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1. Introduction

A recurrent theme in the theory of monopoly screening under private information (Mussa
and Rosen, 1978; Maskin and Riley, 1984) is that the seller may distort the quantity or
quality of the product offered to low-demand buyers in order to make it less attractive for
high-demand buyers to mimic low-demand types, thus reducing their information rent. A
recent contribution by Bergemann et al. (2018) shows that this logic extends to a data
seller who designs and sells experiments to potential buyers with heterogeneous private
beliefs. They characterize optimal static mechanisms and find that the seller may pro-
vide buyers with low demand for information an imperfect experiment, even though it
is costless to produce fully informative ones. We extend the framework of Bergemann et
al. (2018) by allowing the seller to offer a dynamic mechanism in which she sells a se-
quence of experiments over multiple stages. Because the underlying state is not changing,
any sequence of experiments can be collapsed into one single static experiment that is in-
formationally equivalent to the dynamic sequence. Therefore, in an environment where
buyers have quasi-linear preferences, it is not immediately obvious why and how a dy-
namic mechanism can improve on static ones. Nevertheless we show that the seller always
strictly gains from selling experiments over stages as long as there remains surplus to be
extracted from trade. The gains from offering a dynamic mechanism can be substantial,
even enabling the seller to extract full surplus under some conditions.

To fix ideas, consider a simple example in which a buyer wants to choose an action
a € {ay, a;} to match the state w € {w,, w,}. His payoff is $100 if the action matches the
state (a; = w;), or zero otherwise. Before entering the market, the buyer privately observes
a signal and updates his belief. Specifically, a “low” type has belief 0.75 (that the state is
w,) and a “high” type has belief 0.3. The seller is uninformed about the buyer type and
believes that the two types are equally likely. Note that the high type is more uncertain
about the state; the willingness-to-pay for the fully informative experiment is therefore
higher for the high type ($30) than for the low type ($25).! The maximum surplus the
seller can extract in this environment is 0.5($30 + $25) = $27.5.

Suppose the seller offers a binary experiment yielding two signals, say “up” and “down,”
which cause the buyer to update his belief upward and downward, respectively. The seller

!We say that an experiment is fully informative if it reveals the true state with probability 1. Since the
fully informative experiment always allows the buyer to choose the right action, its value to a buyer with
belief 6 is $100(1 —max{6,1—6}).



offers a menu of experiments to maximize her revenue. In this particular setting, the

optimal static mechanism is to offer Menu A:

* For the high type, the fully informative experiment at price $30;
e For the low type, experiment e at price $200/9 ~ 22.22,

where the conditional distribution of signals given each state under e” is specified as below.

Experiment e#
up signal down signal

state w, 1 0
state w, 1/9 8/9

The price $200/9 for experiment e” is chosen to bind the low type’s individual ratio-
nality constraint. The seller optimally distorts e* to make it unattractive to the high type.
Indeed, the high type’s information rent from mimicking the low type is

2
100[0.3+0.7~ g —(1 —0.3)] —% =0.

The seller’s expected revenue from this mechanism is $235/9 ~ 26.11.

Now suppose the seller can devise and commit to a two-stage mechanism. Consider
Menu B:

* For the high type, the fully informative experiment at price $30;

* For the low type, experiment e’ at price p? = 1835/117 ~ $15.68, followed by
— experiment e} at price pJ = 900/65 ~ $13.85 if e? yields a down signal,
- no further experiment at no cost if e’f yields an up signal,

where e? and e are specified as below.

Experiment e’ Experiment e}

up signal down signal up signal down signal
state w, 2/3 1/3 1 0
state w, 1/9 8/9 0 1

The sequence of experiments offered to the low type in Menu B would generate the
same distribution of final actions in each state (i.e., action a; with probability 1 in state w,
and action a, with probability 8/9 in state w,) as that generated by the static experiment



e in Menu A. Thus, this experiment sequence is informationally equivalent to e”, and the
willingness-to-pay for this experiment sequence remains at $200/9 for both types. The
prices p’f and pg bind the low type’s individual rationality constraint at the initial stage, as
they satisfy
pl+ [0.75 - % +0.25- g]pg = ?,

where the term in brackets reflects the low type’s belief that the first-stage experiment
e? will yield a down signal.> By construction, Menu B will produce the same expected
revenue to the seller as Menu A. The key difference, however, is that the high type’s in-
centive compatibility constraint becomes slack in Menu B. His expected payment for the

experiment sequence offered to the low type is

B+[03 107 §] p_ 3005 200
Pyw| Py irg P2 =17 7 g

This payment gap—the difference between the two types’ expected payments for the same
experiment sequence—comes from the fact that the high type (who has a stronger belief
about state w,) attaches a larger probability that the first-stage experiment e? will yield a
down signal.

As a two-stage mechanism, it is clear that Menu B is not optimal because a relevant
incentive constraint is slack. There are two ways to strictly improve upon Menu B. First,
the experiment sequence in Menu B is equally informative as e”. By offering an experiment
sequence more informative than e* and charging a higher price for it, the seller can obtain
more revenue from the low type without violating the high type’s incentive compatibility
constraint, which holds with slack. Second, while Menu B leads to a positive payment
gap, the optimal dynamic mechanism should back-load payments as much as feasible to
maximize the payment gap.> We will provide an explicit characterization and construction
of optimal dynamic mechanisms in this paper. In the current example, the optimal two-
stage mechanism turns out to be Menu C:*

2If the high type were to mimic the low type and obtain a down signal from ef at the first stage, his belief
would be revised downward to 9/65 ~ 0.1385. The second-stage price pg ~ $13.85 prevents the high type

from double deviation, in which he pays for elf but refuses to pay for eZB.
3For example, raising the probability of the down signal in state w; under the first-stage experiment to

slightly above 1/3 would raise the high type’s belief upon receiving a down signal to slightly higher than
9/65, allowing the seller to charge a higher price pg for the second-stage experiment. The tradeoff is that
this change would reduce the difference between the two types’ assessments of the probability of receiving

a down signal. The optimal mechanism has to balance this tradeoff.
*For Menu C, we use decimals because the solution is only approximate. The exact solution involves
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* For the high type, the fully informative experiment at price $30;

* For the low type, experiment e{ at price p$ = $14.96, followed by
— experiment e at price p5 = $16.34 if e¢ yields a down signal,
- no further experiment at no cost if elc yields an up signal,

where e{ and e§ are specified as below.

Experiment e Experiment e$
up signal down signal up signal down signal
state w;  0.5556 0.4444 1
state w, 0.0244 0.9756 0 1

Menu C gives rise to an expected revenue of $27.20 to the seller. The experiment
sequence in Menu C is more informative than e” in Menu A. Payments are also more back-
loaded, and the payment gap is maximized. These two factors account for the strict im-
provement of Menu C over the optimal static mechanism.

This proposed mechanism works as it effectively enables the seller to charge different
prices to different types for the same item. This method of price discrimination is usually
considered infeasible in the standard screening setting where the item for sale is a physical
object. In contrast, in the context of trading information, differences in initial beliefs held
by different types create both a gap between their willingness-to-pay for the product (an
experiment sequence), and a gap between their expectations about whether they have
to pay for further experiments or not. The seller can exploit this feature by designing
the experiment sequence in such a way that the high type assigns a higher probability to
reaching the second stage. Back-loading the payments makes the low type’s experiment
sequence less attractive to the high type, thus providing an additional channel (beyond
distorting the nature of the product) of relaxing the incentive constraints arising from

private information.

The logic of back-loading payments to enlarge the expected payment gap suggests that
the seller may do better than offering two-stage mechanisms by adding even more stages.
A complete analysis of dynamic mechanisms with multiple stages is, however, challenging
because the space of possible mechanisms is very large and could expand exponentially
with the number of stages. To complicate matters, in the dynamic setting with binary
actions, it is not immediately clear whether restricting attention to binary experiments is

irrational numbers.



without loss of generality. In a static mechanism, if an experiment designed for some type
yields multiple signals that lead to the same action, it is always weakly profitable to merge
them into a single one, as it does not affect the informativeness of the experiment for that
type, while it can only reduce the informativeness for other types. This argument needs
to be refined here because the expected payment for each type in a dynamic mechanism
depends on the whole sequence of beliefs the buyer expects to follow, which is inevitably
affected when some signals are merged together along the sequence.

Despite these difficulties, we establish that it is without loss of generality to focus on
binary experiments. In an optimal mechanism, the experiment sequence terminates after
an up signal, while it continues after a down signal until the belief reaches 0. These
properties allow us to substantially reduce the class of mechanisms to be considered. We
show that optimal dynamic mechanisms have the following features:

* Payments are back-loaded, with a constant price after the second stage, while exper-
iments become progressively more informative over stages; distortions, if any, are
front-loaded and appear at the first stage.

 Full surplus extraction is feasible under some conditions; and when it is feasible, it
can be implemented by a finite-stage mechanism.

* Adding another stage to a T-stage mechanism strictly improves the seller’s revenue
unless the mechanism already achieves full surplus extraction.

Given that full surplus extraction can never be achieved by a static mechanism, the final
point implies that an optimal T-stage mechanism is strictly better than the optimal static
mechanism for any T > 2, underscoring the value of dynamic mechanisms in this trading

environment.

Literature. This paper builds on the model of information pricing by a data seller using a
mechanism-design approach, pioneered by Bergemann et al. (2018); see also Bergemann
and Bonatti (2019) for a survey of the literature on the market for information. In an
online appendix to their paper, Bergemann et al. (2018) suggest the possibility of extend-
ing their approach to study dynamic mechanisms, and provide an example showing that
a two-stage mechanism can improve on the optimal static mechanism. We take on this
research direction to provide a full characterization of optimal dynamic mechanisms with
binary states and actions, and show how the insights extend to more general environments.
Section 4.2 provides a further discussion of how our results differ from those provided by
Bergemann et al. (2018). From a broader perspective, we aim to contribute to the ex-



tensive literature on mechanism design by shedding new light on how sellers may extract
surplus along a dynamic dimension. We highlight the back-loading of payments as the
key instrument for relaxing incentive compatibility constraints, introducing an additional
dimension to the designer’s toolbox.

The way information disclosure occurs gradually over stages in our model is reminis-
cent of Horner and Skrzypacz (2016), although the two model settings are very different.
Most notably, the seller’s decision in our model concerns not only how much information
to disclose at each stage (its accuracy), but also along which state to disclose more infor-
mation (its direction). Buyer types are horizontally differentiated in our setting, with no
obvious direction that the seller seeks to induce. In Horner and Skrzypacz (2016), the in-
formed party is the seller who is either competent or incompetent; types are thus vertically
differentiated, where both types want to be perceived as competent. We provide further
elaboration on this point in Section 4.3.

Several works analyze mechanism-design problems with information disclosure (Es6
and Szentes, 2007; Li and Shi, 2017; Krahmer, 2020; Bergemann et al., 2022; Wei and
Green, 2024). They consider various trading mechanisms in which the seller can reveal
some additional information that affects the buyers’ valuations for the seller’s product. In
our setting, the object for sale is information itself. A connection can also be made to
the literature on information design with heterogeneous or privately informed receivers
(Alonso and Camara, 2016; Kolotilin et al., 2017; Guo and Shmaya, 2019; Chan et al.,
2019). Here, although the data seller designs experiments to control the flow of infor-
mation to the buyer, the seller’s goal is not persuasion; rather, it is to extract as much
surplus as possible from the value she provides to different types of buyers. The possibil-
ity of full surplus extraction in trading environments under asymmetric information has
been discussed extensively since Crémer and McLean (1985, 1988) and McAfee and Reny
(1992).> Models in this strand of literature typically exploit the correlation of types across
agents to induce truth-telling. Our reasoning is fundamentally different, as we consider a
setting with a single buyer.

In addition, there is an extensive literature on trading among agents with heteroge-
neous beliefs (Sebenius and Geanakoplos, 1983; Morris, 1994; Coval and Thakor, 2005).
In this strand of literature, two agents with different priors can potentially gain from bet-
ting on their beliefs. The logic of our construction is quite different, as buyers of different

SKrihmer (2020) shows that full surplus extraction is feasible in a mechanism-design environment with
information disclosure. Dynamic versions of such models are analyzed by Liu (2018) and Noda (2019).
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types never trade with one another in our setting. The data seller is at an informational
disadvantage relative to the buyer, but leverages a dynamic mechanism to exploit belief
differences across buyer types.

2. Model

Environment. Consider a model with a data seller and a buyer trading over T > 2 stages.
For most of the analysis, we take T to be finite and exogenously given, but deducing the
value of the optimal T for the seller is quite straightforward once we characterize the
optimal mechanism for every T. Section 4.4 studies the limit of the optimal mechanism
as T goes to infinity.

There are two states, w € Q = {w,, w,}, and the state does not change over the trading
stages. Ateachstaget =1,..., T, the buyer either purchases an experiment from the seller
to obtain more information about the state or takes an action a € A := {a,, a, }, where an
experiment e = (S, 1) specifies a set of signals S and a mapping 7 : 2 — AS from the state
to a distribution over signals. The payoffs are realized, and trading ends when the buyer
takes an action.

Information. The buyer and the seller are endowed with a common prior 6° € (0, 1) that
w = w,;. Before trading begins, the buyer observes a private signal about the state and
forms an initial belief, which is either 9L1 with probability q or 9& with probability 1 —q;
in what follows, we often abbreviate the superscript and simply write 6 = 6; to avoid
clutter. This gives rise to two possible types, denoted by 6;, i = H, L. It is important that
the initial beliefs of the two types are derived from privately observed signals rather than
from heterogeneous priors. In our model, the buyer is more informed than the seller, and

the seller’s mechanism will leverage such information.

At each stage t, if the buyer chooses to purchase an experiment, he updates his belief
upon observing a signal s € S generated by the experiment. Let 5 denote the set of all
histories at stage t, with 5, = 0, and s := UZZZ%. The history at stage t > 2 is the
sequence of publicly observed realized signals up to (but not including) that stage, and is
generically denoted by h € J%,. For h € 5, we often use hs € 5, to denote the history
in which signal s is observed following h. Let 5, ; represent the set of histories at the end
of stage T, after the realization of the stage-T signal.

Mechanism. The seller offers a menu of contracts (M, , My ), or a mechanism. Fori = L,H,



each contract M; = (E;, P;) consists of an experiment sequence E; and a payment schedule
P; when the reported type is ;. An experiment sequence E; = {e?}hE s ux 1S @ contingent
plan of experiments that specifies what experiment to be conducted next at history h,
whereas a payment schedule P; = { pf‘} hesuze With p? > 0 specifies the additional payment
to the seller for the next experiment to be conducted. According to our notation, p; and e;
(without superscripts) refer to the stage-1 price and stage-1 experiment offered to type i
following the initial history. Also, let M = (EI', P!") represent the continuation mechanism
ath e .

Commitment. As is standard in the mechanism-design approach, the seller can fully com-
mit to any experiment sequence and payment schedule at the outset. We do not require,
however, the buyer to have the same commitment power. Specifically, we assume that the
buyer may drop out at any point if it is not in his best interest to follow the experiment
sequence. This implies that any optimal mechanism must satisfy interim individual ratio-
nality, in the sense that at every history h € 52, if the reported type is 6;, then the buyer
has the incentive to comply with paying pl}.l for the next experiment e? specified in E;. The
assumption that buyers can drop out at any point is especially realistic for information
markets, where they often interact with data sellers just online and anonymously.

Payoffs. If the buyer chooses q, in state w;, his payoffisa > 0ifk =j=1, >0
if k =j=0,o0r0if k # j. Define o := f8/(a + ) as the belief at which the buyer is
indifferent between the two actions. Let

{Qa if0>o
v(0) =
(1-0)8 if6 <o,

which is the buyer’s expected payoff when he takes an action at belief 6. The seller max-
imizes the expected revenue collected from the buyer. There is no discounting across
trading stages.

3. Analysis

3.1. Preliminaries

Let e = (S", ") be the experiment offered at history h € 5, U 5, where n"(s|w) is the
probability of observing s € S" in state w € Q. Once we fix an experiment sequence, we
can compute the probability of reaching history h € S in state w;. Denote this probability

8



by y" for j = 0,1. According to this definition, for any s € ", y'*

i=L,H, let Ql.h be type i’s interim belief at h, given by

= y?nh(sle). Also, for

h — 91')/}11
Loyt (1 —0)yh

The value of information of an experiment sequence E, or simply the value of an exper-
iment sequence, can be measured by the net payoff gain from the sequence and denoted as
VI(0;E). At any history h € 54 U 5, the value of the continuation experiment sequence
E" can be written as

VI(th,Eh) = E[V(él) | th, Eh:l —V(Qih), (1)

where the expectation is taken with respect to the random posterior belief 9:- induced by
E™ at the time the buyer takes an action conditional on the interim belief 91.’1. Let

¢ii(s) = 0" (slwy) + (1 — /)" (s|ewo)

be the probability that type i observes s € S" at history h. Note that ¢/, (s) > ¢7(s) for any
signal realization s that will lead to downward belief revision at history h. The expected
gross payoff, E[v(0,)|0", E"], is defined recursively by

E[v(6) 16/, E"] =) ¢M)E[v(6) | 6, E™], 2)
sesh

with E[v(0)|6", E"] = v(6") at any h such that the buyer chooses to take an action. We
say that an experiment sequence E is fully informative if E[v(0)|6,E] = 0a + (1 — 0)p;
otherwise, it is imperfect. The fully informative one-shot experiment is a special case of
fully informative experiment sequences. For brevity, we denote the value of a fully infor-
mative sequence by VI(0). Clearly, VI(6) > VI(0;E) for any 6 and E. Throughout the
analysis, we maintain the following assumption about the two types.

Assumption 1. VI(6,) > VI(6,) and 6, > 6.

The first part of this assumption is just a convention for identifying type 6 as the type
with a higher demand for fully informative experiment sequences; we will simply refer to
type 0y as the high type and type 6, as the low type. The second part allows us to be more
specific with respect to the direction of belief changes. Our exposition will focus on the
case where the high type has a stronger belief about state w,, and hence attaches a larger

9



probability than does the low type that a given experiment will generate a signal that leads
to downward belief revision. The opposite case (i.e., VI(6y) > VI(6,) and 6y < 6,) is
symmetric, but the exposition will be cluttered and repetitive if we try to deal with both

cases under unified notation.

In our setup, the value of a fully informative sequence is VI(0) = min{6a, (1 —6)p},
which is concave and reaches a maximum at 6 = o. For 0, > 0, there exists a 8 < o
such that Assumption 1 holds if and only if 6, > o and 6, € (6,60,). The assumption
thus implies 8, > o. Following the terminology of Bergemann et al. (2018), there are two
cases. In the case of congruent beliefs, 6, > 0, > o, the default actions of both types are
a,. In the case of noncongruent beliefs, 6, > o > 0, the default action of the low type is
a, while that of the high type is a,.

3.2. Seller’s problem

Let C(6;; M) be the expected total payment of purchasing contract M for type i. As usual,
any optimal mechanism (M;, M) must satisfy the standard incentive compatibility and

individual rationality constraints. These constraints require, for i,i’ = L,H and i # i’
) ) bl bl

VI(0;E;)—C(6;M;) = VI(6;E;.)—C(0;; My), (IC-D)
VI(0;E;)—C(6;M;) = 0. (IR-1)

Lemma 1. In any optimal mechanism, (i) the experiment offered to the high type is fully
informative; (ii) (IR-L) always binds; and (iii) at least one of (IC-H) and (IR-H) binds.

The proofs of Lemma 1 and of other formal statements are in the appendix when they
do not appear in the text. Parts (i) and (ii) are the familiar “no distortion at the top”
and “no rent at the bottom” results (Mussa and Rosen, 1978; Bergemann et al., 2018). A
special feature of our model is reflected in part (iii), which suggests that (IC-H) need not
be binding.® Indeed, we later show that under some conditions, the seller can devise a
mechanism in which (IR-H) binds along with (IR-L), and extract full surplus from both

types.

On top of the IR and IC constraints, an optimal mechanism must also satisfy interim in-
dividual rationality constraints at each history, to make sure that the buyer follows through

®Although the high type has a greater willingness-to-pay for the fully informative experiment than does
the low type, Assumption 1 does not imply that the former always has a greater willingness-to-pay for any
experiment than the latter.
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with paying for the experiments specified in the contract. Lemma 1 establishes that Ej; is
fully informative. It is therefore without loss to focus on mechanisms that offer a static
contract My = (ey, py), where e is the fully informative one-shot experiment, so that in-
terim individual rationality does not become an issue for the contract M;;. For the contract
M,, let C(Gih;Mf) be the expected continuation payment at h € s for type i. Interim
individual rationality for type i = L,R requires that at any history h € 7,

VIOl EM—c(o/; MM > 0. (IIR-hi)

127 L

It is clear that (IIR-hi) must hold for i = L, because the contract M is chosen by the low
type in a truth-telling equilibrium. If (IIR-hi) does not hold for i = H at some history h,
this would provide an opportunity for double deviation by the high type, meaning that the
high type purchases the contract M; but does not comply with it when history h obtains.
The possibility of double deviation suggests that the incentive compatibility constraint for
the high type may be more stringent than (IC-H), where the payoff from mimicking the
low type assumes full compliance. It turns out, however, that double deviation will not be
an issue: for any mechanism that violates (IIR-hH) at some history h, there is a weakly
superior mechanism that satisfies (IIR-hH) at all histories h.

Lemma 2. It is without loss of generality to focus on mechanisms that satisfy (IIR-hH) at all
histories h € 7.

To see why no double deviation can be profitable, note that if a contract M, fails to
satisfy some of the high type’s IIR constraints, it must involve a contingency in which
the high type would not participate (if he deviated and purchased M;). The seller can
lower a price in this contingency while raising the stage-1 price in a way to keep the low
type’s expected payment unchanged. This modification is profitable, as it unambiguously
increases the high type’s expected payment and hence reduces his information rent.

To summarize, since it is optimal to offer the high type the fully informative one-shot
experiment at price py, the seller’s revenue is qpy + (1 —q)C(6;,; M, ), where

py = VI(0y) —max{VI(0y;E;)— C(6y4;M;),0}
C(6,;M;)=VI(O;E;).

The high type’s information rent is his payoff from mimicking the low type; in our model
this payoff can be negative, in which case (IR-H) binds and the high type will obtain no

11



surplus. It is useful to express the information rent differently by defining

AC(M}) := C(6y; M) —C(6,; M),

Using the fact that (IR-L) is binding, the information rent can be written as AVI(E;) —
AC(M;). We refer to AC(M,;) as the payment gap. It measures the difference in ex-
pected payments for contract M; between the two types. Such a payment gap emerges
in a dynamic mechanism because different types have different beliefs about the likely
outcomes of an experiment sequence. The quantity AVI(E;) measures the difference in
the willingness-to-pay for experiment sequence E; between the two types. The informa-
tion rent can thus be reduced by two channels: distorting the quality of the experiment
sequence to lower AVI(E,), or adjusting the payment schedule to raise AC(M,).

Substituting these definitions into the seller’s revenue, the seller’s problem is

max q[VI(0y)—max{AVI(E,)—AC(M,;),0}]+(1—q)VI(O,;E,), 3

M =(E.,P)

subject to (IIR-hi) for i = L,H at all h € s#. Note that we have dropped the constraint
(IC-L). Our approach is to solve problem (3) subject to the IIR constraints only, and show
that the solution to this relaxed problem satisfies (IC-L).

Optimal mechanisms may not be unique. Suppose an optimal mechanism M; = (E,, P;)
satisfies AVI(E;) — AC(M;) < 0. Then, holding E; fixed, marginal changes in the pay-
ment schedule P, will not alter the value of the objective function (3), as long as the IIR
constraints are not violated. In what follows, whenever an optimal mechanism admits
multiple payment schedules that deliver the same revenue subject to the IIR constraints,
we focus on the one that maximizes AC(M, ). Doing so is without loss of generality and it
helps to highlight the role of the payment gap.

3.3. Characterization

The seller’s objective function (3) depends both on the nature of the experiment sequence
E; and on the structure of the payment schedule P;. Although these two aspects are in-
tertwined, we can still derive some useful properties of optimal mechanisms by examining
each aspect separately. We begin with the properties of E; .

The value of an experiment sequence depends only on the distribution of actions in-
duced by the sequence in each state. We say that a history is a terminal history if no more

12



information can be obtained afterwards. Any h € 5, is a terminal history by definition.
Also, for any t < T + 1, h € £, is a terminal history if all subsequent experiments are
uninformative. Once a terminal history is reached, the buyer takes an action and ends the
experimentation process. Denote the set of terminal histories by .

Due to the piecewise linearity of the value function, any terminal history h € # can
be classified into one of three cases: (i) ! > 6" > o; (iD) 0 > o > O}; (iii) o > 6] > 6.
Define

P[O}'> 0 >0|he#, w=w,],
P

1:
Dig, [a>95>9}}|h€%,w=w]~],

where the probabilities are induced by the experiment sequence E; .

Lemma 3. In any optimal mechanism, (i) Lig, + Do, = 1 for j =0,1; and (i) [q, =0 and
[, = 1.

Proof. (i) Suppose the statement is false. Then, there exists some terminal history hs
under E; such that 9;“ >0 > 9]3[5. We can modify the stage experiment at history h to
é" = (8", "), where 8" is obtained by deleting signal s from the original S", and adding two
signals, s’ and s”, to 8", which would split the belief 9}515 into QA;}S/ =0 and é}f” = o. This
operation does not affect VI(0y; E; ) as both 0 and o would induce the same action a,, but
the same operation would split 95 into 0 and some éfsﬂ > 0. As these two beliefs induce
different actions, the operation is strictly beneficial to the low type. Thus, VI(6,;E;)
increases and AVI(E;) decreases. The payment gap AC(M, ) is unaffected as long as only
the stage-1 price p; in the original mechanism is adjusted. The overall effect is that the
value of the objective function (3) increases. The original mechanism is not optimal.

(ii) Suppose T}, > 0, so that there is a positive probability of having h € # such that
o> Gf > 9}; > 0. We can then split this belief into 0 and 1. This modification increases
VI(6,;E.) by the amount QLy’;a > 0, while it increases VI(6y; E;) by a smaller amount
OHy}lla. Thus, AVI(E,) decreases. The payment gap C(M, ) is unaffected as long as only
the stage-1 price p, in the original mechanism is adjusted. The total effect on the value
of the objective function (3) is positive. This contradicts the optimality of the original
mechanism. Hence I3, = 0, which also implies I}, =1 by part (i). |

An implication of Lemma 3 is that the two types would always take the same action
at all terminal histories. This feature makes the subsequent analysis more tractable. In
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particular, the difference in the value of E; can be written as
AVI(E)) = (6, _GH)(FOaOﬂ —a)—v(6y)+v(6,). 4

Another implication is that action a, can be chosen only when the state is known to be
w,, i.e., only when the belief is Gih = 0 at some terminal history h. An optimal experiment
sequence can be either fully informative or imperfect; and if it is imperfect, it will entail
action a; being chosen at belief Qih < 1 at some terminal history h. The reason why such
a distortion can be profitable is the same as in the static case of Bergemann et al. (2018):
lowering I, from 1 reduces the value of the experiment sequence to the high type more
than it does to the low type, thus reducing the information rent through reducing AVI(E;).
This property is preserved in our dynamic setting.

We now consider the problem of maximizing the payment gap. The expected payment
for contract M is given by

C(O;M)=p, + Z [Qiy}{ +(1- Qi)Yg]P’Z‘

hes?

Therefore, the payment gap can be obtained as

AC(M,) = (6,—0,) > (rh—y"pl. )

hest
Equation (5) suggests two important features. First, since the stage-1 price p; is not con-
tingent on the outcome of any experiment, changes in p; have no effect on the size of the
payment gap. Second, it is optimal to set p}Ll =0 at all h such that }fg - y}{ <0, and adjust
p; accordingly to maintain (IR-L). For the same reason, it is optimal to set at least a small
positive price p}L‘ at histories h such that }fg - y’ll > 0. This shows that AC(M;) > 0 in an

optimal mechanism.

For the subsequent analysis, it is convenient to define up signals and down signals. A
signal s € S" is an up signal if its likelihood ratio 7t (s|w, )/ 7" (s|w,) is greater than or equal
to 1, and is a down signal otherwise. Bayes’ rule implies that Gihs > Gih fori =L,H ifs is
an up signal, and Qihs < Gi" if s is a down signal.

Lemma 4. It is without loss of generality to assume that in an optimal mechanism, any

history followed by an up signal is a terminal history leading to action a,.

In the proof of Lemma 4, we show that there is a way to lower p’L” and raise pﬁ to
increase the payment gap whenever s is an up signal, because Y}{S / ygs > }f}{ / }fg. Thus it is
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optimal to set p}L“ = 0 at such histories.” Given that any history followed by an up signal
does not contribute positively to the seller’s revenue or to the payment gap, there is an
equivalent mechanism that will remove this history from - without affecting the seller’s
revenue or the IIR constraints, unless this history is a terminal history.

Suppose s’,s” € S" are both up signals. By Lemma 4, hs’ and hs” are both terminal
histories that would result in the same action (namely, action a;) for both types. These
two histories can be merged into a single terminal history, denoted generically as hu, that
leads to action a; with the same combined probability without affecting the value of the
experiment sequence or any of the constraints. Thus, another implication of Lemma 4 is
that it is without loss to consider experiment sequences in which at every history h, there
is only one element u € S" such that 7" (u|w,)/ 7" (u|w,) > 1.

While Lemma 4 shows the buyer takes an action immediately after an up signal, the
next result shows that he never takes an action immediately after a down signal unless he
is sure that the state is w,,.

Lemma 5. In an optimal mechanism, the experiment sequence continues until an up signal
is observed or until the belief reaches 0.

Intuitively, if an experiment e with down signal s would lead to beliefs such that Qfs >
91’}5 > o, then the demand for information by both types at history hs could be increased
by lowering their beliefs closer toward o. The proof of Lemma 5 shows that in an optimal
mechanism, a down signal s must result in a belief 9;3 < 0. Therefore, if the buyer takes
an action immediately after a down signal, he will choose to take action a,. But then this
implies that the buyer can only take action a, at history hs only when 6/* = 6/ = 0, for
otherwise it would violate Lemma 3.

To further analyze the problem of maximizing the payment gap, it is useful to char-
acterize the optimal payment schedule. Lemma 6 below allows us to express the price
charged at each history h as the value of the stage-experiment elz for the high type, as if
the high type were to take a final action after this experiment.

Lemma 6. In an optimal mechanism, (i) (IIR-hH) binds at any h € #¢; and (ii) pz =
VI(O];eM) at any h € .

This result allows us to reduce the problem of choosing M; = (E;,P;) to a problem
of choosing E; alone. Once E; is chosen, the prices PZ are determined by part (ii) of the

This argument generalizes our earlier point that it is optimal to set p? = 0 whenever yfll / }fg >1.
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lemma for any h € 5. The stage-1 price p; is in turn determined by (IR-L), which gives

pL=VIO,;E)— > (67" +(1—0,)rh)pl.
hest
Moreover, part (ii) of Lemma 6 implies part (i). Once { p’Z}hE s 18 substituted into equation
(5) for the payment gap AC(M, ), the only remaining constraints for revenue maximization
problem (3) are the IIR constraints for the low type.

3.4. Optimal binary mechanism

So far, we have only shown that it is without loss to consider mechanisms in which the
signal space comprises one up signal and possibly multiple down signals. An even simpler
class of mechanisms is binary mechanisms, in which all experiments in the experiment
sequence are binary, yielding either an up signal or a down signal. By Lemma 4, in a
binary mechanism, the buyer purchases an additional experiment only after a down signal.
Given this, with slight abuse of notation, the relevant history in a binary mechanism can
be represented by t € {1,...,T +1}. For t > 1, history t indicates a history where the
buyer has observed down signals at all stages from 1 to t —1; for t = 1, history t indicates
the initial history. The experiment at history t can be written as e; = ({u,d}, n*), where a
binary experiment e; is represented by two numbers:

Moy =7 (d | wp), my, =" (ulw).

The interpretation of u as an up signal requires the convention that 7t} >1—m(,. If e’ is
fully informative, then n] = 7 , = 1; and if e’ is totally uninformative, then n; = 1—m,.
The following proposition establishes that it is without loss of generality to focus on binary

mechanisms and provides some important properties of optimal binary mechanisms.

Proposition 1. An optimal mechanism can be achieved by a binary mechanism. In an optimal
binary mechanism, (i) ﬂ(t)d =latt=2,...,T; and (ii) n{u =1.

Because m; = m), =1, Proposition 1 implies that the stage-T experiment e’ must be
fully informative. Moreover, because iy, = 1 for all t > 2, the proposition also implies that
from stage 2 onward, the continuation experiment sequence E; must be fully informative,
eventually leading to the correct action chosen in each state. Any distortion of an optimal
experiment sequence E can occur only if 7}, < 1, where an up signal in state w, causes

the buyer to incorrectly choose a; at the first stage. In this sense, distortions, if any, are

16



t=2

t=3 0

P S S o S S O o
0 0; 1 0 0; 1

Figure 1. The optimal binary mechanism must induce beliefs with one of the two structures. In the
left panel, the experiment sequence is fully informative. In the right panel, the experiment sequence is
imperfect, with an imperfect experiment offered at stage 1.

front-loaded in an optimal mechanism. Proposition 1 leads to a simple characterization
of how the belief evolves under an optimal binary experiment sequence E;. If E; is fully
informative, then an up signal at every stage will lead to a belief of 1 and action a; being
chosen, while a down signal in each stage will cause the belief to gradually go down until
it reaches O at the last stage. If E; is imperfect, an up signal in stage 1 will lead to a belief
strictly below 1, while up signals in all other stages will lead to a belief of 1. See Figure 1
for an illustration.

L . « . 2 t
We prove Proposition 1 using a “front-loading” argument. Suppose 7, < 1 for some

t > 2. We could then (i) increase the distortion at stage t — 1 by lowering 71651 (thereby

t—1
L

the distortion at stage t by raising ty, (thereby raising p;), and (iii) adjust 7} and 7

lowering the value of the stage experiment e/ - and hence lowering pi‘l), (ii) reduce

t—1
1lu

in a way to strictly increase the payment gap AC(M,). Intuitively, a positive payment
gap arises because the ratio of probabilities (held by the high type to the low type) of
observing t — 1 consecutive down signals is larger than 1, but the corresponding ratio of
probabilities of observing t consecutive down signals is even higher, making it profitable to
front-load distortions (and accordingly back-load prices). We establish this front-loading
argument without assuming that experiments are binary, but Proposition 1 also shows that
any optimal mechanism can be reduced to a binary mechanism.

Proposition 1 substantially simplifies the seller’s problem, as she now only needs to
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determine {r{ }'"! and 7} ,. Alternatively, once rt_, is fixed, the problem can be equiva-
lently formulated as choosing a belief sequence {65}/_,, where 6! denotes type i’s belief
at history t (following t — 1 consecutive down signals). Observe that once 6}, is deter-
mined, and given the initial belief 8, the corresponding 6; is uniquely pinned down. Let

p(6}; 6;) = 6, denote this association.

Sincefort=2,...,T,

Qt 1_9 9t_9t+1
t:ﬂl’ t H HTEl, tzetnta: H H a,
YO od Yl 1_9;{ QH od pL H " 1lu 1_9}3—0—1

the payment gap (5) can be written as

AC =

0,— 6y | ZT:(GH—GIQ)(GIQ—%“) ©

6, Mt Ta—gna—ern

This implies that the optimal belief sequence that maximizes the payment gap is deter-
mined independently of n(l) ;- We can therefore solve the problem in two steps: first derive
the optimal belief sequence that maximizes the payment gap, and then determine the dis-
tortion level 7}, taking the belief sequence as given.

The payment gap (6) is decreasing in 6;*'; so it is optimal to set ;%' = 0. For

t =3,...,T, the derivative of AC with respect to 6/, is proportional to

=6, P(1—651) (-0,  (1-6,)(1—65)

The seller can increase 0/, by reducing 7! ". Holding everything else constant, increasing
6, has two effects. First, it reduces the gap in the conditional probability of reaching
history t between the two types, which is captured by the first term. Second, a higher
6! makes the stage-experiment e!™" less informative and the stage-experiment e! more
informative, thus reducing p!~" and raising p{, as captured by the second and third terms.
Setting this derivative to O gives rise to a second-order difference equation,

(051 —6,)1—0,")—(0;—6,)(1—-6;)=0,
with boundary conditions 62 and 6,*' = 0. The explicit solution is

T—t+1

6, =(6)):=1-(1-62)7r,
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for t =2,...,T + 1. This suggests that the entire belief sequence is uniquely determined
once we pin down 6. Define

T t(p2 t(n2 t+10 92
(0 =" (6;))(*(6;) =™ (6))
G(62;6,) = — H 1 e 7)
O 0= 5 2 G @D - ) (
Then the payment gap (6) can be written as

The problem of selecting 91_2[ is qualitatively different from that of selecting other beliefs
because the solution also needs to satisfy (IIR-2L).® To proceed, let

(07— (02 (07) =4 1(67))
2 929H = QZ;QH _92 1 i H H H H
AC( I e ) (P( H ) H)TCod GI—ZI; (1_¢t(913))(1_,¢t+1(91_21)) i|

denote the payment gap in the continuation mechanism at stage 2 after the high type’s be-

lief has become 6. Since the continuation mechanism is fully informative by Proposition
1, (IIR-2L) can be written as

VI(p(60%;64))—VI(62)+ AC*(6%;6) = 0. 9
Let 0 be the value of 91_21 for which (9) holds with equality; and if (9) holds for all 9§ < 0y
let 07 = 0. Also let 0, = argmaxyz G1(67; Oy).

Lemma 7. Maximizing AC subject to (IIR-2L) requires setting 62 = min{6:, 0:*}, where
0 =1—-(1- OH)$ and 0; € (0, 0) is uniquely defined.

Define

G; := Gr(min{67, 077}; 6y).

T> T
Since I,, = m}. under an optimal experiment sequence E;, using equations (4) and (8),
Oaq od p p q L g¢eq

the high type’s information rent is minimized at
AVI—AC = (6, —06)(B — G;)Tcéd —(v(6y)— By ).

When AVI—AC <0 at n(l) 4 = 1, there is no tradeoff between minimizing the information
rent and maximizing the value of E;. Otherwise, raising rj, would increase VI(6;;E,) to
the low type and increase the information rent to the high type; the seller’s revenue in this
case is linear in 7'5(1) ; and the tradeoff depends the magnitude of q relative to 1—q. We thus
arrive at the following characterization of an optimal mechanism.

8This problem arises only at t = 2 because (IIR-2L) implies (IIR-tL) for t > 3, as will be shown.
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Proposition 2. In an optimal binary mechanism, the high type is offered the static fully
informative experiment. The low type is offered experiment sequence E;, which would induce

beliefs {6, tT;’zl on the high type upon t — 1 consecutive down signals, with

62 =min{0;,6:), 0.=1—(1—02)TT att=2,...,T+1.

Moreover,

1. If v(0y)—Oya = (0, — 6,)(B —G}), then néd = 1. Experiment E, is fully informative,
and there is full surplus extraction.
2. If v(0y) — Oya < (0, — 0y)(B — G7.), there are two cases.
(@ If(1—q)(1—6,)B = q(6,—6y)(B —G}), then my, = 1. Experiment E, is fully
informative, but the high type retains some positive surplus.
(b) If(1—q)(1—-06,)B <q(6, —6y)(f —G7), then

7_['_1 — V(GH)_QHa )
" (6,~ 0,)(B—G7)

Experiment E; is imperfect, and neither type obtains positive surplus.

The values of i}, and 62 described in Proposition 2 together determine 7] , which in
turn pin down the high type’s belief upon observing an up signal in experiment e;. This
belief is equal to 1 if ﬂé 4 = 1, or strictly less than 1 if 7'5(1) 4 < 1. The belief upon observing
an up signal in experiment e; at t = 2,...,T is equal to 1, as implied by Proposition 1.
Propositions 1 and 2 therefore provide a complete characterization of the beliefs induced

by the optimal experiment sequence.

Proposition 2 is obtained by utilizing all the previously established results to reduce the
objective function of problem (3) into a function of né ; only, and then maximizing over
n(l) 4+ We complete the proof by showing that the mechanism so derived satisfies (IIR-t1)
fori =L,H atall t =2,...,T. Finally, it is clear that (IC-L) holds, because the low type
has no incentive to choose M;; under Assumption 1.

Although our model setting considers T > 2, Proposition 2 formally applies to static
mechanisms with T = 1 as well. The payment gap is equal to 0 in the static case, which
implies that G} = 0. For G] = 0, Cases 2(a) and 2(b) of the proposition correspond to
the optimal static mechanism described in Bergemann et al. (2018), while Case 1 never
obtains. This suggests that full surplus extraction is infeasible if mechanisms are restricted
to be static.
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Figure 2. The parameter space is divided into three regions according to Proposition 3.

4. Discussion

4.1. Full surplus extraction and the gains from a dynamic mechanism

While Proposition 2 establishes a necessary and sufficient condition for an optimal (binary)
mechanism, it involves an endogenous object G and is not stated in terms of model prim-
itives. Here, we provide a characterization of the condition for which each of the three
cases in Proposition 2 obtains. A key parameter in this regard is 6, which measures the
dispersion in initial beliefs for a given 0, .

Proposition 3. For any T > 2, there is a unique 9; € (0,0) and a unique Q;T € [9;, 0,)
such that (i) if 8y < 9;, Case 1 of Proposition 2 obtains; (i) if 6 € (9;, Q'T'L"L), Case 2(b)
obtains; and (iii) if 6y > 9?—, Case 2(a) obtains. Moreover; 9; decreases in 0y,.

Figure 2 illustrates Proposition 3. For a given 6, > o, Assumption 1 requires 6, €
(6,60,). Figure 2 shows that the region where full surplus extraction obtains (i.e., 65 €
0, 9;]) is always nonempty for any given 6,. Full surplus extraction is possible when
there is a large dispersion in initial beliefs—6,, is sufficiently far from 6, —because a larger
dispersion leads to a larger payment gap. Indeed, in the case of congruent beliefs (i.e.,
0, > 0, > o), the seller cannot extract full surplus.

Even if full surplus extraction is not feasible for some T, it is straightforward to show
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that the seller can increase her revenue by introducing a dynamic mechanism with one
more stage, as long as there still remains surplus to be extracted from trade. Since no static
mechanisms can achieve full surplus extraction, this fact implies that adding a second stage

to a static mechanism is always strictly beneficial for the seller.

Proposition 4. The seller strictly benefits from having an additional stage unless the mecha-
nism has already achieved full surplus extraction. Moreover, GT' strictly increases in T.

Proof. Fix an optimal mechanism for some T. If there is an additional stage, we can add

6/, — ¢ to the belief sequence, where £ > 0 is some arbitrarily small number that satisfies
1 _ . . . .

0/, > 6/ —e> 6, for some t =2,...,T. This operation raises the payment gap if

(6n = 0;)(6, =6 +) (64— 6 +)(6;— 6" —¢) (6= 6,0 — 6™
(1—05)(1—05 +¢) (1— 05 +&)(1—051) (1—65)(1—057)

This condition reduces to (6, — 6/;"" —¢)e > 0, which holds with our choice of .

This argument also shows that G} increases in T. Since GT' is determined by the con-
dition that v(6y) — 6ya— (6, — 6,)( — G;) = 0, and the left-hand side of this equation is
decreasing in 8y, it follows that 9; increases in T. |

4.2. Properties of optimal stage prices and stage experiments

Our characterization of optimal dynamic mechanisms has some interesting implications
for the structure of the stage prices and stage experiments. In particular, observe that the
stage-1 price p; in the optimal price schedule P; satisfies

Py = C(6,: M) — $1(d)C(6% M?) 2 VI(B,:E) — pL(AIVIO) = VI(6y;¢}) = 0. (10)

This implies that p, = 0 if and only if the following conditions hold: (i) (IIR-2L) binds (so
that the first inequality becomes an equality); and (ii) the value of the first-stage experi-
ment ei to the low type is O (so that the second inequality becomes an equality).

In an online appendix to their paper, Bergemann et al. (2018) consider a two-stage
mechanism with congruent beliefs and show that it can improve the seller’s revenue by
means of an example. The example they construct has two properties: (i) the stage-
1 experiment is provided for free; and (ii) the stage-1 experiment yields a down sig-
nal that equates the values of information for the two types, i.e., 91_21 satisfies GI_ZIa =
(1—p(62;64))B. Equation (10) shows that the seller can charge a positive price for the
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stage-1 experiment whenever (IIR-2L) is slack. Moreover, Lemma 7 shows that the choice
of 62 in their example is not always optimal, as maximizing the payment gap subject to
(IIR-2L) requires setting 6 = min{6, 0:*}.°

Proposition 5. In an optimal binary mechanism, (i) the prices are constant over stages, i.e.,

t+1 t+1

p, " =p;att=2,...,T—1; and (ii) the stage-experiment e; " is more Blackwell-informative

than the stage-experiment e; at t =2,...,T —1.

Proof. Lemma 6 requires each stage price to be equal to the value of the stage experiment.

Therefore,
Gt _ 9t+1
t _ Nt .t _ H H
p,=0,m,a= 1— 05

Using the explicit formula, 9;1 =1—(1— 95)% fort=2,...,T, we obtain
1
pL=[1-(1-67]a,

which is independent of ¢.

Recall also that ng g=1latallt =2,...,T. Given this, the experiment ei” is more
Blackwell-informative than e; if
t+1 t+2 t t+1
i+l — QH B GH > QH B QH — ot
u 1 2 1y - Tl
u 0, '(1-6,°) 6,(1—65") u
Since p! is constant, this condition reduces to 6, > 6. |

A remarkable feature of the optimal mechanism is that the seller offers a constant price
across stages. Since the price charged at each stage is simply the value of the stage experi-
ment, this alternatively implies that the optimal belief sequence is the one that equates the
values of the stage experiments across stages. Observe that the buyer gains more informa-
tion, and hence the demand for information declines, as he observes more and more down
signals over stages. The fact that the price remains constant then implies that the seller
must provide more precise information at later stages, giving rise to the second statement

that experiments become progressively more informative in the sense of Blackwell.

?Choosing 67, satisfying 67 a = (1 — p(63; 6,))P is optimal if T = 2 and (IIR-2L) is binding.
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4.3. Divergence in beliefs and surplus extraction

Horner and Skrzypacz (2016) consider a persuasion game between an informed seller and
an uninformed buyer and show that the seller, with no commitment power, can improve
her revenue by disclosing information gradually over time. While we consider a totally
different economic problem—a mechanism-design problem in which an uninformed seller
screens partially informed buyers—there is an important commonality regarding the way
surplus extraction occurs along a dynamic dimension. In the context where some con-
cerned parties have private information, they necessarily hold different expectations about
how the belief evolves even when they face the same information-generating process. Our
analysis reveals that a party who controls the flow of information can extract more surplus
by leveraging this divergence in beliefs.

In Horner and Skrzypacz (2016), the party who controls the flow of information is the
(informed) competent type, as the incompetent type can only mimic the competent type in
equilibrium. At any point, the buyer’s willingness to pay is bounded by his current belief,
which is always below the competent type’s valuation. As a consequence, the competent
type can never appropriate the full value of her private information. However, since the
competent type knows that she is more likely to pass any given pass-or-fail test than the
uninformed buyer, there emerges a divergence in perceived payments between the two
parties. This divergence allows the competent type to benefit from deferring payments, by
withholding some information for later rounds.

In our setting, it is the seller who has full control over the flow of information. Given
the same experiment sequence, the high type expects to reach the next round (by ob-
serving a down signal) with higher probability than the low type. Consequently, when
payments are back-loaded, the expected payment is always higher for the high type than
for the low type. This discourages the high type from mimicking the low type, thereby re-
ducing the high type’s information rent without distorting the quality of information and
even enabling the seller to extract full surplus under some conditions. Moreover, since
this channel can substitute for the conventional channel of quality distortion, the optimal
dynamic mechanism in general entails less quality distortion than the optimal static mech-
anism: whenever the optimal dynamic mechanism provides imperfect information, the
optimal static mechanism necessarily does so as well.

This perspective also sheds light on the direction of information disclosure. Our analysis
shows that the deciding factor is whether the high type—the one with greater demand for
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information—has a higher or lower initial belief than the low type. We consider a setting
in which the high type holds a lower initial belief. In this case, the optimal mechanism
gradually collects payments after down signals until the belief reaches 0. If we instead
consider a setting in which, contrary to Assumption 1, VI(6y) > VI(6,) and 6, > 0,, then
the direction reverses: the mechanism gradually collects payments after up signals until
the belief reaches 1.

4.4. Infinite horizon

We have thus far taken the number of stages T as exogenously given. As the mechanism
necessarily becomes more complicated as T increases, one can interpret this as the max-
imum complexity of mechanisms that the seller can offer. Proposition 4 shows that the
seller benefits strictly from increasing the number of stages, as long as full surplus extrac-
tion is not yet achieved. It is useful to consider the limiting case as the number of stages
goes to infinity, in order to obtain a theoretical upper bound of what the seller can achieve
in our environment. Equivalently, one may also think of the limiting case as a model with

fixed horizon, where the seller can provide experiments in continuous time.

When T is infinitely large, the seller can provide information by an infinitesimally small
margin, implying 6/, — 6/*' — 0 for all t > 2, while 67 may still be bounded away from
0. Observe that from equation (7),

T
. a .. 1 1
Goo (0773 ) = lim Gr(67;6;) = o~ lim. > (0 — 913)(1 ot 1o 9t+1)’
H t=2 H o

with 0}, = 1/)%9;) for t > 2. Let 64(s) be the continuous limit of the belief sequence with
0,(0) = 62 and 6;;(1) = 0. In the limit, we obtain

— (6, +1In(1— 62)).
Oy

Goo(673; 0) = - f(G (s)— 9H)d1_ )

For the next result, define 6 € (0, o) and 0* such that they satisfy:

(1-6MB—6"a—(6,—0")(B—Geo(6";6M) =0, (11)
(1—09)B—0"a—(p(0%;6y) —0*)(B—Goo(6%;67)) = 0. (12)

Note that the value of 6* depends on 6, while the value of 8" does not.
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Proposition 6. As the number of stages grows,

) 0, if6,<0"
lim 0 =6', lim 6:*=6,, lim 6:=6*{ " 7O _.
T—o00 T—o00 T—o00 < 9H lfQH > Qr.

In a model where the seller can choose any finite number of stages, the optimal dynamic
mechanism extracts full surplus if and only if 6;; < 6.

When 0, > 6, no mechanisms can achieve full surplus extraction, no matter how
complicated they can be. In this case, in the limit, the belief jumps down to 6* after a
down signal at stage 1 and then continuously declines over stages after that. Otherwise,
full surplus extraction is feasible, and the belief continuously declines from the beginning
with no discrete jump. We can therefore conclude that 6;; and 91_21 are bounded away from
each other if and only if full surplus extraction is not feasible.

Since 9; increases monotonically with T and reaches a limit of 67, there exists T’
sufficiently large such that 6, < 9;, for any 6, < 7. By Proposition 3, the seller can
extract full surplus by choosing a finite dynamic mechanism with T’ stages.

4.5. General value function

Although we develop the full characterization of optimal dynamic mechanisms under a
setting with binary actions in binary states, the main insights of our model extend more
broadly. To show this, we now consider the case where v(+) is an arbitrary convex value
function. This extension allows for a general (finite or infinite) action space of the buyer
in a binary state model.

With arbitrary value functions, even the optimal static mechanism is difficult to charac-
terize as the optimal experiment may be more complex than a binary experiment. Hagh-
panah and Siegel (2025) make some progress in studying static screening problems where
the single-crossing property need not hold, but extending their method to dynamic mech-
anisms is still an intractable open problem. In this section, we confine ourselves to making

two observations.

Proposition 7. For any convex value function v(-) and any T > 2, (i) there exists 9; >0
such that full surplus extraction is feasible if 8 < 9;; and (ii) an optimal mechanism with T
stages yields strictly higher revenue than one with T — 1 stages unless the latter has already
achieved full surplus extraction.
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Proof. (i) Observe that a necessary and sufficient condition for full surplus extraction is
VI(Oy)—VI(6,) < AC(My).

As 6y approaches 6 from above, the left-hand side converges to 0 while the right-hand
side is bounded away from 0. To see the latter, consider a two-stage binary mechanism in
which a down signal d in the initial stage leads to a belief 62 € (0, 8). The seller charges
p: =VI(67) = 62v(1) + (1 — 62)v(0) — v(67) > O for the fully informative experiment
at the second stage after a down signal. Since 7(d|w,) — (d|w,) > 0 by definition the
payment gap is

AC(M) = (6, — 0y)(n(d|wo) — 7'C(d|¢')1))P§,

which is positive and bounded away from 0. This proves that full surplus extraction is
feasible if 6, is sufficiently close to 6.

(ii) Fix an optimal mechanism with T — 1 stages. Pick some history h € #_,. Let
el = (S", ") be the experiment offered at this history with S" = {s,...,sy}, where s, is
the signal that leads to the smallest belief. This means that "(s;|w,) > 7"(s;|w;). We
now construct a T-stage mechanism which is identical to the original mechanism except
at history h. Specifically, at this history, the continuation experiment sequence E" consists
of two stages. The seller first offers an experiment é! = (S", #') such that, for j =0, 1,

h .
. em'(slw;)+1—¢ ifs=s
Alslo)=41 |
em'(s|w;) if s #sq,
for some ¢ € (0,1). At stage T, if the history is hs,, the seller offers another experiment
&2 = (8", %) such that
ﬁ:l(sile)nh(sle) ifs=s,

ﬁz(sle) = . . '
frl(slle)(]' _8)7-5 (S|Ct)j) if s 7581;

and if the history at stage T is hs with s # s;, the seller offers no further experiment at no
cost. This mechanism ensures that " induces the same distribution of final beliefs as that
induced by e".

It is clear that even in the case of general value functions, the IIR constraints must bind
for at least one type at every history, as shown in the proof of Lemma 6. Suppose the IIR
constraint at this history h binds for type i. Then we have p" = VI(6/;e") in the original
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mechanism. After adding another stage to the original mechanism, the seller continues to
bind (IIR-hi) by setting

P+ (eqli(s) +1—e)pyt = VIO E) = VIO e") = pl. (13)
This T-stage mechanism yields a higher payment gap if
(rs =B} + (12 (alwo) = v} (sale0)) B > (v = 1}p]
Substituting (13), this condition becomes

(rh ' (s1lwo) = Yi 2 (1)) B > (rh—v0) (ed(s)) + 1—¢) by,

which further simplifies to

Yﬁﬂh(sl |ewo) — Y}{“h(51|w1) > ¢?(51)(Y8 - Y}ll)

The last condition holds because 7" (s;|w,) > ¢/(s;) > 7"(s|ew,; ). This shows that adding
one more stage to a mechanism with T —1 stages strictly increases the size of the payment
gap and hence relaxes the high type’s IC constraint. The seller can strictly increase her
revenue by either improving the informativeness of E; and raising p,, or increasing py if
E; is fully informative. ]

5. Conclusion

When a data seller can offer a menu of contracts where each contract consists of a se-
quence of experiments with an associated sequential payment schedule, she can obtain an
expected revenue strictly higher than what she could get if each contract were restricted to
one experiment at a single price. Our example in the introduction shows that a mechanism
involving two-stage experiments can lead to a nontrivial increase in revenue compared to
the optimal static mechanism. In this paper, we fully characterize the form of the optimal
experiment sequence and payment schedule. We show that if the initial beliefs of the two
buyers types are sufficiently far apart, a properly designed dynamic mechanism may allow
the seller to fully extract the buyer’s surplus despite the presence of private information.
When full surplus extraction is not feasible, lengthening the experiment sequence and
backloading the payments always leads to a strict revenue gain. Moreover, these insights
remain valid in binary state models with general value functions.
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It is worth pointing out that the source of the revenue gain does not directly come from
a richer space of feasible experiments. Any experiment sequence can be reduced to a one-
shot experiment, in the sense that they induce the same distribution of final actions in each
state. Our expanded contract space delivers a higher payoff to the seller because selling
experiments sequentially allows payments to be contingent on whether the experiment
sequence will continue or not. To the extent that different types of buyers attach different
probabilities that the experiment sequence will continue, this drives a wedge between their
expected costs of the same payment schedule. A mechanism that maximizes this payment
gap provides an additional instrument (beyond distorting the quality or quantity of the
good being sold) to relax the incentive compatibility constraint, leading to a higher payoff
than what is achievable in an optimal static mechanism. Moreover, the optimal extent of
the screening distortion becomes weakly smaller when the mechanism induces a positive
payment gap.

Taking this perspective further afield, consider an environment in which a buyer’s valu-
ation for a durable good is u(x, 0), where x stands for the degree of durability of the good
and 6 denotes buyer type—buyers with higher values of 6 are more patient. A standard
model would analyze how the seller can vary x to optimally screen buyers, presumably
providing less patient types a less durable product so as to reduce the information rent
of more patient types. A moment’s reflection would suggest that these different types of
buyers may have different preferences over the timing of transfers as well. A less patient
buyer, for example, may have stronger preferences for delayed payments compared to
more patient types. If this is the case, then offering different payment schedules (payment
by installments, or charges for post-sale services, for instance) can potentially serve as an
additional screening device to separate different types of buyers. It is therefore theoreti-
cally possible that the seller may be able to do strictly better if she can offer a richer set of
contracts, in which transfers are not constrained to be paid immediately in a lump sum. Re-
examining optimal mechanism design for this and other related screening problems under
this light can be a fruitful area of further research.
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Appendix

Proof of Lemma 1. (i) We first show that it is without loss of generality to restrict atten-
tion to mechanisms (M;, M) such that C(6,; M;) = C(6;; M;) for i’ # i. Suppose to the
contrary that M; = (E;,P;) and C(6,; M;) < C(6;;M;). Then replacing M; with a static
contract (é;, p;) and keeping M, unchanged, where é; satisfies VI(6;;¢;) = VI(6;; E;) and
p; = C(6;; M), would relax (IC-i") without violating the other constraints.

Next, we show that the fully informative experiment must be part of an optimal mech-
anism. Suppose to the contrary that both E;; and E; are imperfect. Without loss of gen-
erality, also let C(6;; M;) > C(6;,; M;/). Then, the seller can modify E; by replacing all the
terminal-stage experiments with fully informative ones and raising the stage-1 price p; by a
positive amount &, while keeping all other stage prices and stage experiments unchanged.
Let M, = (E;, P,) denote the modified mechanism. For ¢ small enough, this modification
will raise revenue from type i without violating (IC-i) or (IR-i). The revenue from type i’
is unchanged if (IC-i") still holds. If (IC-i") fails under the modification, the revenue from
type i’ is

C(0,5 M) = C(6;; M) + & > C(6;; M) = C(6,; M,).

Thus, this modification would raise the seller’s revenue.

The above argument shows that at least one type must purchase the fully informative
experiment. Suppose that E; is fully informative but Ej; is imperfect. Then, the price
that can be charged to the low type is at most VI(6,). Therefore, (IC-H) implies that the
expected total payment for the high type must be smaller than VI(6,). If this is the case,
however, the seller can increase her revenue by assigning the fully informative experiment
to the high type as well, resulting in a contradiction.

(ii) Clearly, at least one of (IR-L) and (IR-H) must bind. Suppose that (IR-H) binds
but (IR-L) does not. Since the high type purchases the fully informative experiment, the
seller charges VI(6y) to the high type. Then, (IC-L) is given by

VI(O,;E)—C(0,;M,)=VI(0,)—VI(Oy).

The right-hand side of this inequality is strictly negative by Assumption 1. Thus, the seller
can raise revenue without violating any constraint by raising, say, the stage-1 price p; .

(iii) If neither (IC-H) nor (IR-H) binds, then the seller could obviously raise revenue
by charging more to the high type. |

30



Proof of Lemma 2. Define # := {h € 7 : C(6!'; M) > VI(6!; EM} as the set of histories
at which (IIR-hH) is violated. Towards a contradiction, we consider a mechanism M; =
(E,,P;) in which # is nonempty, and construct a modified mechanism that is weakly

better. There are two cases.

Case 1: E; is not fully informative. Consider a modified contract M, = (£,,P,) in
which £ is fully informative with probability £ and the same as E; with probability 1—¢,
where ¢ is some arbitrarily small positive number. This modification increases the value
of information for the low type by

VI(O,;E)—VI(6,;E) = (VI(6,)—VI(6;;E,)) > 0.

We then set p, = p; +VI(0,; E,)—VI(6,; E,) while keeping everything else unchanged. If
(IC-H) is slack, this modification strictly raises the low type’s payment while still satisfying
(IC-H). Now suppose (IC-H) binds, in which case the change in the high type’s information
rent is

e(VI(0y) — VI(Oy; EL)) — e(VI(6,) — VI(O;; EpL)). (14)

If (14) is weakly negative, then (IC-H) still holds. If (14) is strictly positive, we can increase
D, by this amount and reduce f)i‘ at some h € # in a way to keep C(6,; M,) unchanged.
This modification raises the low type’s expected payment without raising the high type’s
information rent.

Case 2: E, is fully informative. If (IR-H) is slack, we set p;, = p; + ¢ and reduce lA’Z at
some h € # in a way to keep C(6;;M,) unchanged. This modification raises C(6y;E;)
and strictly reduces the high type’s information rent, which is a strict improvement. If
(IR-H) binds, the seller extracts full surplus and cannot reduce the high type’s information
rent any further. In this case, we consider an alternative mechanism that extracts full
surplus while satisfying (IIR-hH) at all h € #. Specifically, construct a modified contract
M, = (E;,P,) by: (i) reducing p" to satisfy VI(0!) = C(6!;M,) at all h € s, while
keeping p" = p" at all h € s\ ; and (i) raising p, to satisfy C(6,;M,) = C(6,; M,).
Note that the expected continuation net payoff for the high type at any h € 5 is 0 in
the original mechanism, while it changes to VI(0!) — C(6; M") after the modification,
which is also 0 by construction. Therefore, this modification does not affect the high type’s
information rent, meaning that the modified mechanism continues to achieve full surplus
extraction while satisfying (IIR-hH) at all h € 7. [ ]

Claim 1. In an optimal mechanism, p’L“ = 0 for any history h € 5, U 7 followed by an up
signal s € Sh.
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Proof. Suppose to the contrary that pzs > 0. The seller can reduce p’L“ by & > 0 and raise
pl by (y2/yl)e. From equation (5), this operation raises the payment gap if
Yhs
e—rD—re= (5 —1e,
Yo
which is true because the likelihood ratios satisfy }f’lw / ygs > Y}{ / Yg for any up signal s.
Observe also that this operation changes the expected payment for type i at history h by

hs hs hs
Y—Ohs — [eﬁsy—lh +(1- efS)Y—‘;] £ <0.
Yo Y

1 0
Thus, (IIR-hi) will be satisfied for both types. n

Proof of Lemma 4. By Claim 1, the seller does not charge a positive price at any history
ending with an up signal. Eliminating such a history will not affect the seller’s revenue or
the payment gap. Specifically, suppose that history hu is not a terminal history and u € S"
is an up signal. Let {91.’”*5/ }vesn De the set of possible beliefs at the next stage following hu in
the original experiment sequence E,. We may modify the experiment sequence E; to E; in
such a way that at history h, we eliminate the up history hu by setting " (u|w ;) =0forj=
0,1 (and keeping A"(s|w ;) unchanged for each s € S", s # u). We allocate this probability
by adding signals s in the set S™ to the set $" and setting #"(s'|w;) = " (u|w ;)" (s'|w;)
for each s’ € S™. At any history hs’ introduced by this modification, the seller offers
an uninformative experiment at stage t at zero price. This modification would eliminate
history hu without altering the seller’s revenue or the payment gap. Figure 3 graphically
illustrates how we can construct such an equivalent mechanism. This argument shows that
it is without loss of generality to assume that any history hu is a terminal history if u is an
up signal. Furthermore, if the action chosen at such terminal history hu is a,, this would
imply that a, occurs with positive probability in state w,, in contradiction to Lemma 3. =

Claim 2. At any history hs where s is a down signal, 91’2[5 <o.

Proof. Suppose M; = (E,,P;) is an optimal mechanism that would induce Oﬁs > o at
history hs where s is a down signal. This implies Gfs > 0. We can construct a modified
contract M, = (E,, P,) that strictly raises the seller’s revenue. The modified contract splits
0" into O and 0", with 61" < O < 0", Specifically, we choose 7% such that

~hs™ __ , hs ~hs™ __ , hs ~hst ~hst
Yi =Y1 =& Yo TVYor Y1 TE& Yy =0.
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A c
t=2 ¢ 0
t=3 ¢ 0 &
t=4 & ) & 5
0 0, 1 0 0, 1

Figure 3. An equivalent mechanism. In the left panel, the node A at t = 2 is a history followed by an
up signal but is not a terminal history. We can eliminate A and bring beliefs B and C to B’ and C’,
respectively, to t = 2 to construct an equivalent mechanism, as depicted in the right panel.

For ¢ positive and sufficiently small, we have 0/~ € (o, 6*) and 6" =1 for both i = L, H.
Following hs™, we consider the same signal space, i.e., Shs™ = ghs = {s1,...,8y,u}, where
u stands for an up signal. We choose

P = yhs" for all s € S™,

~hs™s' __, hss’ ’r_ ~hsTu __ , hsu
770 =y fors'=s,..., 8y, 7 Y =r] —e.

If the state is w;, this modification will move some probability mass from the history hsu
to the new history hs*. By Lemma 4, both histories are terminal histories that result in
the same action a;, and therefore the distribution of final actions in each state remains
unaffected. Hence, at any history preceding (and including) hs, the gross payoff from
the modified experiment sequence is the same as that from the original sequence for both
types of buyer.

If the seller charges the same price at history hs™ in the modified contract, i.e., ﬁ’L“_ =
p’ZS, then the payment gap will widen, because

shs™ _ phs™\ahs™ _ (. h h h h hs\
(fo =77 )by =g =i+, > vy =Py -

Since a larger payment gap leads to a strict improvement in revenue, this would imply

that the original mechanism cannot be optimal, unless setting f)zsf = pzs is infeasible.

Therefore, it suffices to show that VI(0/ ;") > VI(6/*;EF), so that the seller can
charge the same price at hs~ without violating the IIR constraints at hs™.
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By construction, the modified contract splits 6/ into 0" and 6/*" = 1, without chang-
ing the gross payoff from the experiment. Therefore,

E[v(6)1 6/, E] = (1- $ (V) E[v(6) | 6/, B ]+ $r1)v(D),

where qglh(l) is type i’s probability assessment at history h that the belief will be split to

é?l.hS+ = 1. From this, we obtain

(R[v@) 162, B ]—v(02) — (E[v(8) | 0, E*]—v(6))

= $M) (E[v(B) | 6, EE ] —v(0")) +v(67) — (1 — (1)) v(8 ) — p1(1)v(1)
> v(0") —(1— (1)) (0" ) — Pr(LIv(D).

Recall that we assume o < Qihs_ < Gihs < 1. Since the beliefs 91.’”_ and 1 are a mean-
preserving spread of 6, and v(-) is affine on [o, 1], the last expression is equal to 0. This
shows that VI(0 ; E"") > vI(0/*; E™) for i = L,H. Thus, the modified mechanism is
feasible and strictly improves on the original mechanism, which is a contradiction. |

Proof of Lemma 5. By Claim 2, 91’;5 < o whenever s is a down signal. Toward a contradic-
tion, suppose hs is a terminal history with 9}}5 > 0. Then the high type would choose action
a, at hs. Note that 9}}5 > 0 implies that history hs is reached with positive probability in
state w,. This contradicts I';,, = O established in Lemma 3. |

Proof of Lemma 6. (i) We first show that at every history, at least one of the IIR constraints
must bind. Suppose to the contrary that there is some h following a predecessor history
h’, such that the (IIR-hi) is slack for both i = L,H. By Lemma 4, it is without loss of
generality to assume that Gih/ > Oih and pzl > 0, for otherwise (IR-L) would be slack,
leading to a contradiction. We can then lower p! by (y"/y"')e and raise p" by . The
change in the expected payment for type i at h’ is

h h h h h
_Y—}?ls + |:9th Y;, +(1— Qih/)}/—;l),] €= Gl.h/ ( Y}}, — Y—}?,) £<0,
Yo

1 0 Yl Yo

because Gl.h/ > 0. This ensures that (IIR-h'1) still holds for both types. On the other hand,
the change in the payment gap is proportional to

h

’ ’ Y
—(rh —r’{)y,?, +(yo—7M)>o0.
0

This operation is thus a strict improvement over the original mechanism.
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Given that at least one of the IIR constraints must bind at each history, to establish part
(1), it suffices to rule out the possibility that (IIR-h’L) binds and (IIR-h’H) is slack at some
history h’. Suppose such a h’ exists. There are two possibilities.

Case 1: 95/ > 0. In this case, we can construct a modified contract M, = (E,,P,) in
the same manner as is described in the proof of Claim 2. The modified contract would
split the belief 6! into 6/ and 6/ = 1, leading to a larger payment gap than the original
contract M; = (E;, P,) without affecting the gross payoff from the experiment. Moreover,
the proof of Claim 2 shows that

VIO EM ) —vI(OM;EM) = v(6M) — (1— M (1)) v(6! ) — ¥ (1)v(1).

i 2L i >7L

For i = L, we can choose 957 sufficiently close to 95/ such that 95/ > 957 > o. Since
v(+) is affine on [0, 1], the right-hand side of the inequality is equal to 0. Therefore,
VIO ;E") > VI(OF; EF'), and we can set the same price, pi = p, without violating
(IIR-h"L). For i = H, VI(O! ; EM") will be arbitrarily close to VI(6!'; E¥) for 6" close
to 9;‘1/. Therefore, if (IIR-h’H) holds with slack, (IIR-h~H) will hold by maintaining the
same price f)’Lf = pf. This shows that the modified mechanism is feasible and increases

the seller’s revenue, which is a contradiction.

Case 2: 0" < o. This case implies v(0) = (1 — 0")B and v(61) = (1—61")B. Let
Fglo be the probability of choosing a, in state w, at history h’. It follows from equation (4)
that

AVI(E,) =—(6; —6;)(1 Ty, )B <O.
On the other hand, Claim 1 implies that the payment gap must satisfy AC(M;) = 0. These
two conditions contradict the premise that (IIR-h’L) binds while (IIR-h’H) is slack.

(ii) Consider a history h € 7 followed by signal s € S". Part (i) of this lemma shows
that C(6;; M[*) = VI(6/*; E™) for all 5. From this, we obtain

H> L

D IhE)IC(O8; ME) = G (sIVI(O); B

sesh sesh
= > ohs) (E[v(G) | 68 EF]—v(61)),
sesh
= VI(6; ED +v(6) = > | ¢l (s)v(68),

sesh

where the second equality follows from (1), and the third follows from the recursion (2).
The left-hand side of the above equation plus the stage price p! is equal to C(6; M!).
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Using the fact that C(6!'; M) = VI(6}; E!), we obtain

H> L

= DTGl (sv(B1) —v(6]) = VI8 el). .
sesh
Claim 3. For any terminal history h € #, ending with an up signal at stage t > 3, Qih =1
fori=1L,H.

Proof. Consider some history h € 5 with S" = {s,...,sy,u}, where we generically denote

an up signal by u. Also let ™1 = {s],.. u’}. The (unconditional) payment gap over

R N/’
the two stages in this particular sequence of events (i.e., h followed by s;) is

N hs, hu
Y Y
(0, — 0x)(rg— 1Y) [(1 —6f) > 2 p+ egT;a —(1-6")B

n=1 0 1
N’ hsls hsiu’

S1 S1 S1 le S1
+(0,— 6:)(ro" —71") | (1 — 6y )Z 0y —a—(1- 0B |,
Yo

1

where we use p" = VI(0,e") and 6" < o for histories h’ = h, hs,, established in Lemma
6 and Claim 2. By Bayes’ rule, this is equal to

(6,—6,) §
HY1+(1— Ou)7y h( Yl |:(1_ H)ZYh ﬂ+0H fa—(1- H)Yoﬂ:|
( - H) 51 51 515, S1U 51 Sq
PR SRR )[(1—9H)Zrh B+ 0™ a— (1= 05" /3}
_ [, Plh|6,E] e 1 \h
- ]P)[hIGH,EL]}[QHYl @ == 0u'f]

IFD[hsl | QL:EL]] hsu’ hsu’
1———L 7L g Jhay 1
[ i 16, 57071 = A= 6rs B,

where P[h'|0,E] =6 y}ll/ +(1— 9))/2/ is the ex-ante probability under initial belief 6 that
experiment sequence E will yield history h’, for i’ = h, hs;.

hsiu’

Suppose for the sake of contradiction that y,* > 0 at stage t > 3. We consider a

modified contract which:

o decrease ygslu/ by ¢ and decrease yqslul by (72 /y2)e (this will increase the likelihood
ratio of history hs,u’ and raise p'*");

* increase yg“ by & and increase }/’{” by (}/}1“1 / ygsl)e (this will decrease the likelihood
ratio of history hu and lower p");
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« decrease Y by ¢ and decrease . by (v1" /72" )e (this will keep the likelihood ratio

of hs; unchanged and hence P[hs,|6,, E; ]/PLhs,|0y, E; ] will remain unchanged).

The marginal change in the payment gap from this modification is

(2l 1005 FO eL,EL]][Q e (1—6,)pe
H hSl H )
Yo

P[hs, | 6y4,E;] P[h| 6y, E;]

Because s, is a down signal, we have y}llsl / ygsl < yill/ Yg, which implies that the first term in

the above is negative. The second term in the above has the same sign as 9}}51 — 0, which
is also negative from Claim 2. Thus the modified contract strictly increases the payment
gap. This shows that we must have },g’ = 0 for any history h’ ending with an up signal at
stage t > 3, which in turn implies Qih/ =1 for both types i at such history. |

Proof of Proposition 1. Claim 3 shows that Qih = 1if h € 54,, ends with an up signal at
the final stage, while Lemma 5 shows that Qih = 0 if h € 4, ends with a down signal.
This implies that any stage-T experiment is fully informative and binary.

We next show that it is without loss of generality to assume that, in an optimal mecha-
nism, any experiment at stage t = 1,..., T—1 is binary. Suppose the original mechanism is
M, = (E,, P;), and there is some history h € 7, with e’Z = (8", h). Let S" = {s,,...,sy,u},
where s;,...,sy are multiple down signals and u is an up signal. Consider N alternative
mechanisms, M, = (E,,P,) for n = 1,...,N, where E, is identical to E, except that at
history h, the experiment ef is replaced by a binary experiment é, = ({d,, u,}, 7t,) where,
forj=0,1,

A 1,
nn(dn|wj) = A_ﬁ (5n|w]‘),
n
with

_ ﬂh(u|w1)ﬂh(5n|wo) — 7Th(5n|w1)7'fh(u|wo)

A

h(ule,) — 7 (ulwo)

. o . N . . .
Note that A, is positive and anl A, = 1. Moreover, by construction, the likelihood ra-
h
.-
, in the respective mechanisms.

tio of d,, under ¢, is the same as the likelihood ratio of s, under e'. These two signals

would induce the same posterior beliefs, i.e., éihd" = Gl.h n
Moreover, it can be verified that, for any n, the likelihood ratio u,, under é, is the same
as the likelihood ratio of u under ef; thus, the respective mechanisms also yield the same

posterior belief upon up signals, i.e., GAIT" = 91’3[“.
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The payment schedule P, is the same as P, except at history h, where we set

pr=vIei;e)= >, PhWBE)—v(})

s€{dy,uy}

= )Lind)g(sn)V(Ggsn) + |:]_ — %H¢Z(Sn)i| v(e[f_l[u) _ V(QI};)

Clearly, we have 3"_ A, p" = p". Let #"* be the set of histories that can be reached with
positive probability after history hs,. Then the payment gap induced by mechanism M, is

A / / / A 1 " A "
ACL)=(0,—6) | D, G =yl + (i —yhpi+ > ERIE D)

hes \{h},t<t h'esphsn ~

We therefore obtain

N
AC(M,) = > A, AC(,).

n=1
Let n* € argmax, AC(M,). Then we have AC(M,.) > AC(M,). Also, M. and the original
mechanism M, produce the same distribution of final actions in each state. Thus, replacing
M, by M. would enlarge the payment gap without altering the informativeness of the

experiment sequence.

Furthermore, if the original mechanism satisfies the IIR constraints, so does M,.. To
see this, it suffices to consider the IIR constraints at history h € 7. By construction, f)Z* is
chosen to bind (IIR-hH). For (IIR-hL), observe that the continuation experiment sequences
at history h under E; and E,. are both fully informative. Thus,

VIO E) = VIO E,). (15)

Applying (15) to i = H, and using the fact that (IIR-hH) binds for both the original and
modified mechanisms, we obtain

C(QE;M?) = C(QE;M:*).
Together with the fact that AC(M,.) > AC(M, ), this implies
C(Q?;Mf) > C(QE;M:*).

Since (15) also applies to i = L, the above inequality implies that if (IIR-hL) holds in M f,
it must hold in M T’I‘ This shows that M, is feasible, and therefore the original mechanism
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is not optimal. This completes the proof that it is without loss of generality to consider
binary mechanisms.

Part (i) of the proposition then follows because, in a binary experiment at stage 7 > 2,
Ty, < 1 would imply that an up history h’ at stage T+1 > 3 occurs with positive probability
in state w,. This contradicts Qih = 1 required by Claim 3. Part (ii) follows because 7] <1
would contradict I}, = 0 required by Lemma 3. |

Claim 4. Let

— (02 (65)—1(62))
2 9 H
Or(On) =gz 2 Z A9 O (G2)
where '(02) =1—(1— 92) ™. The functions Gy (defined in equation (7)) and G2 satisfy

the following properties:

() Forany 67 <o, G1(67; 95)2< f and G3(67) < B.
3G 9 ;0 9G7(6
(ii) T( ) < 1_19Ha and aTeggH) < 1_19}21 a.

Proof. (i) Using the formula for ¢ ‘(-), we obtain

WH(62) —¥7(62)
1—$71(6})

=1—(1—-62)™.
Thus,

Gr(603:0) =5 [1-(1=0)) TL]ZT]QH LG

=1 ¢(92
| >
a|1-(1-62)™
oA - 1/) 1—17(62)
gl
1—67
which is less than § for 67 < o. Similarly,
T 92 ’LIJ (92) 93
a
G2(62) = —2[1—(1— )]Z 1H ) <az—s <p.
H t= H



(ii) The derivative of G; is

aGT(Qfl;QH) GT( ;01) _Z ¢t(9§)_¢[+1(9}2})
90y Oy = (1 =41 (07))(1 —+1(67))
a ZT: Yi(075) —r(6;)

9H (1—2t(62))(1 —t+1(67))
a 02
T 0,1—-62

which is less than a/(1 — 0y) because 67 < 6. Similarly, by the envelope theorem,

8G%(9§) GZ(QZ a i (92)_¢t+1(9}2[) o 9[1_31 a
= —_— <_ < .
20j; 62 034 (1— (3N —ypI(62) 021—03 1-02

Proof of Lemma 7. We first establish the existence and uniqueness of 6 in (6, c). Define
J2(62; 6y) to be equal to the left-hand side of (9). If p(67; 6y) < o, then VI(p(67; 6)) >
VI (0;), and (IIR-2L) is slack. We thus only need to consider the case where P(91-21§ 0y)>o0o.
This implies that VI(p(67;6y)) = (1—p(67; 6;))B. Thus, we can write

J7(05505) = (1—0)B — 050 — (p(65; 0) — 0)(B — G(6))-

Since VI(0) = VI(6,) < VI(p(8;6y)), we have J2(8; 0) > 0. Note also that J2(o; 6) =
—(p(0;04)—0o)(B — G%(O‘)) < 0 by part (i) of Claim 4. This shows that there exists
07 € (0, 0) such that J%(G;; 0;) = 0. Moreover,

aJY% 2 2 zaG% 2
3oz =~ G100 + (P (03 0) — ) = 892(/5 GH(6;),

where 8G2/067 < a/(1—62) by part (ii) of Claim 4, and dp /36?2 > 0. Thus, J2(:; 0y) is
strictly decreasing. It follows that 6. is unique, and (IIR-2L) holds for all 62 €[6, 6;:].

The first-order condition for maximizing G(6; 6y) is
(0 — 05)(1—07) — (65 —°(67))(1 — 6,) = 0.

It can readily be verified that 67" =1—(1—6y) T solves the first-order condition. More-
over, the objective function is concave in 913[. Thus, the solution to the maximization prob-
lem subject to (IIR-2L) is 6" if 6;" < 67, or 6, otherwise. [
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Proof of Proposition 2. The first part of the proposition follows from Lemma 7, which pro-
vides a necessary condition for optimality for any given 7'5(1) 4+ Given the optimal choice of

{65} ), we may rewrite problem (3) as

max  qVI(0y)+(1—q)1—6,)Bmy,—q max {(6; — 0 )(B — G;)mo, — (V(6) — 6 x), 0} .

1
0d’

= 1. The seller needs to leave no information rent to the high type,

If v(0y)—0ya > (0, —0,)( —G}), the objective function is strictly increasing in 7, and

is maximized at 7,
and there is full surplus extraction. Otherwise, in Case 2(a), the objective function is still
increasing in 7t ;. Itis optimal to set 7t; , = 1, but the high type will get positive information
rent. In Case 2(b), the objective function is increasing on [0, 7t ] and decreasing on [#,1],
where
 v(6y)—6ya
T 0,6 —G})

It is optimal to set 7'5(1) 4 = ft and leave no information rent for the high type.

To complete the proof that this is the solution to problem (3), we need to show that
(IIR-ti) holds fori = L,H at all t = 2,...,T. The fact that (IIR-tH) binds at all stages t
is by construction, as the stage-prices {p;}/_, are chosen to satisfy Lemma 6. Moreover,
the optimal choice of 9; guarantees that (IIR-2L) is satisfied. We now argue that (IIR-2L)
implies (IIR-tL) at t > 2. To this end, observe that by Proposition 2, any continuation
experiment sequence must be fully informative. Since the payment gap is always positive,
and (IIR-3H) holds, (IIR-3L) can fail only when VI(6?) < VI(6}), or 67 > o. We also
have shown that o > 9;. Therefore, it suffices to prove the statement for OLZ >0)>0>
6% > 6;. For such values of 6> and 6,

(1_9L2)ﬂ'%d 7'5(2>d 2
= 62),
sqa gD

where ci)l.z(d) stands for the ex ante probability of obtaining a down signal in the stage

VI(6))=(1-6))p =

experiment e® by type i = L, H.
Next, consider the expected payment for the mechanism. The basic recursion is
C(67;M;) = p; + ¢7(d)C(8]; M}).

The expected payment for the high type also follows the same recursion, and from the fact
that (IIR-tH) binds at t = 2,3, we obtain

VI(02)=p?+ 2 (dVI(B}).

41



Thus,
PA(d)C(07; M) = C(03 M) —(02a— ¢2(d)03a) = C(0% M) — n2 VI(62).
This gives

P2 [ VIO ED—C(02;MP) | = n2 ,VI(02) — C(03; M?) + n2 VI(H?2)
>n? VI(0F)—(1—nl)VI(6)),

where the inequality comes from the fact that (IIR-2L) holds. Recall that we are con-
sidering the case of VI(6?) < VI(6}) with 62 > 6> > o > 62 > 6>. Since VI(-) is
increasing on [0, 0] and decreasing on [o, 1], this implies that VI(67) < VI(632). More-
over, m2 > 1—m?, because the likelihood ratio of an up signal is greater than 1. This shows
that the right-hand side of the displayed inequality is positive, and so (IIR-3L) holds. By
applying the same argument, we can show that (IIR-tL) holds at any t > 3 if (IIR-2L)
holds. This shows that (IIR-ti) holdsfori =L,H atallt=2,...,T.

Finally, we have ignored (IC-L) in the construction. But the low type’s payoff from
choosing M; is 0 due to (IR-L), while his payoff from choosing M would be VI(6,) —
VI(6,) < 0. This ensures that (IC-L) also holds. n

Proof of Proposition 3. Let G;.(0y) := Gr(min{67(6y), 0:°(6y)}; 6y), where we now ex-
plicitly write 67 and 67" as functions of 6. Define

jT(GH) =(1—=04)B—6ya—(6,—6,)(B — G;("(GH)):

so that Case 1 of Proposition 2 (full surplus extraction) is feasible if and only if J,(6;) > 0.
Moreover, define

jT(GH) =(1—6y)B—06ya—(6,—0,)(B— GT(Q;*(GH); O)).

Since 67 = 0:* would be optimal if there were no (IIR-2L), we generally have Jr(6) <
J7(0y). Define 9;: to be the value that satisfies J:T(OD = 0. Such a 9; € (0,0) exists
because J(8) > 0 and J, (o) < 0. Also, by the envelope theorem,

dJ s 3GT(9**§ GH)
d@:, =—a—Gr(0;50y)+ (0, — QH)—a QTH
1 - GH
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where the first inequality follows from Claim 4. It follows that J,(-) is strictly decreasing,
and thus 6. is unique.

Recall that J;(6y;) > 0 ensures full surplus extraction if 0, is indeed the optimal choice
satisfying (IIR-2L). To see this, note first that

VI(0H) =(1—-61)p = Q)
L

B.
Note also that

¢ (d)C(03 M) =C(0,;M,)—p, = C(0,;M,)—[C(Oy; M) — ¢}.(A)C(02; MD)]
= ¢ (dVI(02)—AC
= ¢,.(d)6}a—AC

It then follows from these that
PHAVIOH—COEMD) =nrl, [(1—6,)B—Oga+ (0, —0,)G(6;";6,)] = m} T r (6.

This shows that when jT(QH) > 0, (IIR-2L) must hold, and therefore 6;;* is optimal. In
other words, we have

=J(6y)>0 if6, <6
Jr(65) 3 =J,(04) =0 if 6, =06
<Jr(6y) <0 if 6, > 6.

Therefore, 9; is also the unique crossing point of J,(-). Furthermore, since J,(6y) de-
creases in 0, by the implicit function theorem, 9; decreases in 0.

When 6, > 9;, Case 2 of Proposition 2 obtains. If
- + 1—q
v(0;)—0,a>——=(1-6,)p,
q

then Case 2(a) never holds, and we define 9}” = QTr Otherwise, we define OTTT to be the
value of 6 that satisfies

(0, — 6,)(B —G;)—lq;q(l—eg/s o0, (16)
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Note that 5 0. 0
G **;
9G1(6;764) > if 0% < 6

i ) (aeeHe )dor  8G.(67:6,)
do, Gr(0;;60y)do; Gr(67; Oy .
+ >0 if6>0;,
20> do, 20, B =Y
The second part of the above follows because dG;/867 > 0 at any 6> < 0+*, and be-

cause d67/d6, > 0 (which follows from implicit differentiation of J2(6;; 6;) = 0). This
shows that the left-hand side of (16) is strictly decreasing in 6,, and hence 9? is unique.
Moreover, Case 2(a) obtains if 8, € (07, 6,7), while Case 2(b) obtains if 6, > 6. m

Proof of Proposition 6. Since 6, =1—(1— GH)$, it is clear that lim;_,, 67* = 6. The
limiting value 6* is the value of 67 that solves:
J2,(67;64) := (1= 602)p — 0pa— (p(653; 6,) — 67) (B — G2, (67)) =,
where, similar to the derivation of GOO(GIfI ;604),
G2,(62) = —9% (62 +1n(1—62)) = G (62;62).
Hence, 6™ is given by equation (12).

Now, define

Joo(91_21§ O) :=(1—0y)f — Oya— (6, — Oy) (/5 - Goo(91L212 QH)) .

Then, 67 given by equation (11) satisfies Jo,(6"; 0") = 0. Furthermore, at 62 = 6" and
0, = 07, we have

J2,(67:61)=(1—0MB—0Ta—(p(67;6M)—6") (B —G2,(6M) =J(6;6") =0,

where the last equality follows because p(6y; 6,) = 0, and G2 (6y) = G, (6y; Oy ) for any
0,;. This shows that 0* is equal to 87 when 6;, = 7. Moreover, because 8* increases in
0y, we have 8* > 6,, if 6, < 8" and 6* > 0,, if 6, > 0.

Given this, if 6 < 67, then (IIR-2L) is slack at 67 = min{6, 6*} = 6;. We have
Joo (03 05) > Joo(07;0™) = 0. This implies that full surplus extraction is achievable in the
limit mechanism. For finite mechanisms, the fact that 6. increases monotonically with T
with a limiting value of O implies that there exists a sufficiently large and finite number

of stages T’ such that 0, < 6;, if and only if 6;; < 6. By Proposition 3, it is optimal to
choose such a T’ so that full surplus extraction is achieved. |
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