Discussion Paper No. 886

GENERAL EQUILIBRIUM DYNAMICS
WITH NAIVE AND SOPHISTICATED
HYPERBOLIC CONSUMERS
IN AN OVERLAPPING
GENERATIONS ECONOMY

Takeshi Ojima

The 16™ ISER-Moriguchi Prize (2013)
Awarded Paper

September 2013
Revised January 2014

The Institute of Social and Economic Research
Osaka University
6-1 Mihogaoka, Ibaraki, Osaka 567-0047, Japan



General equilibrium dynamics with hee and
sophisticated hyperbolic consumers in an
overlapping generations economy

Takeshi Ojima

Graduate School of Economics, Osaka University
and
The Institute of Social and Economic Research, Osaka University

January 1, 2014

*I am deeply indebted to Shinsuke Ikeda for invaluable guidance through my research. 1 also
thank to Kouichi Futagami, Masaki Aoyagi, Takeo Hori, and Tatsuro Iwaisako for their comments
and advice. This paper was awarded the 16th Moriguchi Prize by the Institute of Social and Eco-
nomic Research at Osaka University. All remaining errors are mine. The author declares that he has
no relevant or material financial interests that relate to the research described in this paper.

TThe Institute of Social and Economic Research, Osaka University, 6-1 Mihogaoka, Ibaraki,
Osaka 567-0047, Japan. Email address: ojima@iser.osaka-u.ac.jp

1



Abstract

Using an overlapping generations model, this paper describes interactions
between nive and sophisticated hyperbolic discounters in general equilib-
rium. The ndfs, who overestimate their future propensity to save and hence
over-forecast the future equilibrium asset prices, are exploited through capi-
tal transactions by sophisticates, who correctly forecast the future asset prices
by incorporating the riés’ mis-forecasts. Due to the capital losses, thésna
fall into bankruptcy when they are highly present-biased, highly patient, and
small in proportion. Under permissive conditions, the equilibrium is shown to

be globally stable and Pareto inefficient in the ex-post sense.

Keywords Bankruptcy; Hyperbolic discounting; a Sophisticate; General
equilibrium.

JEL classification D51, D91



1 Introduction

The self-control problem under hyperbolic discounting produces suboptimal sav-
ing/consumption behavior (e.g., Krusell et al., 2002; Laibson, 1997). In the context
of general equilibrium, it would not be the whole story. & hyperbolic dis-
counters, who are not aware of their own self-control problem, will overestimate
the economy'’s future propensity to save and hence future asset returns. Sophisti-
cates, who are aware of the effect of the self-control problem, will lendifs aa
high interest rates that equal overestimated future returns on asBgtssing the
borrowed money, rits buy less profitable assets than they expect. From the trans-
actions, sophisticates would obtain excess returns, wheréasnoauld suffer cap-
ital losses and possibly fall into bankruptcy, as casually observed in the unsecured
consumer loan markets. A comprehensive understanding of sifebapdnisticate
interactions requires dynamic general equilibrium analysis.

This is the first study to analyze dynamic general equilibrium with interac-
tions between rige and sophisticated hyperbolic consunfeBy solving the gen-
eral equilibrium system in an overlapping generations model, | obtain equilibrium
price dynamics in a closed form. The equilibrium is then characterized in terms
of unique existence, global stability, and Pareto inefficiency. It is shown that the
naif-sophisticate interaction that is conjectured at the outset is indeed supported as
equilibrium phenomena.

In this equilibrium, n#s’ mis-forecasting plays a critical role. Ne hyperbolic
consumers overestimate the economy’s future propensity to save and hence future
asset returns even if their expectations are consistent with the (believed) structure of

the economy. The fifs’ expectation errors produce excess returns for sophisticates

IDefinitions of néfs and sophisticates originate from O’'Donoghue and Rabin (1999).
2An overlapping generations model of a dynamic economy inhabited by sophisticates is analyzed
by many studies (e.g., Barro, 1999; Krusell et al., 2002; Sorger, 2007).
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and capital loss for rits. This equilibrium exploitation process is shown by first
solving the n#s’ expectation dynamics and substituting the result into the general
equilibrium system.

The equilibrium with the niés’ mis-forecasting has a couple of unique proper-
ties. First, the steady-state interest rate on non-dividend assets is higher than the
population growth rate (zero in this paper). This contrasts with the case of the
standard monetary overlapping generations model, in which the steady-state inter-
est rate equals the population growth rate (see, e.g., Samuelson, 1958, and Tirole,
1985).

Second, present bias affects portfolio selection. In particuldis naortfolios
are shown to differ from those of sophisticates. Previous studies of behavioral eco-
nomics show that present-bias does not affect portfolio selection (see, e.g., Luttmer
and Mariotti, 2003).

| find that in my model nés are likely to fall into bankruptcy (i) when the
degree of present-bias is high, and hence tlits raverestimates the future asset
price substantially, (i) when the proportion ofifsin population is low, and hence
each n# borrows heavily from a number of sophisticate lenders, and (iii) when the
long-run discount factor is high, so that the present bias is signiffcant.

This research relates to the previous literature as follows. Gabrieli and Ghosal
(2013) analyzes competitive equilibriums with hyperbolic consumers. They make
an important observation thatif@have perfect foresight in no equilibrium. How-
ever, they do not analyze interactions offeaand sophisticates. My study chal-
lenges this problem. Heidhues andd¢egi (2010) theoretically explain the re-
lationship between fis and sophisticates. Using contract theory, they show that

nafs are exploited by firms in the credit market. In contrast, | show that in a general

3Meier and Sprenger (2010) empirically show that high present-biased individual have high
amounts of credit card debt.



equilibrium nafs suffer capital losses caused by borrowing at market interest rates
higher than the asset return.

The remainder of the paper is structured as follows. The model is set up in
Section 2. In Section 3, | discuss a no-bankruptcy equilibrium. | clarify the pa-
rameter condition that determines whetheifsidall into bankruptcy. Section 4
presents the debt adjustment method that underlies a bankruptcy economy and
presents a bankruptcy equilibrium. Section 5 shows that both the no-bankruptcy
and the bankruptcy economy are inefficient. Finally, the conclusions are presented

in Section 6.

2 Model

Consider an overlapping generations economy starting frerf. Consumers live
for three periods: young, middle-aged, and old. The population is constant and
normalized as one. Consumers are quasi-hyperbolic, and hence faced with the self-
control problem that the preference for a large reward with a long delay over a
smaller reward with a shorter delay will be reversed as time passes. Two types
of consumers coexist in this economy: sophisticates, who are aware of their self-
control problem and incorporate it into their decision making, aritsnaho are
not aware of their self-control problem and, hence, do not incorporate the future
preference reversal into their decisions. The population ratio of sophisticates to
nafs is mto one, implying that the population 'rs/(l—i— m) for sophisticates and
1/(1+ m) for naifs.

| assume one perishable consumption goadd one asset, which consumers
cannot short. By considering the consumption good as a numeraire, | represent
the timet asset price byp:. The asset is an outside asset, the total amount of

which equals a constar®. Consumers can borrow and lend in the loan market
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at a competitive gross rate of intereB, Let s denote the amount of lending, a
negatives indicating borrowing. Consumers are endowed withnits of the good
only when they are young.

Consumers’ intertemporal preferences are characterized by quasi-hyperbolic
discounting: the discount factor is given by 6) model, whered € (0,1] repre-
sents the long-run discount factor gfid: (0,1) represents present bias. Exponen-
tial discounting is a special case in whiBhequals one. Because of the discounting
feature, consumers are faced with the self-control problem in which they have to
regulate their lifetime behavior under time inconsistency. Let me formulate the
utility-maximization problems separately for sophisticates, who are cognizant of

the self-control problem, and for fig, who are not.

2.1 Sophisticates’ problem

Sophisticates solve their problem backwardly. First, with the net wealth at begin-

ning of the given middle-age, the consumers solve middle-aged problem. Second,
with the optimal behavior of their middle-aged selves being given, sophisticates

maximize the entire lifetime utility. For simplicity, | specify period utility by the

logarithmic function, and make the following assumptfon.

Assumption 1. Sophisticates have perfect foresight.

4If 1 analyze a partial equilibrium (i.e., market prices are fixed fortglthe solution for niis
coincides with that for sophisticates under logarithmic utility function. This specification help me
focus on the naiveness ofif@expectation.



The middle-aged sophisticates’ problem (MSP) is described as follows:

CSt,t+lsCSt,t£ggS)§,t+l7aSt,t+1 In Cstt1t B oln Cst+2 (1)

S.t. Cstt+1+Ssti+1+ Prradst i1 < RiSset + Prradstt, (2
Cstt+2 < ReyaSsttr1+ Pry2astt+1, (3

0<astti1, (4)

Sstt,astt given,

wherecst t+i represents the timet-i consumption of sophisticates in generatipn
etc.

Equations (2) and (3) represent flow budget constraints for the middle-aged
and the old, respectively. Equation (4) represents the short-sales constraint. Let
Cstt+1 (Sst,t,ast,t), Cst 42 (sStJ?aSt,t) be optimal consumption decisions as func-
tions of st 1, asyt derived from (1)—(4).

Given the optimal solutions for their middle-aged and old selves, the young

sophisticates’ problem (YSP) is solved; that is,

2
max Incsii+B S 8'Incst i ,a S
Cst.t,Sstt:ast t St B|Zi St (SSM St-‘t) ( )
S.l. Cstt+Sstt+ Prasit < W, (6)

0 <astt, (7)

where (6) and (7) represent the budget and short-sale constraints, respectively.



2.2 Nafs’ problem

In contrast, nds in each period determine their current behavior by maximizing
their utility from the viewpoint of their current selves. As preference reversal takes
place from period to period, ifa revise the consumption plans made in previous
periods. This implies that il might mis-forecast their future consumptions and
savings and thus future market prices. It is helpful that the anticipated vaXiesof
denoted byx''* which generation-naifs hold in periodt +i, as indicated by the
superscripts aftex.

Naive young consumers in periddsolve their following problem (YNP) to

determine their current consumption and saving,

2

i bt
CN.t,t,SN,t,t7aN,t.,t70;\’:;.,tTlvaCi’(t,t,t+275k1t,t,t+1va;\]t,t,t+1 d ot N B i; o CN L (8)
S.t. Cntt SNt + Prantt < W, 9)
Ctr\]t,t,t+1+ S:\7lt7t,t+1 + piitklati—i—l S Resntte+ p§i1aN7t,t> (10)
C:\]t,t,t+2 < R:ils:\ylt,t,t—i-l + p:izaf\’lt,t,tﬂ’ (11)
0<ay, (12)
0<ay 1 (13)

wherecn ¢ t+i represents the time+ i consumption of rids in generation, etc.
Equations (9) and (12) are the youngifeaflow budget and short-sale con-

straints, respectively. Equations (10) and (13) represerarttieipatedfiow budget

and short-sale constraints that the youngsiexpect their middle-aged to face in

the future; and (11) represents anticipated flow budget constraints that they expect

their old selves. | emphasize that the constraints are anticipated becaus#égshe na

future behavior and future market prices will deviate from their previous anticipa-



tions due to mis-anticipation of future preferences.
Given the previous savings, the following middle-age@fsigproblem (MNP)

is resolved in periodl+ 1:

max  Incnga+B3In Ntz (14)
ONLLE+15SNEE+L58NE 10N £ 142

St oCnttr1 SNttt Prrtan el < RS+ Prriantes (15)

C}Qt;tiz <Rasntt+1+ pﬁiélamm, (16)

O <antt+1, (17)

SNt antt given

where (15) and (16) are the flow budget constraints for middle-agis! avad for
old nafs, respectively. Equation (17) is the middle-ageisiahort-sale constraint.

| specify the expectations of ffa by the following two assumptions.

Assumption 2. Young n#s form expectations based on the belief that all con-

sumers are nis:

0ttt tt ot B
CSt 41 = ONtt410 S84 1041 = ON e 101 = ONtt, VEE€{0,1,2,..}. (18)

Assumption 3. Middle-aged and old ri#&s have perfect foresight:

Lt+1 tt+1
CN’:'[JFZ - CN,t,t+27 ptqj; = Pt+2, Vte {07 lv 2a } . (19)

By Assumption 2, niés are assumed to form expectations consistent with the

model based on the misperception that the others consumersieeg to@> Be-

SGabrieli and Ghosal (2013) proves that there is no competitive equilibrium in an economy
inhabited by nés who have perfect foresight. N&' expectations in this model correspond to the
concept of a temporary competitive equilibrium in Gabrieli and Ghosal (2013).

9



cause of the misperception, youngfsaverestimate their future propensity to save
and hence future equilibrium asset prices. In contrast, by Assumption 1, sophisti-
cated consumers correctly anticipate future asset prices. It follows that, as | will
show later, young rigs hold all assets in equilibrium.

By Assumption 3, niis are assumed to become sophisticated when middle-
aged, and be able to recognize which young consumers are. na this simpli-
fied setting, only the young generation include#s)avho mis-forecast the future.
Finding that newly born young iffa overestimate future asset returns, middle-aged
consumers who were hee in the previous period but now have perfect foresight as
sophisticates sell all their assets to youngsidJnder Assumptions 2 and 3, assets

are traded in this way between youndgfeand middle-aged former fia.

2.3 Market equilibrium

Market clearing conditions for loans and assets are described as follows:

m
_ =0 20

1+m(SNtt‘|—SNt 1t)+1+m(53t,t+53t 1t) =0, (20)
a asi_1t) =A 21

1+m(aNtt+aNt 1t) + 1+m( stt+ast-1t) =A, (21)

where, by Walras’ law, the goods market clears when the market equilibrium con-
ditions for loans and assets, (20) and (21), are met.
All consumers’ expectations are rational in that they are model-consistent. The

expectations of especially youngif& should satisfy the conditions

1 /¢t tt m /it £t
1+m <S1\I,t+l,t+1+sl\l,t,t+l> 1+m ( t+1,t+1+SS,t,t+l> =0, (22

1 Lt tt tt
1+ m (aN,t+l,t+l + aN,t,t+l> 1+ m < t+1t+1 + ast,t—l—l) = A (23)
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Note that, irrespective of model consistency, youngsh@xpectations are biased
due to their misperception (18).

The competitive equilibrium is a sequence of interest rates and the asset prices
{pt, R} such that sophisticates first solve the MSP and then the YSP backwardly;
young ndfs solve their problem (YNP) and middle-agedfsaheirs (YMP); the
markets for goods, assets, and loans clear; and youliifigj Bapectations satisfy
(22) and (23). The initial condition of the economy is given by the amounts of asset
holding and lending by generations -1 and @, 2 —1,Sj,—2,-1,8j,-1,-1,Sj,-1,-1)
j=N.S

3 No-bankruptcy equilibrium

| first focus on the no-bankruptcy equilibrium, in which nafsdall into bankruptcy.

Let me start with the assumption that no consumers fall into bankruptcy. Later, |
will show a necessary and sufficient condition on parameters for this assumption to
hold valid.

To characterize the equilibrium of the model, | guess that, in equilibrium, young
nafs’ expected asset price for the next peripbjll, Is higher than the actual asset
price for the same periody. 1, because they incorrectly overestimate aggregate
saving. From the first-order condition, the resulting expected returns on the asset,
pifrl/ P, should in turn equal the interest rakg, These relations are summarized

as
pt,t pt L

R=—1> 22 wte{0,1,2..}. 24

o o { } (24)

With the return structure, sophisticates do not hold any asset, while middle-aged
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nafs sell and young rigs buy all assets. That is,
ast,t = aStfl,t = aN,tfl,t = 07 aN,t,t = A<l+ m) ) Wt € {07 17 27 } . (25)

Note that this condition does not contradict each player’s optimality conditions. For
sophisticates, the return inequality (24) does not violate their arbitrage condition
because they hold no asset and cannot sell short.

Note that although young ifa can observe that the amount of sophisticates’
asset holdings differ from that of youngife, this fact does not contradict As-
sumption 2, because holding assets is indifferent to len®liNpreover, | assume

that each young riholds the same amount of the asgéty- m) A.

Insert Figure 1.

Figure 1 illustrates how a consumer exchanges the asset and contracts loans in
an equilibrium. Young riés buy all the asset8 by payingptA units of consump-
tion goods and borrowinsst 1+, Sstt, andsy t—1t from middle-aged sophisticates,
young sophisticates, and middle-agetfsiaespectively. Middle-aged ifa sell all
assets to realize actual retumps 1 / p: and repay all loans paying interest ri&e
However, these transactions may bankrupt them since the interest rate is higher than
the actual asset returns.

Under the equilibrium returns (24) and asset holdings (25) structures, the opti-
mal behavior of each consumer can be obtained as follows. From the YSP, MSP,

and YNP, sophisticates’ consumption behavior and youiiig r@ptimal consump-

5The no-arbitrage condition ensures tRat; = pt,/priq. V€ {0,1,2,...}.
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tion plan must satisfy

W

Cstt =CNtt = ma (26)
149 BORwW
CStt+1 = 17 5517 Bo 1 Bo? (27)
_ B(1+9) BO’RR 1w
tt BORw
CN,t,t—l—l = 1+B§+B527 (29)
gt PORR,W PRR W (30)
N,tt+2 = 1+B§+B52'

Irrespective of the young iffa’ overconfidence about their future patience, (26)
reveals, from the property of the logarithmic utility function, that the optimal con-
sumption of timet young ndfs, cy t t, equals the young sophisticates’ consumption
Cstt at timet. From (27) and (29), young ifa plan to consume less when middle-
aged than middle-aged sophisticates consume. However, from (28) and (30), young
nafs do not necessarily plan to enjoy greater consumption when old than old so-
phisticates do because they mis-forecast that the expected interest is lower than the
actual,R’}; < Rt1. From the property of rigs, this future consumption plan of
young ndfs will not be realized in either case. Far from it—their consumption
rates, when they are middle-aged and old, are lower than those of sophisticates, as
is shown below.

Middle-aged nés experience a lower asset price than they expected when young
and suffer capital losses when repaying their debt by selling assets. To show this

formally, substitute (9) and (24)—(26) into (15) and (16) to rewrite the budget con-
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straint of middle-aged rits as

Bo(1+0)wR Piia
C 1+mA| —/—-1], 31
N+l T SNthe < 17 B3 1 B2 — Pr+1(1+m) ") (31)
CNtt+2 < RpaSntt+1, (32)

where the right-hand side of (31) represents the net wealth of middle-agfsd na
The second termp;1A(1+m) ((le/ |Ot+1) ) represents the capital loss that
middle-aged nids suffer, which is proportionate to the nominal interest rate
(pt+1/pt+1) — 1.7 Note that, without the rigs’ misperception about the future
saving propensity, the nominal interest rate, and hence the capital loss for middle-
aged n#s, would be zero, as in the standard overlapping generations model (e.g.,
Samuelson, 1958; Tirole, 1985).

By incorporating constraints (31) and (32), middle-ageifisrgolve their prob-
lem (MNP) to obtain

1 Py’
CNtt+1 = Cstt+1— 185 5 Ptr1A(L+m) ( L 1> < Cstt+1, (33)

Pt+1

BOR 1 pt+1
C =C — A(l+m —-1l|<c . 34
Ntt+1 = Cstt+2 11 Bo Pr+1A( ) D1 St t+2 (34)

These solutions reveal that, unlike the previously planned consumption functions
(29) and (30), not only middle-aged if@ but also old nds consume less than
contemporary sophisticates. This takes place due to the unexpected capital loss.

The expected and actual borrowing/lending behavior of the young and the middle-

£t tt £t £t : :
aged & 11 11+1> S8t 1.6+ Nt 141 St 141 Nt SStt SNt—1t @ndsse 1) is obtained

"When assef represents money, the gross rate of inflation eqp@A@Hl The gross nominal
interest rate is obtained as the real interest Rte; pt /pt times the inflation ratpt/ptH which

equalspt+1/pt+1
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by substituting their optimal consumption and asset holdings into the corresponding
budget constraints (see Appendix A). Under Assumption 2, tife’rexpectations
about the asset price are obtained by substituting the expected borrowing/lending

behavior and asset holdings of each consumer into (22) and (23) as

tt B (1+d)wp

Pra = (1+B6+Bd2)Ap. — Bo2w’ (35)

The equilibrium solution is obtained by successively substituting the actual bor-
rowing/lending behavior and price expectations (35) into the market equilibrium

conditions (20) as

_ B3 (1+0)w((1+B5+Bd%) Ap_1—B*w(1—p))

(1+ B3+ B2 A((1+ B+ Bd2)Ap_1— BW) (36)
The interest rate is obtained by dividing (35) pyas
R = 35(1+5)W 37)

(1+ B3+ B2 Ap — Bo2w’

The following lemma ensures that the asset price and gross interest rate in equilib-

rium are positive.
Lemma 1. If no generation falls into bankruptcy, the asset price satisfies

Bo(1+0)w
(14 Bo+ BO2)A’

Pt >

for all t.

Proof. See Appendix B. O]

Insert Figure 2.
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By settingp; = p;_1 in (36) and solving the resulting quadratic equation, | ob-
tain two possible solutions for the steady-state equilibrium price, as depicted by
points E and NE in Figure 2. However, | can verify that the lower price solution
(point NE) is not supported by equilibrium (see Appendix C). This implies that the
steady-state no-bankruptcy equilibrium is unique. | thus focus on the higher price
solution (E) as the equilibrium price from now on.

Recall that the equilibrium solution is obtained by guessing that the youfgj na
expected asset price is higher than the actual price for the same period, as in (24),
and, therefore, that sophisticates do not hold any asset, middle-atiecelaall
assets, and young ifig buy all assets, as in (25). To check the validity of this

assumption, | take the difference between (35) and (36) to obtain

o _ B*3°(1+9)w*(1-B)
pt+1 Pt+1 = A(1+B5+B52)((1+B5+B52)AQ—Bézw)

(38)

From Lemma 1, this is indeed positive in equilibrium.

Letting p, p’, andR denote the steady-state valuesppf pﬁil, andR;, the
steady-state equilibrium solution, which corresponds to point E in Figure 2, can be
obtained from (35), (36), and (37) as

B Bow
P 21+ Bo+ Bo?)

f /35(1+5)w(1+25+ VITaB5 1+ 5))

A(1+25+ ¢1+435(1+5)), (39)

(1+;35+352)A<1+ \/1+4[35(1+5)>
B 2(1+ )
C14+4/1+4B5(1+9) (“41)

As pointed out previously, the steady-state gross interest rate is larger than one,

unlike in the standard overlapping generations model, in which the nominal interest
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rate is zero.

The timet equilibrium price is obtained by solving the autonomous nonlinear
difference equation (36). The detailed derivation is provided in Appendix C. For
a given initial pricepp, it can be solved analytically and expressed in terms of the

steady-state valup as

(1+a)(po—p)

CD ot (Lt aty(eo—p)—ymo—p " (42)

pt:

where

1+2,/1+4B5(1+9)
285 (1+0) ’
2(1+Bo+BO?)A

e 35w<¢1+435(1+5)—1)'

— 14+

Equation (42) implies that the steady-state solufois globally stable because
a > 1, so thatp; converges towarg over time for any initial value satisfying the
assumption that no consumers fall into bankruptcy.

| now consider the assumption that no consumers fall into bankruptcy. The
necessary and sufficient condition under which middle-agéd da not fall into

bankruptcy is given by the following lemma.

Lemma 2. In an equilibrium, no generation falls into bankruptcy if and only if

1+ Bo+ L% A
aj_1-1> —( ;5[3(1?;)\/3 Sj-1-1, J=N,§ (43)
and
;(I—fg) ~m (44)
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Proof. See Appendix D. O

Equation (43) implies that middle-agedifsain the initial generation have positive
wealth; (44) implies that middle-agedifehave strictly positive wealth far =
1,2,....

From this lemma, middle-agedifiare likely to fall into bankruptcy (i) when
the degree of present bias/[i, is high (ii) when the sophisticate-iigopopulation
ratiomis high, and (iii) when the long-run discount fact@ris high. Intuitively,
with a lowerf3, young néfs overestimate future asset prices to a greater extent, and
suffer greater loss when they are middle-aged. A highenplies a greater amount
of sophisticates’ arbitrage transactions and hence a higher possibility of bankruptcy
for the middle-aged.

The property that a highed is associated with a higher probability of
bankruptcy—i.e., (iii) above—is rather counter-intuitive because a highien-
plies a higher saving rate. This takes place because, with a given beta, a higher
delta magnifies misperception of future discount factdfd,— 3), and hence leads
to greater future loss.

Recall that the no-bankruptcy equilibrium, which is consistent with the ini-
tial guess (24), is unique (see Figure 2). | can also show that a no-bankruptcy
equilibrium that contradicts (24) does not exist (see Appendix E). Therefore, a no-
bankruptcy equilibrium uniquely exists under conditions (43) and (44). The above

results regarding equilibrium dynamics are summarized as follows

Proposition 1. Ifaj 11> —(14+ B3+ Bd?)Asj _1,-1/[BS(1+ )W (j =N,S)
and(1+p0)/[6(1- B)] > mis satisfied,

() ano-bankruptcy equilibrium uniquely exists,
(i) the steady-state solution p is globally stable.
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4 Bankruptcy equilibrium
Let me next consider the case

1+—B§ <m, (45)

5(1-B) ~

in which, from Lemma 2, middle-aged if& fall into bankruptcy. | also specify
the initial conditions for &s_10,Ss—1,0) to exclude the trivial case in which so-
phisticates in the initial generation do not fall into bankruptcy. To close the model,
| specify a debt adjustment method such that each sophisticate gets the amount
—p[+1aN7t7tssk_‘t/sN7t7t (k=t—1,t) from nafs’ liquidated assepr iantt in pro-
portion to his credit share gy /sn.t.2

Since young ni&s do not know that they will fall into bankruptcy in the next
period, their behavior in this case is the same as described in (26) and (35) in Sec-
tion 3. In contrast, sophisticates know that youn@gfswavill fall into bankruptcy.
Regardless, sophisticates still have an incentive to lend to youifgyihan effec-
tive interest rate, which is computed from the amounts paid back from bankrupts,
is higher than the rate of asset return. The effective interest rate for sophisticates is

given by

~ Praantt

46
SNt (46)

Py =

From the discussions, sophisticates’ budget constraints (2) and (3) are rewritten

80ne such repayment system is a creditor meeting.
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as

Cstt+1+Sstt+1+ Prr1dsti+1 < PrSstt + Pr+18stts (47)

Cstt+2 < Pry1Sstt+1+ Pry2ast t+1, (48)

wherep; andp,_ 1 are given to sophisticates. The first terms on the right-hand sides
of (47) and (48) represent the repayments from the bankrupts. Each middle-aged
sophisticate maximizes (1) subject to the budget constraints (47) and (48) and the
short-sale constraint (4). The young sophisticates solve their YSP in turn, given the
resulting optimal behavior of their middle-aged and old selves.

As can easily be conjectured from the discussion in Section 3, an equilibrium
is characterized by the same equilibrium return and asset holding structures as (24)
and (25). Under these structures, | get the sophisticates’ optimal consumption by

replacingR with p in (26)—(28) as

w
Cstt = ma (49)
_1+9 Bowpy
U= 1851+ Bo+ Bo2 (50)
B(1+5) B&ppii1 51)

Cstt2 = 1185 1180+ %

The equilibrium effective interest rate can be obtained by substituting (9), (25),
and (26) into (46) as

(1+B3+B%) py1(1+mA S P
1+B3+B3%) p (L+mA—-BS(1+d)w P

=1 (52)

This implies that the effective gross interest rate is indeed higher than the asset

return. Note that whem — oo, oy — pt+1/pt. That is, as the population share of
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sophisticates approaches one, the returns on lending and asset holding are equalized
as in the equilibrium of the economy inhabited only by sophisticates.

As shown in Appendix F, | can derive the equilibrium solution by noting
(CNt—1t,ant—1t,SNt—1t) = 0, and substituting (49)—(52) and the other optimal so-

lutions into the market equilibrium conditions (20) as follows:

6 ((1+m) (1+B3+B3%) Ap_1— B3 (1+5)w)
1+m) (1+B3) (1+ B3+ B3 Ap_1— (1+(1+m)B3) B3 (1+ o)W’
(53)

=1

wheref = 35 (1+Bd) (1+d)w/((1+Bd+ Bd?)A). The following lemma en-

sures that (53) is positive.

Lemma 3. In bankruptcy equilibrium, if sophisticates in the initial generations do

not fall into bankruptcy, solution (53) satisfies

Bo(1+0)w
(1+Bo+BO%)A’

pt >

for all t.
Proof. See Appendix B. ]

Therefore, under the trivial condition that initial-generation sophisticates do not fall
into bankruptcy, (45) ensures that solution (53) is positive and hence viable as an
equilibrium price.

Taking the difference between (37) and (52) and substituting (53) into the result
yield

(dm(1—B) — (14 B9d)) (1+ B3+ Bd?) AR P i1
Bo(1+Bd)(1+d)((1+m)(1+Bd+PB32)Ap—B3(1+I)w)’
(54)

R—p=
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From (45) and Lemma 3, this implies tH&t> pr, where the equality holds if and
only if the equality holds in (45). To sum up, the relationships among the gross
interest rate, the effective gross interest rate, and the return of the asset are obtained

from (52) and (54) as

which implies that the expected asset price is higher than the actual asset price and,

hence, that (24) and (25) are indeed satisfied in this equilibrium.

Insert Figure 3.

By the same argument presented in Section 3, | can obtain a stable as well as

an unstable solution for the steady-state asset price. The unstable solution is not

supported by equilibrium. The stable steady-state solution is given by

B3 (14 5)w(2(1+ m) (1+ B8) — m+ /4BEm(1+ m) (1+B5)+m2>
P= 2(1+m) (11 B3)(1+Bo+ BO2)A '

(55)

As | did in Section 3, | can solve the autonomous nonlinear difference equation
(53) and show the unique existence and stability of the resulting equilibrium. From
Lemma 2, sophisticates in the initial generation do not fall into bankruptcy if and

only if their asset positionas _; _; andsg_; 1 satisfy

(14+B3+B3?*)A
8811 TSIt oyw oY
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and hence the initial equilibrium price satisfies

BS(1+0)w
(1+Bd+BI2)A

Po >

For any initial asset price that satisfies this condition, the solution to (53) gives the
unique equilibrium price that converges stably to the steady-state value (55). The
following proposition summarizes the above results regarding bankruptcy equilib-

rium dynamics.

Proposition 2. If ag_1-1 > —(1+Bd+Bd?)Ass_1-1/[BS(1+5)w] and
(1+B0)/[d(1- B)] < m are satisfied,

(i) a bankruptcy equilibrium uniquely exists, and

(i) the steady-state solution p is globally stable.

5 Inefficiency in the steady state

To examine the allocation efficiency of the steady-state equilibrium, | first define
Cj,1,Cj 2, andc; 3 (j = N,S) as the steady-state consumption of the young, middle-
aged, and old, respectively. | need an ex-post efficiency criterion becaifse na
experience unexpected capital losses, and hence ex-post welfare deterioration, when
they are middle-aged. Since sophisticates’ planned lifetime utility is realized, |

focus on the young hi&s’ ex-post, or experienced, lifetime utility

2
U=In CNLtt +p 26' In CN.t,t+is
i=

wherecn tt,Cntt+1 andey t 2 denote actual consumption. The experienced life-

time utilities for old sophisticates and oldifsare Incst o+ and Incyt—ot, respec-
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tively; and the experienced lifetime utilities for young sophisticates, middle-aged
sophisticates, and middle-agedfsare the same form as (5), (1), and (14), respec-

tively. Here, the ex-post Pareto-efficient allocation is defined as follows:

Definition 1 (ex-post Pareto efficiencyA resource allocation is ex-post Pareto ef-
ficientif and only if there is no feasible allocation improving someone’s experienced

utility without harming another’s.

In my overlapping generations economy, the resource allocation of the steady-
state equilibrium is ex-post Pareto inefficient. To show this, consider that a paternal-
istic planner forces young ifa to reduce) units of steady-state consumption, and
thereby transfera /(1+ &) units from young to middle-aged s, anddA /(1+ J)
units to old n&s. For anyA, the welfare of middle-aged and oldifsais definitely
enhanced.

Moreover, ifA is small enough, young ifa suffer marginal disutility from re-
ducing consumptior‘wl/chl, and will enjoy time-discounted marginal utility from
increasing consumption in the futurg8d/(1+ d)) (1/cn .2+ 62/cn3). Note that
sophisticates’ consumption and lifetime utility do not change siné&snsaving
does not change, and thereby market prices do not change. Thus, if the total
marginal utility (TMU), —1/cn1+ (BS/(1+9)) (1/cn2+ 8% /cn3), is positive,
the allocation is ex-post Pareto inefficient. Indeed, in a bankruptcy economy, the
TMU approaches positive infinity, and in a no-bankruptcy economy, because of

(44), the TMU is always positive as follows:

(1+BO+B?) (1-B)6(2(1—B) (1+Bd) +MmK)

MU = w(l1Bs-_md(1-pB))K -5

wherek = (0+B+B0)\/1+4B0(1+0)+ 0+ B (1+9)(1+49).
Proposition 3. The allocation of resources in a steady state is ex-post Pareto inef-

24



ficient either in a no-bankruptcy economy or in a bankruptcy economy.

Intuitively, they consume too much when young and, hence, too little thereafter
because of unexpected capital losses. Unexpected capital losses not only reduce
middle-aged ni&s’ wealth but also result in a divergence between yourigshac-

tual and optimal consumption.

6 Conclusion

| construct the model of a dynamic economy in which sophisticates exploit
naifs through capital transactions. This paper shows three properties of the no-
bankruptcy/bankruptcy equilibrium in an economy: global dynamics and stability,
a bankruptcy condition, and ex-post Pareto inefficiency. These properties except
bankruptcy condition are largely preserved if the model is extended as follows: (i)
the asset yieldd (> 0) units consumption in every period, and (ii) consumers must
consume at least(> 0). The first extension does not affect the bankruptcy condi-
tion, whereas the second extension changes the condition to one depending on the
asset price. Thus, in the economy with the positive lower bound of the consump-
tion, an equilibrium moves back and forth between a no-bankruptcy equilibrium
and a bankruptcy equilibrium if the asset price oscillates widely.

It would be worth introducingpartial naifs, who recognize present bias but
not its degree, into this model from O’Donoghue and Rabin (2001). According to
Wong (2008), partial rigs account for almost fifty percent of all samples, so this
device would be plausible. This device could be utilized to separate the degree of
misperception from the degree of present bias and to relax Assumptions 2 and 3.
Therefore, introducing partial ifa into this model would be helpful to analyze a

variety of misperceptions and understand present bias.
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Finally, the potential applications of bankruptcy equilibriums abound since a
change in the debt adjustment method means a change in the bankruptcy equi-
librium. For example, a borrowing constraint is introduced into this model from

Kiyotaki and Moore (1997).

Appendix A Borrowing/lending behavior

Under Assumption 2, the expected borrowing/lending behavior of the young and the
middle-aged is obtained by computing YNP. By substituting yourigshaptimal

consumption (26) and (30) into budget constraint (9) and (11), respectively, | have

%t\7lt,t+1,t+1 + p:ilatl(lt,t+l,t+l = %a (A1)
Sgt+1,t+1 + piilaté,tul,tﬂ = %, (A.2)
S;\]t,t,t+1+ p:ilaklt7t,t+1 = %, (A.3)
Sg[t,t+1 + p:ilatétt,t-i—l = %, (A.4)

where (A.1) is the generatianyoung ndfs’ borrowing/lending behavior and (A.3)

is the borrowing/lending behavior of the expected generdtionddle-aged nis.
Note that (A.2) and (A.4) are similar in form to (A.1) and (A.3), respectively, since
Cli+1 = O 1 C8i+1i+1 = ONj1i+2 DY Assumption 2.

By successively substituting (25) and (26) into both (6) and (9), | have

 B3(1+d)w
1+B6+BOY
_ BA(1+8)w
SUT 1785+ B2

SNttt + PrA(1+m)
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respectively. Moreover, by successively substituting (25) and (28) into (3), | have

o 0(1+9
SNtt+1 = 1535 ([:;l.-l-(Bcs-l-)BV\cg —A(l+m) (piil_ pt+1)) .

Similarly, by successively substituting (25) and (34) into (16), | also have

_ B(1+95) PIwWR
SUH T 1785 1+ B0+ BO2

Appendix B Proofs of Lemma 1 and Lemma 3

At time 0, the initial generations, -1 and 0, consume

Cj—10= m (Sj,—l,—l—l- poaj,—l,—l) , J=N,§ (B.1)
w .
CJ7010_1+B5+3527 J—N,S, (BZ)

respectively. By substituting (B.1) and (B.2) into each budget constraint, | obtain
the borrowing/lending behavior of initial generations. The equilibrium solution is
obtained by substituting the borrowing/lending behavior into the market equilib-

rium conditions (20) as

Bo(1+9d)w ﬁ5(8j7_17_1+ poaj7_17_1)

o= 1185+ Bo?)A (11 BO)A (8.3)

On the other hand, if generation -1 does not fall into bankruptcy, the following

inequality holds:

Sj,~1,-1+Podj,—1,-1>0, j=N,S (B.4)
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Using inequality (B.4), | can obtain the lower bound of the initial asset price

B&(1+8)w

(1+Bd+BI2)A (8-5)

Po >

| now need to consider the asset price at timlerewrite the asset price (36) as

B33%(1+0)w?
_ (1+po+psr)a BS(1+)w
= B5w A(l+ B3+ Bo2) (8.6)

Pt-1-— (1+B5+Bo%)A

Using (B.5) and (B.6), | can prove Lemma 1 by mathematical induction.
Next, | consider the case where middle-ageifisare bankrupts. Herey 10 =
0, and the remainder is the same as above. ®{th o = 0, | have a minor change

in the equilibrium solution as follows:

_ Bo(1+9d)w MBS (Ss—1,-1+ Pods—1,-1)
Po= 1185+ B52)A (1+m) (1+ B3)A

(B.7)

Since the initial generation -1 of sophisticates does not fall into bankrugatcy, 1+

Poas—1,—1 > 0 holds. Using this inequality, the lower bound of the initial asset price

is given in a form similar to that of (B.5). Since | can rewrite the asset price (53) as
B353(14-6)°w?m

(1+B8)(1+m) (1+BS+B52) A2 BO(1+0)w

(L mBYBSLSW T (14 B0+ BOD)A’
P2 = ) (1+85) (11 po - B62) A (1+Bo+po%)

Lemma 3 is proved by mathematical induction.
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Appendix C Detailed derivation of nonlinear equation (36)
By settingps = pr—1 = p in (36), | obtain the quadratic equation

(1+B3+BO*)A
Bow B

Bo%(1+3)w(1-pB)

(1+B5+BRA

(1+20)p+
This equation has two solutions. One of these solutions is (39), and the other is
given by

B Bow
~ 2(1+Bo+BO2)A

p

<1+25— V1+4B3 (1t 5)). (C.1)

This solution is not supported by equilibrium since (C.1) is lower than the lower
bound of the asset price; i.630 (1+d)w/[(1+B5+Bd%)A] > p~. Thus, I
focus on the solution of the nonlinear equation by using the steady-state solution
(39).

The system of nonlinear equation is given by

Bo’wp + B3 (14 3)wp_1
B25% (14 0) (1— B)w?

= (1+B5+BS°) App1+ (1+B35+BS)A

(C.2)

| firstadd—p+ p to p; as follows:

B W(p—p+p)+BS(1+8)W(p—1— P+ p)
B263(1+06)(1—B)w?

= (1+BS+B)A(p—p+p) (P1—P+p)+ (1+ B3+ BO%)A

(C.3)
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Using (C.2), | compute (C.3) to make team;é(mk —p) (k=t—1,t), as follows:

((1+Bo+B5%) Ap— Bd%w) N ((1+Bd+Bd?) Ap— B3 (1+d)w)
(Pt—1—p) (Pt —p)
= (1+ B35+ Bo?) A (C.4)

Lettingx = 1/(pt —p), | can express (C.4) as a system of linear first-order differ-

ence equations:

X =—0%-1—Y,

where

~ (1+Bo+PBd?) Ap+Bdw

1+ BO+BI)AP—-BO(1+O)W
(1+B3+B3%) A

1+B0+BO2)Ap—Bo(1+o)wW

=1

Then, since the system of linear first-order difference equations can be solved, |

have

(1+a)(po—p)
(-D'at(1+a+y(po—p))—y(Po—p)

Pt = +P

Appendix D  Proof of Lemma 2

Condition (43) is obtained from (B.4) and (B.5). In turn, | consider condition (44).
By successively substituting (37) and (38) into the right-hand side of (31), | obtain

B262(1+0)W? (1+B5—md(1—B))
(1+B0+Bd%) ((1+ Lo+ Bd%)Ap — Bo%w)’

(D.1)
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where (1+ B3+ B62) Ap — Bd°w is positive from Lemma 1. Therefore, (D.1)
implies that young ri#s, except those of the initial-generation, do not fall into

bankruptcy if and only if (44) holds.

Appendix E  Uniqueness of no-bankruptcy equilibrium

Although | focus on the casg; > pr.1 in the text, | need to show that the case
pi}1 < Pt does not exist.
Suppose tha;biil < pta1. | then haver = pt+1/pt. In this equilibrium, young
nafs do not have any assets; and the others have all the assets. The expected asset

price is given by

o Bo(1+d)wp
Pl = (17 po+ Bo2) Ap — BoAw'

(E.1)

Note that (E.1) is the same as (35). | can, in turn, compute the future asset price

_ Bo(1+9d)w 14 Bo Bo(1+0)w (E.2)
P = T B5+ BOA\ " 1+ B3 (1+ B0+ BOY)Ap—Bo2w) o

By mathematical inductionp; also ensures, from (B.5), (B.6), and (E.2), that

pi1 > BO(1+0)/[(1+BS+BS?)A]. Finally, | take the difference between

(E.1) and (E.2) to obtain

Bo(1+d)w B&*w(1—-B)
1+ B3+ B3%)Ap — Bd2w(1+Bd) (1+Bd+Bd?)

pt+1—p§i1:—( <0,

which contradicts the hypothesﬁ:ﬁ1 < pt+1. Therefore, | conclude thepﬁi1 <

pr1 does not exist.
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Appendix F  The bankruptcy equilibrium solution

Using the same argument as in Appendix A, | can also derive the borrowing/lending

behavior of sophisticates in bankruptcy equilibrium as follows:

_ B3(1+d)w
S 1 BT B (4
B(1+06) Po>wp (F.2)

SSUHL= 85 11 B+ Bo2
Note that young ri#s’ saving is the same as (F.1) and the middle-agéf reaving

is zero. By substituting (F.1), (F.2ntt+1 = 0, and (52) into (20), | obtain (53).
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the middle-aged the middle-aged
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Figure 1: Asset transactions and loan contracts. The dashed arrows représént na
borrowing and the solid arrows representfslarepayment. The dot arrows repre-

sent asset transactions.
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Pt—1

Figure 2: Dynamics of asset price in no-bankruptcy equilibrium. The dashed lines
represent the asymptote of (36). The dotted line represents the lower bound of
the asset price. The upper-right intersection E is the stable steady state, and the
bottom left one NE is the unstable steady. The parameter is $6t &tA w) =
(0.9,0.9,1,6).
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Figure 3: Dynamics of asset price in bankruptcy equilibrium. The solid curve repre-
sents the dynamics of asset price in bankruptcy equilibrium. In contrast, the dotted
curve represents the dynamics of asset price in a no-bankruptcy equilibrium. The
dashed lines represent the asymptote of (53). The dotted line represents the lower
bound of the asset price. The upper-right intersection is the stable steady state, and
the bottom left one, which is not visible in the graph, is the unstable steady state.
The parameter is set §8,5,A,w,m) = (0.9,0.9,1,6,100).
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