by raising
the children’s consumption. In the presence of unemployment, however, the rise in the

children’s consumption increases the grandchildren’s employment in period 7"+ 1. From

(15) and (25), the additional labor income of the grandchildren is

Y

— Y
lT+1le+1 = dZT_H,

) _
wry1dlyyy = wryal

which exactly offsets their tax burden. Consequently, the grandchildren’s welfare is un-
affected whereas the children’s welfare increases: The same mechanism as Proposition 1
works in period T'4 1. While the formal proof is given in Appendix B, this property is

summarized as follows:

Proposition 2. Under (19)-(22) and Policy 2 public debt issuance makes the generation
born in period T better off and the generations born in period T + 1 and after unchanged.

Thus, there is no burden on future generations.

Remark 2. The larger the marginal expansion of children’s employment (1 —lf’ﬂl) 18, the

greater their welfare is.

As for the parents’ welfare, in Appendix C we obtain dc5 and dUr_q:

- le?T F Or
dgr — —-dz9
gr leng T * (1 + TT—l—l)le?TAT

Y >
dZT+1 2 O,

where Ar is positive but &7 can be positive or negative. Thus, public debt may or may

not make the parents worse off.®

8Rankin (1986, pp. 497-498) imposes saddle-point stability and some other assumptions to show that
public debt issuance raises output and welfare in steady state. Diamond (1965) also assumes saddle-
point stability to show that public debt burden arises under full employment. Similarly, we need some

assumptions to show that public debt issuance makes the current generation better off.
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4 Deficit-Covering Bonds

This section examines the implication of deficit-covering bonds issued to redeem bonds.
The amount of public bonds is zero for any point in time on the original path and is
unanticipatedly increased in period T by dbryq1(> 0) to finance government purchases
and transfers to the old. Additional bonds are issued in period 7'+ 1 by dbri2(> 0) to
cover fiscal deficits and are redeemed in period T + 2 by collecting taxes from the old and

the young. That is,

(db )2y = (0, ..., 0, dbry 1, dbrys, 0, ..., 0), (26)

dbr1 = dgr — dz7, (27)

dbrio +dzd, | +d2fy = (14 rpgq)dbrga, (28)
dz, o +dzgy = (14 rrye)dbrgs. (29)

To focus on the pure effect of the additional bond issuance on the future generations,
this section assumes that the tax-cum-subsidy on the young dzf._, is adjusted in period
T + 2 lest the dynamic system for subsequent period ¢ € [T" 4 3, 00| should change from
the original one. Such dzf,, is obtained by substituting dlr,3 = 0 and dvpyy = 0 into

the dynamics (18) for ¢t =T + 2:

dzg—‘+2 = wT+2l§JT+2le+2, dVT+3 = 0 (30)

In addition, this section imposes the following policy to obtain the pure welfare effect

of the additional bond issuance.

Policy 3. Public debt is redeemed by taxing on only the old in period T+ 2: dzg. ., =
(1 -+ T’T+2)de+2<> 0) and dz%” = 0.

Under (26)—(30) and Policy 3, additional bond issuance yields a tax burden on the

grandchildren when they are old whereas there is no welfare effect on the generations born

14



in period ¢ € [T'+ 2, 00]. The consistent equilibrium must satisfy

1

dil P
1 — T+l (de+2 + dZél“+1) ) (31>
dvrge 0
dl 0
' = for t € [T+ 2, 00].

dvip 0

By comparing (25) and (31) we find that the implication of Proposition 2 is valid in
Proposition 3 and that deficit-covering bonds play exactly the same role as the tax on the
grandchildren when young (dz%,,). Issuing additional bonds in period 7"+ 1 generates
an income transfer from the grandchildren to the children in the form of tax reduction
and the children increase consumption. Since the children use up all the gains before they
die (i.e., within period 7'+ 1), the grandchildren definitely receive the additional income
that exactly covers the additional tax burden. Thus, the welfare of the grandchildren is
unaffected by the additional bond issuance whereas the children are better off.

We summarize the above result in the following:

Proposition 3. Under (26)-(30) and Policy 3, issuance of deficit-covering bonds en-
hances the welfare of the generation born in period T while leaving unchanged the welfare
of the generations born in period T + 1 and after. Public debt thus places no burden on

future generations.

The welfare effect on the parents is ambiguous for the same reason as discussed below
Proposition 2.° If public bonds are permanently rolled over, Rankin’s (1986) result on
the steady-state welfare is duplicated.!® Rankin imposes some conditions to show that a
permanent increase in public debt raises the steady-state welfare. In contrast, we show
that bond issuance always places no burden on future generations while it may or may
not make the current generation better off. This result is consistent with Rankin’s since

the effect on the steady-state welfare is a mixture of the two.

9See Appendix C for the formal proof.

10As already mentioned in Footnote 3, we explicitly introduce equities whereas Rankin (1986) assumes
that the ownership of firms is always in the hands of the old. Thus, there is a slight difference between

the results of the two.
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5 Conclusion

Government purchases and transfers to the present generation financed by public debt
issuance require additional taxes on future generations and thereby make them worse
off as long as full employment always holds, as shown in the literature. If there are
demand shortages and involuntary unemployment at least in the periods in which bonds
are issued and redeemed, however, the future generations who are taxed to redeem the
bonds earn a large enough wage income to cover the additional tax burden while the
economic situations of the subsequent generations are unaffected. Thus, there is no debt
burden on future generations. This result still holds even if deficit-covering bonds are

issued and the additional taxes are imposed on yet unborn generations.
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Appendices

Appendix A The Property of Demand Functions

This appendix derives the properties of demand functions (9)—(11). Totally differentiating
(4), (7) and (8) yields

- W (cfiq) [1 _ (_u//(cg+1)cg+l):|
T T+ ) ?u(¢24) u'(cty) ’

e = T +?;;f-7:;)2“”(mt) [1 - (_%)} ’

— ALY
maq, = Ascg, > 0,

2

R? u"(cf
_ mov'(my) [_ my (14 Rep)’ (1+ Rypn)? <0
(1+ Ryy1)? v’ (my) Rt+1“ (cf ) (1 +rt+1)2R§+19ull(C§+1) ’
where
R% () u”’(c)
F = 1 + t+1 + t > 17
¢ (1+ Re1)?0"(my) (14 1r441)20u" (¢4 1)
A = Riu”(c) > 0.

(14 Rygr)v" (my)

Hence, we have

(1 + 1) ma,v' ()
Rt+1“( 7)
(A.1)

> 0.

— CQt [mrt+1 + (1 + 7Tt+1)mRt+1i| + mQt [Cgt+l + (1 + 7Tt+1)cgll%t+l = —

Appendix B The Proof of Proposition 2

Because dzf = 0 and dzg,, = (14 ryqq)dbpyy —d2f; from (20) and (21), the dynamics
given by (18) for t =T is

Y

C
dir dl 1—¢f L db
+1 T Qr e T+1
AT = BT —|— m§+l
T y
dvpys dvpyg —Mor T dz7yy
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Under (19)—(22) and Policy 2 we have a unique consistent equilibrium

1
dir — 1
= o de_H + w 1 DTdZT+17
dvrig 0 T+,
1
dip —y—
+1 w K
_ T+t dz%—&-l’ (AQ)
dvrge 0
di, 0
= for t € [T+ 2, o0,
dviyq 0
where . .
oWty aui—Brer
_ -1 14+rig1 Gt
Dt = Bt me ’Ll)t.,.lly
t Lyt + YeCe—Oter
14+ren Gt

Since the utility levels of the generations born in period t € [T+ 1, oo| are not affected
by bond issuance under (19)—(22) and Policy 2, it is sufficient to examine only the welfare
effect on the children. Linearizing (14) in which ¢ = 7'+ 1 and applying (A.2) to the

result yields

€T 1 1+ P41
T Al + —dupy — — T4
CT T+1 CT T+2 CT

_ FlT+1 + (1 + FkT+1)le+1 dzY >0
= T+1 )

y (I+Rr41)v/(c3, )
wT+1llT+1 [RT+1(1+TT+1)U”T(J£31"+1) +(1+ FkT“)krT“

drT—&-l = dVT—H (A3)

where e7 and (r are given below (18). From (17) we obtain

_mTT+1 + (1 + 7TT+1)
mao,

MRy, drps

dQp =

Equations (5), (9) and the above equation lead to

dc% = C?{)TdQT + [C,Z{T+1 + (]. + 7TT+1)C?1J{T+1:| dTT—f—l (A4>

_C?Zt [mn+1 + (1 + 7Tt+1)mRt+1] + mg, [C%t+1 + (1 + 7Tt+1)cg%z+1}

mao,

where the sign of the numerator is given by (A.1). Since v’ > 0 and v” < 0, from (7),

(A.3) and (A.4) we obtain

u” () u' (1)
des.. , = I dc?. — +1 dr > 0. A5
T Ut rpp)0u () T (L rr)u () . (4-5)
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Accordingly, (1), (A.4) and (A.5) give
dUr = /' ()dc + 0u'(¢h,q)deq, > 0.

Since a decrease in Ij/ | raises dryi1 given by (A.3), it increases dc7 in (A.4) and dcf.,,

1

in (A.5) and hence increases dUr, implying Remark 2.

Appendix C The Welfare Effect of Public Debt on Parents under
(19)—(22) and Policy 2
This appendix shows that the welfare effect of public debt on parents depends on the

signs of dvpy ;1 and dly, which are ambiguous. Totally differentiating (14) where t = T+ 1

and substituting (25) into the result gives

€T 1 CT
d = —dli 4+ —d ——d A6
AR + rrg ™y TT41 AR + rr4 e (A.6)
er Cr
= dz% ., — dr
Y T+1 T+1,

(1 + rog1)wrgql L+rrn

lrya
where er(> 0) and (r(> 0) are given below (18). An income transfer from the grandchil-
dren to the children, dz%., > 0, directly increases labor employment diy1, and firm value

dvrys. It also raises the interest rate (as shown in (A.3)), which in turn reduces dvpy.

Accordingly, the total effect on dvp; is ambiguous. In fact, substituting (A.3) into (A.6)

yields
dvpy = Ldz% 1 = 0, (A.7)
(L +rpp)Ar 7 S

where

@T = |:(F}i'T_‘_l - TT+1)]{IT+1 + (F}T+1 - wT+1):| (1 + RT+1)C%+1 (_ ul<c%+1> )

Rrya(1+7rrq) u'(C5yq)CT 40
- (ET+1 - wT—i—l)krT_H - (VT—H + k:T—&-l) [(1 + FkT+1)le+l + F}T+1j| ; 0,
(14 Ryp)u'(cqyy)
Ap = — I + 14 Ey,. )k, > 0.
r T+, Ry (1 +rpg)u”(cg,,) U B her

Note that this is the same as dvpyq given in (A.2). The denominator of (A.7) is positive

and thus the sign of ©7 determines the sign of dvry;.
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Totally differentiating (16) where ¢ = 7" and substituting (20), (25), and (A.6) into

the result generates

—ar 1 Br
dlpy = dlpyr + dvry1 + drrp
(1-— CZ(JZT)lelyT (1-— C%T)lef’T (1-— C%T)leZJT
o b 4 oy dzY
z
wrly T (1= b ) (L wrl) T
1 wT+1l?T+IC%T - (1 + TT+1>O[T + €7 y

= dgr — dz7
legJ ( gr ZT)+

7 241

(1 — C%T)(l + TT+1)leinwT+1llT+1

(1 + 7"T+1)5T —(r
(1= g, )(1+ rega)wrl

T

m dregq,
I

where ar(< 0), Br, er(> 0), and (r(> 0) are given below (18). Thus, while the income
transfer from the grandchildren to the children directly increases labor employment dir,
it also raises the interest rate (see (A.3)), which makes the effect on dlz ambiguous. In

fact, substituting (A.3) into the above equation gives

—_
1 —
=

y (dgT - dz%) +

dzf,, 20, (A.8)

U)TllT (]_ + TT+1)’LUTllyTAT
where
= [(1 + FkT+1)le+1 + FlT+J Cg’ _ UI(C‘%)
= = Resd e

+ [(1 + FkT+1)le+1 + (ETJrl - wT—H)] (1 + RT-H)C%-H (_ U/(C%_H) )
Ry (14 7741) u' (i)t

+ wT+1(1 + FZTH)kTTH - (VT-H + kT-l-l) [(1 + FkT+1)le+1 + FZTH] z 0.

Note that this is the same as dly given in (A.2). Under (19)-(22) and Policy 2, dz¥.,, is

in the following range:
0< dz%ﬂ < (1 + rT-i-l)de-&-l = (1 -+ ’I’T_H)(dgT — dz%)

If =7 is positive, public debt issuance unambiguously increases labor employment dip. If
Zrp is negative, in the case of dzf ; = (1 + rpy1)(dgr — dz3), dip takes its lower bound
(dZT) and may become negative. It is given by

Tr

dip = —5——
T wrlf Ar

(dgT - dZ%),
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where

S (ES. SOTES, SN YT

e
{(1 + FkT+l>le+1 + |:ET+1 - wT+1(1 - Z%T+1):| } (1 + RT+1>C%+1 ( U,(C%-H) )
Rri(1+7r741) (i)

+ wTJrl(1 - llyTH>(1 + FlT-H)kTT-H - (VTJrl + kTJrl) [(1 =+ FkT+1)le+1 + FlT-H} ; 0.

RT+ 1

+

If Y7 is positive, the total effect on dir is always positive. If T is negative, dlr is negative
and thus the total effect on dly is ambiguous depending on the magnitude of dz¥ .

From (1), (3), (14), (A.7), and (A.8), we obtain

deg = dvrgs + [(Fy = wr) +wr (1= 1 )] dlr — dz (A-9)
F —wrl}, F P
=T T e — g0 de4,, 20,
lelyT gr lelyT s (1 + TT+1)le§JTAT ATl 2

where
b = e =) 0 P Yo (D)) (i) )
Rria u"(cg)er u(¢r 1)
+ [Fpwra (14 Frpy,) —wrll Fryy (L4 1741)] Ky,
— (vrg1 + kri) By [(1 + Frpyy Joigy, + FlHJ 5 0,
b = [Fir (14 Fipyy) = wrlf (14 re)] Ky, + ET(‘lFlTJrl —wra)

Rroi(1+7r4) (14 Rrga)ey, ]
If &1 is positive, public debt issuance is unambiguously beneficial to parents. If $r is
negative, the case of dz7.., = (1 + rp41)(dgr — dz7) gives the lower bound of dcf, (des),

which may become negative. It is given by

vl w7
T . T dZO,

deg = ——d
T leg/TAT 9T legJTAT T

where

Pl = (FlT - le;/T) [(1 + FkT+1)le+1 + ET+1:| Cg’ (_ U'(C%) ) gc (_ UI(C%+1> )
T Rryq u(cg)cy g W(CFir) i

- w%kkTT+l - (UTJrl + kTJrl)FlT [(1 + FkT+1)le+1 + F}T+1:| % 0>
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[ET(]‘ + FkT+1) - lelyT(l + TT-H)} le+1 + FlT (ETH - 7~UT+1) + wT-i-ll?T_H (FlT - le?T)
Rr1(1+774) [(1+ Rrgr)eq ] -
gk

T = le?T |:(ET+1 - wT-l—ll?T_‘_l) + wT+1FkT+1(1 - Z?T+1>i| - FlTwT-i-l(l - liyﬂ_l)(l + FkT+1) z 0,

gc
T

and

(FZT - le;/T> [(1 + FkT+1)le+1 + F’lT+1:| Cg’ (_ U'(C%) ) zc (_ ul<c%+1> )

Uz =
T u”(cr)cr T\ (),

Ry

- w%kkT‘TH - (VT-H + kT"‘l)ET [(1 + FkT+1)le+1 + F’lT+1:| ; 07

2c [FlT(l + FkT+1) - le?T(l + TT+1>] le+1 + FlT [FlT-H - wT-H(l - Z?TH)]
V= — > 0,
Rrpi (L4 rrga) [(1+ Rrsa) ¢y |

¢%k = leinFlTH(l + 7AT-i-l) - ETwT+1 [(1 - Z?TH) + FkT+1:| ; 0.

If ¥ is positive, government purchases financed by public bonds always make parents
better off. If ¥ is negative, the total welfare effect of government purchases on parents
is ambiguous depending on the magnitude of dz%,,. Similarly, the subsidy to parents
financed by public bonds may or may not improve the welfare of parents depending on
the sign of W% and the magnitude of dz_,. Consequently, we conclude that the welfare
effect of public debt on parents is ambiguous under (19)—(22) and Policy 2. By replacing
dzf.,; with dbrys +dzf, ; in (A.9), we find the welfare effect of public debt on parents to
be ambiguous under (26)—(30) and Policy 3.
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