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Abstract

We study a model of auction design where a seller is selling a set of objects to a set

of agents who can be assigned no more than one object. Each agent’s preference over

(object, payment) pair need not be quasilinear. If the domain contains all classical

preferences, we show that there is a unique mechanism, the minimum Walrasian equi-

librium price (MWEP) mechanism, which is strategy-proof, individually rational, and

satisfies equal treatment of equals, no-wastage (every object is allocated to some agent),

and no-subsidy (no agent is subsidized). This provides an equity-based characteriza-

tion of the MEWP mechanism, and complements the efficiency-based characterization

of the MWEP mechanism known in the literature.
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1 Introduction

Many auctions in practice are conducted by public bodies such as governments, local au-

thorities, and public institutions. Prominent examples include spectrum auctions and other

public allocation problems involving exclusive rights, such as the allocation of ownership or

development rights. In these contexts, favoring particular firms or individuals is neither per-

missible nor desirable, and is likely to attract public criticism.1 Thus, in addition to standard

incentive and participation constraints, fairness can be viewed as an additional constraint in

such design problems.

We consider an environment in which there are multiple heterogeneous objects with unit-

demand agents. Preferences of agents may not be quasilinear, and thus, may exhibit income

effects. There are various notions of fairness, and the appropriate fairness notion may depend

on the application. To cover as wide a range of applications as possible, we employ one of

the weakest notions of fairness - equal treatment of equals (ETE). This criterion requires

that if two agents have identical preferences, then the welfare levels they obtain from the

mechanism are identical. This principle reflects Aristotle’s conception of justice; he writes:2

Justice is considered to mean equality. It does not mean equality - but equality

for those who are equal, and not for all.

ETE can also be justified as a necessary condition for standard fairness desiderata such as

no envy and anonymity.

We impose strategy-proofness (dominant strategy incentive compatibility) and individual

rationality as incentive constraints. In addition, we consider two minor properties, no subsidy

and no wastage. No subsidy requires agents’ payments to be nonnegative, which is a standard

assumption in auction design. No wastage requires that every object be assigned to some

agent.3

In our model, the minimum Walrasian equilibrium price (MWEP) mechanism satisfies

equal treatment of equals, strategy-proofness, individual rationality, no subsidy, and no

1For instance, in the context of spectrum auctions, fairness is recognized as an important criterion for

choosing auction formats (McMillan, 1995; Kwerel and Strack, 2001).
2Aristotle, “ Politics,” Book III: The theory of citizenship and constitutions, C: The principle of oligarchy

and democracy and the nature of distributional justice, Chapter 9.
3In our model, we assume that the number of agents is larger than that of objects.
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wastage (Demange and Gale, 1985).4 Equal treatment of equals is satisfied by a large class

of mechanisms, and there also exist many mechanisms that satisfy strategy-proofness, indi-

vidual rationality, no subsidy, and no wastage. Nevertheless, we show that if the domain

of preferences is sufficiently rich (i.e., contains all classical preferences), the MWEP mech-

anism is the unique mechanism that satisfies equal treatment of equals, strategy-proofness,

individual rationality, no subsidy, and no wastage (Theorem 1).

An important implication of our uniqueness result concerns efficiency. The MWEP mech-

anism is efficient. As a consequence, our main result implies that any mechanism that satis-

fies equal treatment of equals, strategy-proofness, individual rationality, no subsidy, and no

wastage must be efficient (Corollary 1). Fairness and efficiency are often viewed as competing

objectives in economics. In this environment, however, it is known that the strong fairness

requirement of no envy, together with no wastage, implies efficiency (Svensson, 1983). Our

result strengthens this insight: when combined with strategy-proofness, individual ratio-

nality, and no subsidy, equal treatment of equals—which is substantially weaker than no

envy—together with no wastage implies efficiency.

While strategy-proofness, individual rationality and ETE are standard axioms in mecha-

nism design, we briefly discuss our remaining axioms. 5 No subsidy is satisfied by all standard

auction formats. It can also be justified as a requirement that prevents participation by“fake”

bidders—agents who have (or report) very low valuations for the objects but seek to derive

utility from subsidies. The no wastage axiom can be motivated as a very weak form of effi-

ciency. It excludes auctions where reserve prices are kept. In practice, we see many auctions

without a reserve price. Though reserve prices are used in many auctions too, often sellers,

such as governments, fail to commit to these reserve prices by reselling the unsold objects

(spectrum licenses, for example). Hence, no-wastage is a reasonable axiom in our model.

Our result relies heavily on the fact that the auction designer believes that preferences of

agents may exhibit income effect, i.e., non-quasilinear. While quasilinearity is a reasonable

assumption when payments of agents are small, ignoring income effects in auctions involving

large payments (for instance, in selling high-worth natural resources like mines, spectrum

4We focus on deterministic mechanisms. Deterministic auction mechanisms are simple and transparent,

and are often preferred by sellers over auctions that involve randomization.
5We do not consider interim individual rationality and Bayesian incentive compatibility. This allows us

to work in a prior-free model.
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etc.) makes economics models unrealistic. Bulow et al. (2017) mention budget-constraint

among bidders (which induces non-quasilinear preferences) as one of the two main reasons

why spectrum auctions are complex. When preferences are quasilinear, there are many

mechanisms other than the MWEP mechanism that satisfy our five properties (Tierney,

2016). Moreover, our result does not hold even when agents have specific non-quasilinear

preferences. Kazumura et al. (2020) show that the MWEP mechanism is not the only

mechanism that satisfies our properties if objects are normal goods. Thus, a key assumption

for our result is that the domain contains various preferences with income effects.6 While

such domain requirement seems to be demanding, this is reasonable for a seller who has no

information about the extent and nature of income effect in agents’ preferences over transfers,

wants to be robust about this aspect of the model.

We study a model with unit-demand agents, i.e., agents can be assigned at most one out

of many objects. Though restrictive, this model appears in practice in many settings. The

unit-demand assumption can be justified based on institutional restrictions. For instance,

while selling team franchises in professional sports leagues, it is common to restrict a buyer

to buy at most one franchise; the first spectrum auction in UK restricted each bidder to

buy at most one spectrum (Binmore and Klemperer, 2002). The unit-demand assumption

can naturally arise from preferences of agents also. For instance, buyers in public housing

markets are usually interested to buy at most one house (Andersson et al., 2016).

2 Related literature

There is a growing literature on fair mechanisms in auction models. While many papers

impose fairness requirements stronger than ETE, the class of mechanisms that satisfy ETE

and incentive constraints is not well understood.

When agents are unit-demand bidders, the only mechanism that satisfies no-envy, strategy-

proofness, individual rationality, no subsidy, and no wastage is the MWEP mechanism

(Svensson, 1983; Sakai, 2013; Morimoto and Serizawa, 2015). If objects are identical and

preferences are quasilinear, the MWEP mechanism is characterized by anonymity, strategy-

6Another important assumption for our result is heterogeneity of objects. If objects are identical, the

MWEP mechanism is not the only mechanism that satisfies the five properties. This is true both when

preferences are quasilinear and when they can be non-quasilinear (Adachi, 2014).
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proofness, individual rationality, no subsidy, and no wastage (Ashlagi and Serizawa, 2012).

However, when objects are heterogeneous and preferences are quasilinear, the MWEP mech-

anism is not the unique mechanism that satisfies anonymity and these properties (Tier-

ney, 2016). This is also true when objects are identical and preferences are allowed to be

non-quasilinear (Adachi, 2014). Since ETE is weaker than anonymity, there are multiple

mechanisms that satisfy ETE, strategy-proofness, individual rationality, no subsidy, and no

wastage in these environments.7 Moreover, even if objects are identical and preferences are

quasilinear, there are many mechanisms that satisfy these properties. Against this back-

ground, our result is remarkable in that the MWEP mechanism is uniquely pinned down as

by these properties.

Several recent papers, like ours, impose fairness conditions as a constraint in addition to

incentive constraints. But they pursue different objectives. Kazumura et al. (2020) and Sakai

and Serizawa (2021) show that the MWEP mechanism is ex-post revenue maximizing among

mechanisms that satisfy ETE, strategy-proofness, individual rationality, no subsidy, and no

wastage. Chen and Knyazev (2025) consider a single object model, and show that a second

price auction with flexible reserve prices is expected revenue maximizing among mechanisms

that satisfy anonymity and Bayesian incentive compatibility. While these papers adopt a

similar approach to ours, they require revenue maximization as an additional axiom. In

contrast, our result shows that the MWEP mechanism is uniquely characterized without

specifying any particular objective, once fairness is imposed as a constraint.

The Vickrey-Clarke-Groves (VCG) mechanism plays a central role when preferences are

quasilinear. It is a unique mechanism that satisfies efficiency, strategy-proofness, individual

rationality, and no subsidy (Holmström, 1979; Chew and Serizawa, 2007). When preferences

may not be quasilinear, however, the VCG is no longer efficient or strategy-proof. In such

settings with unit-demand agents, the MWEP mechanism is characterized using efficiency,

strategy-proofness, individual rationality, and no subsidy (Saitoh and Serizawa, 2008; Sakai,

2008; Morimoto and Serizawa, 2015; Zhou and Serizawa, 2018; Wakabayashi et al., 2025).

Our result parallels the characterization of the MWEP mechanism in Morimoto and

Serizawa (2015). They consider the same model and domain and characterize the MWEP

using efficiency. Since no-wastage is a significant weakening of Pareto efficiency, our result

7Tierney (2016) and Adachi (2014) characterize the MWEP mechanism using a continuity axiom in

addition to anonymity and other properties.
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highlights that equity can almost substitute efficiency objectives of an auction designer.

We believe that such an alternate foundation is useful because fairness is an important

desideratum in auction design and its relation to efficiency is not well understood in auction

models. Besides, equal treatment of equals is a more testable axiom in practice than Pareto

efficiency. For instance, there are legal implications of violating equal treatment of equals in

auctions – Deb and Pai (2016) contain examples of some prominent lawsuits in the United

States where auctioneers have been dragged to court for designing auction mechanisms that

discriminate among bidders. On the other hand, violating Pareto efficiency usually does not

have any legal implications.

In models with multi-demand agents, a Walrasian equilibrium may not exist.8 Even

when a Walrasian equilibrium exists, the MWEP mechanism may not be strategy-proof.

Moreover, when preferences may not be quasilinear, an efficient and strategy-proof mecha-

nism does not exist (Kazumura and Serizawa, 2016; Baisa, 2020; Malik and Mishra, 2021;

Shinozaki and Serizawa, 2025b). Thus, Shinozaki and Serizawa (2025a) pursue constrained

efficiency, and introduce the notion of the bundling unit-demand minimum price Walrasian

mechanism. This mechanism partitions objects into several bundles and selects a minimum

price Walrasian equilibrium when the bundles are regarded as objects. They show that this

is the unique mechanism that satisfies constrained efficiency, ETE, strategy-proofness, and

no subsidy.

3 Model and definitions

There are n ≥ 2 agents and m ≥ 2 objects with n > m. We denote the set of agents by

N ≡ {1, . . . , n} and the set of objects by M ≡ {1, . . . ,m}. Let L ≡ M∪{0}, where assigning
0 means not assigning any (real) object from M . We call 0 the null object, and unlike a real

object in M , it can be assigned to any number of agents. Each agent receives at most one

object and pays some amount of money. Thus, agents’ common consumption set is L× R,
and a generic (consumption) bundle for any agent i ∈ N is a pair zi = (a, t) ∈ L× R.

8There is a large literature on the existence of a Walrasian equilibrium; see, for example, Kelso and

Crawford (1982), Sun and Yang (2006), Teytelboym (2014), and Baldwin and Klemperer (2019). The

existence with non-quasilinear preferences is studied by Baldwin et al. (2023) and Nguyen and Vohra (2024).
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3.1 Classical preferences

Each agent i ∈ N has a complete and transitive preference Ri over L× R. Let Pi and Ii be

the strict and indifference relations associated with Ri.

Definition 1 A preference Ri is classical if it satisfies the following four conditions:

1. Money monotonicity. For every t > t′ and for every a ∈ L, we have (a, t′) Pi (a, t).

2. Desirability of objects. For every t and for every a ∈ M , we have (a, t) Pi (0, t).

3. Continuity. For every z ∈ L× R, the sets {z′ : z′ Ri z} and {z′ : z Ri z
′} are closed.

4. Possibility of compensation. For every z ∈ L × R and for every a ∈ L, there exists t

and t′ such that z Ri (a, t) and (a, t′) Ri z.

Let RC be the set of all classical preferences. We call (RC)n the classical domain.

Throughout this paper, we assume the preferences to be classical. We use R ⊆ RC to

denote an arbitrary domain of preferences.

A preference Ri is quasilinear if there exists a valuation function v : L → R+ with

v(0) = 0 such that for all a, b ∈ L and for all t, t′ ∈ R, we have (a, t) Ri (b, t
′) if and only if

v(a)− t ≥ v(b)− t′. We denote the set of all quasilinear preferences as RQ.

The existence of a valuation function v : L → R is restricted to quasilinear preferences.

However, the notion of valuation can be extended to classical preferences.

Definition 2 The valuation of agent i with preference Ri for object a ∈ L at consumption

bundle z is defined as V Ri(a, z), which uniquely solves (a, V Ri(a, z)) Ii z.

In other words, V Ri(a, z) is the unique amount of transfer that makes agent i indiffer-

ent between consumption bundles z and (a, V Ri(a, z)). The existence of V Ri(a, z) and its

uniqueness are guaranteed by the assumptions of classical preferences.9 Note that if Ri is

quasilinear, then for each a ∈ L, V Ri(a, (0, 0)) = vi(a).

9See Kazumura and Serizawa (2016) for the formal proof.
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3.2 Mechanisms

An object allocation is an n-tuple (a1, . . . , an) ∈ Ln such that for each pair i, j ∈ N with

i ̸= j, ai = aj implies ai = aj = 0. We denote the set of object allocations by A. A

(feasible) allocation is an n-tuple z ≡ (z1, . . . , zn) ≡ ((a1, t1), . . . , (an, tn)) ∈ (L × R)n such

that (a1, . . . , an) ∈ A. We denote the set of feasible allocations by Z.

Fix a domain Rn ⊆ (RC)n. A preference profile is an n-tuple R ≡ (R1, . . . , Rn) ∈ Rn.

Given R ∈ Rn and i ∈ N , let R−i ≡ (Rj)j ̸=i. Given R ∈ Rn and N ′ ⊆ N , let RN ′ = (Ri)i∈N ′

and R−N ≡ (Ri)i∈N\N ′ .

A mechanism on Rn is a function f : Rn → Z. Given a mechanism f and R ∈ Rn, we

denote the bundle assigned to agent i by fi(R) and we write fi(R) = (ai(R), ti(R)), where

ai(R) is the object assigned to agent i and ti(R) is his payment. We require a mechanism to

satisfy the following properties.

Definition 3 Let f : Rn → Z be a mechanism defined on domain R.

1. f is strategy-proof if for every i ∈ N , for every R−i ∈ Rn−1, and for every Ri, R
′
i ∈ R,

we have

fi(Ri, R−i) Ri fi(R
′
i, R−i).

2. f is (ex-post) individual rationality (IR) if for every i ∈ N , for every R ∈ Rn, we

have fi(R) Ri (0, 0).

3. f satisfies equal treatment of equals (ETE) if for every i, j ∈ N , for every R ∈ Rn

with Ri = Rj, we have fi(R) Ii fj(R).

4. f satisfies no wastage (NW) if for every R ∈ Rn and for every a ∈ M , there exists

some i ∈ N such that ai(R) = a.

5. f satisfies no subsidy (NS) if for each R ∈ Rn and each i ∈ N , we have ti(R) ≥ 0.

Earlier in Section 1, we discussed the above properties in detail. They can either be

motivated by weak fairness (ETE) or weak efficiency (NW) or some practical concerns (NS).

Next, we introduce the MWEP mechanism.

8



4 A characterization of the MWEP mechanism

In this section, we define the minimum Walrasian equilibrium price mechanism. A price

vector p ∈ R|L|
+ defines a price for every object with p0 = 0. At any price vector p, let

D(Ri, p) ≡ {a ∈ L : (a, pa) Ri (b, pb) ∀ b ∈ L} denote the demand set of agent i with

preference Ri at price vector p.

Definition 4 An object allocation (a1, . . . , an) ∈ A and a price vector p is a Walrasian

equilibrium at a preference profile R ∈ (RC)n if

1. ai ∈ D(Ri, p) for all i ∈ N and

2. for all a ∈ M with a ̸= ai for all i ∈ N , we have pa = 0.

We refer to p and {zi ≡ (ai, pai)}i∈N defined above as a Walrasian equilibrium price vector

and a Walrasian equilibrium allocation at R respectively.

It is known that a Walrasian equilibrium exists at each R ∈ (RC)n (Demange and Gale

(1985); Alkan and Gale (1990)). A Walrasian equilibrium price vector p is a minimum

Walrasian equilibrium price vector at preference profile R if for every Walrasian equilibrium

price vector p′ at R, we have pa ≤ p′a for all a ∈ L. Demange and Gale (1985) prove that if

R is a profile of classical preferences, then the set of Walrasian equilibrium price vectors at

R forms a lattice with a unique minimum and a unique maximum. We denote the minimum

Walrasian equilibrium price vector at R as pmin(R). Note that for each R ∈ Rn, even though

pmin(R) is a unique price vector, there may be many object allocations that can support the

Walrasian equilibrium. Let Zmin(R) denote the set of all allocations at a minimum Walrasian

equilibrium at preference profile R. Note that if ((ai, ti))i∈N ∈ Zmin(R) then ti = pmin
ai

(R),

i.e., the transfer associated with an agent is the price of the object assigned to him in the

Walrasian equilibrium.

Definition 5 A mechanism f : Rn → Z is a minimum Walrasian equilibrium (MWEP)

mechanism if

f(R) ∈ Zmin(R) ∀ R ∈ Rn.

Let fmin : Rn → Z denote an MWEP mechanism. For every R ∈ R, an MWEP

mechanism picks any one allocation in Zmin(R). It can be easily shown that each agent must
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be indifferent between all its allocations in Zmin(R). Hence, whenever we say the MWEP

mechanism, we mean any MWEP mechanism.

Demange and Gale (1985) showed that the MWEP mechanism is strategy-proof and IR.

Clearly, it also satisfies ETE, NW, and NS. Our main result is that on the classical domain,

only the MWEP mechanism satisfies these properties.

Theorem 1 Let f : (RC)n → Z be a mechanism. Then, f is strategy-proof, individually

rational, and satisfies equal treatment of equals, no wastage, and no subsidy if and only if it

is the MWEP mechanism.

We postpone the proof of Theorem 1 to the appendix. We argue that the domain richness

in Theorem 1 is somewhat necessary. Tierney (2016) contains an example which shows that

there are strategy-proof and IR mechanisms satisfying ETE, NW, and NS that are not

MWEP mechanisms if the domain of preferences is domain of quasilinear preferences.

Similarly, the axioms in Theorem 1 are necessary. Below, we provide some examples to

establish this claim.

• Strategy-proofness. Consider a mechanism that chooses the maximum Walrasian

equilibrium allocation at every profile. Such a mechanism will satisfy all the properties

except strategy-proofness (Miyake, 1998).

• Individual rationality. Consider the MWEP mechanism supplemented by a con-

stant participation fee (which is independent of the preferences of the agents and equal

across all the agents). Such a mechanism will satisfy all the properties except IR.

• Equal treatment of equals. Consider the following mechanism, where we treat

some agent, say agent 1, differently. At every preference profile, agent 1 is asked to pick

her best bundle in Z0 ≡ {(a, 0) : a ∈ M}, i.e., she picks her best object at zero payment.

Then, for the remaining agents and remaining objects, we use the MWEP mechanism

for the subeconomy. Such a mechanism is clearly strategy-proof, individually rational,

and satisfies no wastage and no subsidy. However, it fails equal treatment of equals.

• No wastage. Consider the mechanism which never sells any of the objects and does

not ask agents to pay anything. This mechanism satisfies all the properties except no

wastage.
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• No subsidy. Consider the MWEP mechanism supplemented by a constant participa-

tion subsidy (which is independent of the preferences of the agents and equal across

all the agents). Such a mechanism satisfies all the properties except no subsidy.

5 Connection to earlier characterizations

We describe the connection of our characterization to other characterizations of the MWEP

mechanism in the literature. Most of these characterizations involve Pareto efficiency.

Definition 6 A mechanism f : Rn → Z is Pareto efficient if at every preference profile

R ∈ Rn, there exists no allocation ((â1, t̂1), . . . , (ân, t̂n)) ∈ Z such that

(âi, t̂i) Ri fi(R) ∀ i ∈ N,∑
i∈N

t̂i ≥
∑
i∈N

ti(R),

with either the second inequality holding strictly or some agent i strictly preferring (âi, t̂i) to

fi(R).

The above definition is the appropriate notion of Pareto efficiency in this setting. Notice

that by distributing some money among all the agents, we can always make each agent better

off than the allocation in any mechanism. Hence, the above definition requires that there

should not exist another allocation where the sum of transfers is not less and every agent is

weakly better off.

The MWEP mechanism is Pareto efficient. The following theorem characterizes the

MWEP mechanism using Pareto efficiency. We remind thatRQ denotes the set of quasilinear

preferences.

Theorem 2 (Holmström (1979); Morimoto and Serizawa (2015)) SupposeR ∈ {RQ,RC}
and let f : Rn → Z be a mechanism on this domain. Then, f is strategy-proof, Pareto effi-

cient, individually rational, and satisfies no subsidy if and only if it is an MWEP mechanism.

Theorem 2 was proved for R = RQ by Holmström (1979) and for R = RC by Morimoto

and Serizawa (2015). 10

10Zhou and Serizawa (2018) have shown that Theorem 2 continues to hold in smaller non-quasilinear

preference domains.
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The efficiency characterization of Theorem 2 holds for both the quasilinear domain and

the classical domain. This is not true for our characterization in Theorem 1. As discussed

later, our characterization holds for the classical domain but breaks down for the quasilin-

ear domain. We can use both the characterizations to point out an interesting connection

between Pareto efficiency and ETE with no wastage in the classical domain.

Corollary 1 Suppose f : (RC)n → Z is a strategy-proof and individually rational mecha-

nism satisfying no subsidy. Then, the following are equivalent.

1. f is Pareto efficient.

2. f satisfies equal treatment of equals and no wastage.

Corollary 1 is true because in the classical domains, the only mechanism satisfying these

axioms is the MWEP mechanism, which is not the case in the quasilinear domain. The con-

nection between fairness and efficiency has been known in the literature. Svensson (1983)

shows that no envy and no wastage imply Pareto efficiency.11 Corollary 1 shows that equal

treatment of equal, which is substantially weaker than no envy, and no wastage imply Pareto

efficiency under additional auxiliary axioms such as strategy-proofness and individual ratio-

nality.

The other result which is worth explaining is Kazumura et al. (2020). They consider a

class of domains that they call rich domains. Formally, it is defined as follows.

Definition 7 A domain of preference R is rich if for all a ∈ M and for all p̂ with p̂a > 0

and p̂b = 0 for all b ̸= a and for every p with px > p̂x for all x ∈ M , there exists a preference

Ri ∈ R such that D(Ri, p̂) = {a} and D(Ri, p) = {0}.

It is not difficult to see that many domains of preferences can be rich. Kazumura et al.

(2020) show that the domain of quasilinear preferences (RQ), the domain of classical prefer-

ences (RC), and domains containing all positive income effect preferences satisfy richness. If

a domain is rich, then the following result holds. Denote the revenue at a preference profile

R from a mechanism f as Revf (R) ≡ ∑
i∈N ti(R), i.e., the sum of payments of all the agents

at preference profile R.

11A mechanism f : Rn → Z satisfies no envy if for each R ∈ Rn and each pair i, j ∈ N , fi(R) Ri fj(R).

It is clear that no envy implies equal treatment of equals.
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Definition 8 A mechanism f : Rn → Z is ex-post revenue optimal among a class of

mechanisms if for every mechanism g : Rn → Z in this class,

Revf (R) ≥ Revg(R) ∀ R ∈ Rn.

Theorem 3 (Kazumura et al. (2020)) Suppose R is a rich domain. Then, every MWEP

mechanism is ex-post revenue optimal among the class of strategy-proof and IR mechanisms

satisfying equal treatment of equals, no wastage, and no subsidy.

Since the classical domain is rich, it follows that Theorem 3 is an easy corollary of our

main result Theorem 1 when applied to the classical domain. However, such a conclusion

cannot be drawn for other rich domains. For instance, the quasilinear domain of preferences

is rich, and we know that Theorem 3 holds but Theorem 1 does not hold in that domain.

Two other characterizations are worth pointing. Sakai (2013) shows that if there is a

single object, then the MWEP mechanism is the unique strategy-proof and individually ra-

tional mechanism satisfying ETE, NW, and NS in the classical domain. Hence, we generalize

the result of Sakai (2013) to the case of multiple heterogeneous objects. Ashlagi and Ser-

izawa (2012) characterizes the MWEP mechanism for the multiple identical objects case in

the quasilinear domain, when agents can be assigned at most one object, using strategy-

proofness, individual rationality, no subsidy, no wastage, and anonymity (which is stronger

than equal treatment of equals). As we have discussed, our characterization does not hold

in the quasilinear domain. Further, the result of Ashlagi and Serizawa (2012) does not

extend to the case where objects are heterogenous as Tierney (2016) shows that there are

strategy-proof and individually rational mechanisms satisfying no subsidy, no wastage, and

anonymity which is not the MWEP mechanism. Also, the result of Ashlagi and Serizawa

(2012) does not extend to the case where objects are identical but preferences are classical

(Adachi, 2014).

6 Outline of the proof of Theorem 1

In this section, we first introduce a useful representation of preferences, which we often use

in the proof of Theorem 1. We then explain the sketch of the proof using a simple example.
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6.1 Indifference vectors

0

a

b
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vb

c

Payment

vc

v0

Worse consumption bundlesBetter consumption bundles

Ri

Figure 1: An indifference vector

A vector v ∈ Rm+1 is an indifference vector of classical preference Ri if for all a, b ∈ L,

we have (a, va) Ii (b, vb). Denote the set of all indifference vectors of Ri as I(Ri). A typical

indifference vector v of a preference Ri can be represented by a diagram shown in Figure 1

for three objects (and the null object). Each horizontal line in the figure corresponds to a

unique object. Each point on each of the horizontal lines corresponds to a payment level. So,

the set of all consumption bundles are the four horizontal lines in Figure 1. As we go right

along the horizontal lines, the payment of the agent increases. Hence, consumption bundles

to the right (left) of the indifference vector v shown in Figure 1 are worse (respectively,

better) than the four consumption bundles corresponding to v.

An equivalent way to think of a preference Ri is through its indifference vectors I(Ri),

which is an infinite set. Hence, a preference consists of an infinite collection of such vectors:

an illustration is shown in Figure 2. Note that for every classical preference Ri and for every

distinct v, v′ ∈ I(Ri), we have either v > v′ or v′ > v, i.e., v and v′ do not intersect.

6.2 Outline of the proof

We now provide an outline of the proof of Theorem 1. For brevity of exposition, we refer to

any strategy-proof and individually rational mechanism satisfying equal treatment of equals,

no wastage and no subsidy as a desirable mechanism.

Since the MWEP mechanism is desirable, what we need to show is that there is no

other mechanism that is desirable. Kazumura et al. (2020) shows that if a mechanism is

14
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Figure 2: A preference and its indifference vectors

desirable, then for each preference profile, the mechanism assigns an allocation where each

agent receives a bundle that is at least as desirable as bundles that he receives at minimum

price Walrasian equilibrium allocations.

Fact 1 (Kazumura et al. (2020)) Let f be a desirable mechanism on Rn. For each R ∈ Rn,

each ((ai, ti))i∈N ∈ Zmin(R), and each i ∈ N , fi(R) Ri (ai, ti).

Let R = RC and f : Rn → Z be a desirable mechanism. By Fact 1, to complete the

proof, it is sufficient to show that for each R ∈ Rn and each i ∈ N , ti(R) = pmin
ai(R)

(R).12

Fact 1 also implies that for each R ∈ Rn and each i ∈ N , ti(R) ≤ pmin
ai(R)

(R).13 Therefore, all

we need to show is that for each R ∈ Rn and each i ∈ N , ti(R) ≥ pmin
ai(R)

(R).

ti(R) ≥ pmin
ai(R)(R) for each R ∈ Rn and each i ∈ N.

In this section, we overview the proof by focusing on a simple example. Suppose there

are three agents and two objects. For convenience, denote M = {x1, x2}. Let v ∈ R++. We

focus on a preference profile R ∈ R3 such that for each i ∈ N ,

V Ri(x1, (0, 0)) = V Ri(x2, (0, 0)) = v.

12Let R ∈ Rn and suppose that for each i ∈ N , ti(R) = pmin
ai(R)(R). Let ((aj , tj))j∈N ∈ Zmin(R) and

i ∈ N . By Fact 1, (xi(R), pmin
ai(R)(R)) = fi(R) Ri (ai, ti). Thus, by ai ∈ D(Ri, p

min(R)) and thus, xi(R) ∈
D(Ri, p

min(R)). Hence f(R) ∈ Zmin(R).
13To see this, let R ∈ Rn, ((ai, ti))i∈N ∈ Zmin(R), and i ∈ N . By Fact 1 and ai ∈ D(Ri, p),

fi(R) Ri (ai, ti) Ri (xi(R), pmin
ai(R)(R)). This implies ti(R) ≤ pmin

ai(R)
(R).

15



Note that if we assume preferences to be quasilinear, this condition implies preferences

in R are identical. In this case, since at least one agent receives (0, 0), equal treatment of

equals immediately implies that for each i ∈ N , fi(R) Ii (0, 0) Ii (x1, p
min
x1

(R)) Ii (x2, p
min
x2

(R)),

completing the proof. However, we cannot make this assumption, and some of the preferences

in R may not be identical. Here, we focus on the case where preferences in R are all distinct.

Suppose for contradiction that there is an agent, say agent 1, such that t1(R) < pmin
a1(R)(R).

By no subsidy, a1(R) ̸= 0. Without loss of generality, assume a1(R) = x1. It is easy to see

that pmin
x1

(R) = pmin
x2

(R) = v. Thus, t1(R) < pmin
x1

(R) = v.

The main difficulty of our proof is that equal treatment of equals can be used only

when some agents have the same preference. Indeed, since preferences are all distinct at R,

equal treatment of equals has no implication for the allocation at R. Therefore, by changing

preferences from R, we have to construct a preference profile where some agents have identical

preferences and equal treatment of equals induces a contradiction. A significant part of the

proof is dedicated to construct such a preference profile. We give a sense of this construction

below.

We first change agent 1’s preference. Let R′
1 ∈ R satisfy the following properties:

1. V R′
1(x2, f1(R)) < 0.

2. For each x ∈ M ,

V R′
1(x, (0, 0))

< t1(R) + ϵ if x = x1,

> v if x = x2,

where ϵ > 0 is sufficiently close to zero so that V R′
1(x1, (0, 0)) < v.

Figure 3 is an illustration of R′
1. The interpretation of R′

1 is as follows: The first condition

means that, given that agent 1 receives f1(R), x1 is more preferred to x2 in the sense that

agent 1 would not give up x1 in exchange for x2 unless she receives a positive amount of

money. In this sense, agent 1 “favors” f1(R) – in the proof, we call such a preference a

f1(R)-favoring preference (see Appendix A.1). The second condition means that at (0, 0),

x2 is (much) more preferred and x1 is (slightly) less preferred under R′
1 than under R1. This

condition also implies that at (0, 0), x2 is preferred to x1 in the sense that the valuation

for x2 at (0, 0) is higher than that for x1 at (0, 0). Since x1 is preferred to x2 at f1(R), R′
1
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Figure 4: An illustration of R′
2.

exhibits income effects. In the formal proof, we need to define R′
1 to satisfy more delicate

conditions to incorporate issues that arise in a general setting.

The implication of this delicate construction is the following. Denote R1 := (R′
1, R2, R3).

First, we see that f1(R
1) = f1(R). By strategy-proofness, f1(R

1) R′
1 f1(R). Thus, if a1(R

1) ̸=
x1, then by the construction of R′

1, t1(R
1) < 0. This contradicts no subsidy. Thus, a1(R

1) =

x1, and then, strategy-proofness immediately implies f1(R
1) = f1(R). Next, by no wastage,

there is an agent who receives x2 at R1. As we have seen, this is not agent 1. Without loss

of generality, assume that agent 2 receives x2.

Now, we change agent 2’s preference. The idea is similar to R′
1, but the roles of x1 and

x2 are interchanged. Let R′
2 ∈ R satisfy the following properties:

1. V R′
2(x1, f2(R

1)) < 0.

17



0

x1

x2

Payment

R3

= f2(R
′′)

v = pmin
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Figure 5: An illustration of R′′.

2. For each x ∈ M ,

V R′
2(x, (0, 0))

> v if x = x1,

< t2(R
1) + ϵ if x = x2,

where ϵ > 0 is sufficiently close to zero so that if t2(R
1) < v, then V R′

2(x2, (0, 0)) < v.

Again, here are the implications of the delicate construction of R′
2. See Figure 4 for an

illustration of R′
2. Denote R2 = (R′

1, R
′
2, R3). Note that as in the case of R1, strategy-

proofness implies that f2(R
2) = f2(R

1). Then, a1(R
2) = x1 or 0. Suppose a1(R

2) = 0.

Individual rationality and no subsidy imply t1(R
2) = 0. It is easy to show that pmin

x1
(R2) =

pmin
x2

(R2) = v (see Figure 4). By the construction of R′
1, we have (x2, p

min
x2

(R2)) P ′
1 (0, 0) =

f1(R
2). This contradicts Fact 1. Hence, a1(R

2) = x1. By V R′
1(x1, (0, 0)) < v and individual

rationality, t1(R
2) < v.

Note that by t1(R
2) < v, f1(R

2) P3 (0, 0). This is, in fact, a key condition to derive

a contradiction. Now, let R′′
1 ∈ R be such that R′′

1 = R3, and denote R′′ := (R′′
1, R

′
2, R3).

For an illustration of R′′, see Figure 5. By strategy-proofness, f1(R
′′) R′′

1 f1(R
2). Thus, by

f1(R
2) P3 (0, 0) and R′′

1 = R3, f1(R
′′) P ′′

1 (0, 0). By no subsidy, this implies a1(R
′′) ̸= 0. Since

agents 1 and 3 have the same preference, f3(R
′′) I3 f1(R

′′) P3 (0, 0). Hence, a3(R
′′) ̸= 0.

Since there are only two objects, agent 2 receives 0. By individual rationality and no

subsidy, f2(R
′′) = (0, 0). It is also easy to show that pmin

x1
(R′′) = pmin

x2
(R∗) = v. However, by

the construction of R′
2, we have (x1, p

min
x1

(R′′)) P ′
2 (0, 0) = f2(R

′′). This contradicts Fact 1

and we complete the proof.

In the formal proof, we need to change preferences of m agents, where m is the number
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of objects, and construct m preference profiles:

• R1 := (R′
1, R2, . . . , Rn),

• R2 := (R′
1, R

′
2, R3, . . . , Rn),

...

• Rm := (R′
1, . . . , R

′
m, Rm+1, . . . , Rn).

Then, we show that, at Rm, there are i ∈ {1, . . . ,m} and j ∈ N \ {1, . . . ,m} such that

fi(R
m) Pj (0, 0). In the above example, it was easy to find such a pair of agents, as the

number of agents who prefer f1(R) to (0, 0) exceeds the number of objects. However, this

may not be the case in general. In fact, the proof for the existence of such a pair is the most

difficult part in our proof. Out of eleven steps in our proof, ten steps are dedicated to show

the existence of such a pair of agents.

7 Conclusion

The proof of Theorem 1 is tedious and long, and unfortunately, there is no intuition to

explain the result. The proof involves carefully constructing classical preferences and putting

together the implications of our axioms at these preferences. While we wished a simpler proof

was available for our theorem, it seems unlikely. At the same time, we believe that our result

is useful. It provides an equity foundation (using equal treatment of equals) of the MWEP

mechanism instead of the efficiency foundation (using Pareto efficiency) that is well-known. It

answers the following question for the classical domain of preferences: Which strategy-proof

and individually rational mechanisms satisfy no wastage, no subsidy, and equal treatment of

equals? Our result contributes to the literature on auctions with income effect. In future,

we plan to explore an answer to this question in restricted domains of preferences like the

quasilinear domain or the domain of positive income effect preferences.

19



A Proof of Theorem 1

A.1 Preliminaries

First, we state three useful facts. The first fact states that if n > m, then the minimum

Walrasian equilibrium price vector is always positive.

Fact 2 Suppose n > m. For each R ∈ Rn and each a ∈ M , pmin
a (R) > 0.

The following notions play an important role in the proof.

Definition 9 Let R ∈ Rn and p ∈ R|L|
+ be a price vector. A set of real objects M ′ ⊆ M is

overdemanded at p for R if

|{i ∈ N : D(Ri, p) ⊆ M ′}| > |M ′|.

A set of real objects M ′ ⊆ M is underdemanded at p for R if pa > 0 for all a ∈ M ′ and

|{i ∈ N : D(Ri, p) ∩M ′ ̸= ∅}| < |M ′|,

and weakly underdemanded at p for R if the above inequality holds weakly.

The following fact is a characterization of the minimum Walrasian equilibrium price

vector by means of overdemanded and weakly underdemanded sets.

Fact 3 (Mishra and Talman (2010); Morimoto and Serizawa (2015)) Let R ∈ Rn and p ∈
R|L|

+ be a price vector. Then, p is a minimum Walrasian equilibrium price vector at R

if and only if no set of real objects is overdemanded and no set of real objects is weakly

underdemanded at p for R.

Fact 3 implies the following fact.

Fact 4 (Demand connected sequence) Let n > m, R ∈ Rn, and ((ai, ti))i∈N ∈ Zmin(R).

Then, for every agent i∗ ∈ N , there is a sequence of K distinct agents {ik}Kk=1 such that14

(1) i1 = i∗,

(2) aiK = 0 and for each k ∈ {1, . . . , K − 1}, aik ̸= 0, and

(3) for each k ∈ {2, . . . , K}, {aik−1
, aik} ⊆ D(Rik , p

min(R)).

14If ai∗ = 0, then the sequence is {ik}Kk=1 = {i∗} and thus the latter part of Condition (2) and Condition

(3) vacuously hold.
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The formal proof of Fact 3 is given in Morimoto and Serizawa (2015).

Now we state two lemmas. The following lemma states that under a mechanism satisfying

individual rationality and no subsidy, the payment of an agent who does not receive any real

object is zero.

Lemma 1 Let f be a mechanism on Rn satisfying individual rationality and no subsidy. For

each R ∈ Rn and each i ∈ N , if ai(R) = 0, then ti(R) = 0.

We omit the proof because it is straightforward from individual rationality and no subsidy.

Next, we introduce a notion of preferences called the “(a, t)-favoring” preferences.

Definition 10 Let (a, t) ∈ M × R+. A preference relation Ri ∈ R is (a, t)-favoring if for

price vector p with pa = t and pb = 0 for each b ∈ L \ {a}, D(Ri, p) = {a}.

Lemma 2 Let f be a mechanism on Rn satisfying strategy-proofness and no subsidy. Let

R ∈ Rn and i ∈ N be such that ai(R) ̸= 0. Let R′
i ∈ R be fi(R)-favoring. Then,

fi(R
′
i, R−i) = fi(R).

For the formal proof of Lemma 2, see Morimoto and Serizawa (2015).

A.2 Proof of Theorem 1

Let f be a desirable mechanism on Rn. Let R ∈ Rn. By Fact 1, for each i ∈ N , ti(R) ≤
pmin
ai(R)(R). Hence, the proof of our theorem is completed by establishing that for each i ∈ N ,

ti(R) ≥ pmin
ai(R)(R).

Let V ∈ R be such that

V > max
i∈N

max
a∈M

V Ri(a, (0, 0)).

Note that the right hand side of the inequality is well-defined by finiteness of N and M .

Note also that V > 0 by desirability of objects.

Next, we introduce the notion of individually rational indifference-connected sequence,

which plays an important role in the proof.

Definition 11 Given (a, t) ∈ M × R, a pair S := ({ij}kj=1, {aj}kj=1) of sequences of k ≤ m

distinct agents and k distinct real objects is individually rational indifference-connected

(IRIC) sequence from (a, t) if there is a sequence of consumption bundles z ≡ {zj}kj=1 ≡
{(aj, tj)}kj=1 such that
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Figure 6: Illustration of an IRIC from (a, t).

1. z1 = (a, t) i.e., a1 = a and t1 = t

2. zj Pij (0, 0) ∀ j ∈ {1, . . . , k}

3. zj Iij zj+1 ∀ j ∈ {1, . . . , k − 1}.

Figure 6 illustrates an IRIC sequence S = ({1, 2, 3, 4}, {a, c, e, d}) at (a, t). Note that the
sequence of consumption bundles {z1, z2, z3, z4} contains distinct agents and distinct real

objects.

Let S(a, t) be the set of all IRIC sequences from (a, t). Note that, by continuity, for each

(a, t) ∈ M ×R and each S ∈ S(a, t), there is d > t such that for each t′ ∈ R with t′ ≤ d, S is

also an IRIC from (a, t′) for K. Pick such a number for each z ∈ M ×R and each S ∈ S(z),
and denote it by d(z, S). Given z ∈ M × R, let

d(z) ≡

min{d(z, S) : S ∈ S(z)} if S(z) ̸= ∅,

V otherwise.

Note that d(z) is well-defined since S(z) is finite. Note also that for each z ∈ M × R,
d(z) ≤ V . 15

15To see this, let z ≡ (a, t) ∈ M × R. If S(z) = ∅, then d(z) = V . Suppose S(z) ̸= ∅. Let S =

22



Now, assume for contradiction that there is an agent i∗ ∈ N such that

ti∗(R) < pmin
ai∗ (R)(R).

By no subsidy, ai∗(R) ̸= 0.

Denote the set of objects as M ≡ {x1, . . . , xm} instead of {1, . . . ,m} for convenience. For

convenience, we abuse notation and denote xm+1 ≡ x1. For simplicity of notation, for each

R′ ∈ Rn and each k ∈ {1, . . . ,m+1}, we write pmin
k (R′) instead of pmin

xk
(R′). Without loss of

generality, assume ai∗(R) = x1. Then, using the new notation, we have ti∗(R) < pmin
1 (R).

Step 1 There exists a sequence {i1, . . . , im} of m distinct agents and a preference profile of

these agents R′
{i1,...,im} ∈ Rm such that for the sequence of (m+ 1) preference profiles

R0 = R

R1 = (R′
i1
, R−i1)

R2 = (R′
{i1,i2}, R−{i1,i2})

. . . = . . .

Rk = (R′
{i1,...,ik}, R−{i1,...,ik})

. . . = . . .

Rm = (R′
{i1,...,im}, R−{i1,...,im})

the followings hold. For each k ∈ {1, . . . ,m}, aik(Rk−1) = xk, and R′
ik

satisfies the condi-

tions below:16

(k-i) R′
ik

is fik(R
k−1)-favoring,

({ij}kj=1, {aj}kj=1) ∈ S(z). By the definition of d(z, S), S is also an IRIC sequence from (a, d(z, S)). Thus,

by the definition of IRIC sequence, we have (a, d(z, S)) Pi1 (0, 0). This implies d(z, S) < V Ri1 (a, (0, 0)). By

V Ri1 (a, (0, 0)) < V and d(z) ≤ d(z, S), we obtain d(z) ≤ V .
16In the example in Section 6.2, the first condition of R′

1 corresponds to Condition (1-i) and the second

one corresponds to Condition (1-ii).
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(k-ii) For each a ∈ M ,

V R′
ik (a, (0, 0))


< d(fik(R

k−1)) if a = xk,

> V if a = xk+1,

< V if a ∈ M \ {xk, xk+1},

(k-iii) for each a ∈ M \ {xk, xk+1}, V R′
ik (xk+1, (a, 0)) > V . 17

Figure 7 illustrates R′
ik
for k = 2.

Proof of Step 1: We inductively construct {i1, . . . , im} and R′
{i1,...,im}.

Induction base. Let i1 = i∗ (the agent for which we have ti∗(R) < pmin
1 (R)). By R0 = R,

we have ai1(R
0) = ai∗(R) = x1. Note that a preference relation satisfying (1-i), (1-ii), and

(1-iii) exists if ti1(R) < V . But this immediately follows because, by individual rationality,

fi1(R) Ri1 (0, 0), and by the definition of V , ti1(R) ≤ V Ri1 (x1, (0, 0)) < V .

Induction argument. Let k ∈ {1, . . . ,m − 1}. Assume that there exist {i1, . . . , ik} of k dis-

tinct agents and R′
{i1,...,ik} ∈ Rk such that for each ℓ ∈ {1, . . . , k}, aiℓ(Rℓ−1) = aℓ, and R′

iℓ

17In case of m = 2, some of the conditions are redundant. In this case, they vacuously hold, and cause no

problem in the rest of the proof.
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satisfies (ℓ-i), (ℓ-ii), and (ℓ-iii). By no wastage, there is i ∈ N such that

ai(R
k) = xk+1. (1)

Claim: i /∈ {i1, . . . , ik}.

Proof : By contradiction, suppose i ∈ {i1, . . . , ik}. By aik(R
k−1) = xk, (k-i), and Lemma 2,

we have fik(R
k) = fik(R

k−1). Thus, i ̸= ik. Thus, there is iℓ ∈ {i1, . . . , ik−1} such that i = iℓ.

By ℓ ≤ k − 1 < k, xk+1 /∈ {xℓ, xℓ+1}. Thus,

V R′
i(xℓ+1, fi(R

k)) ≥ V R′
i(xℓ+1, (xk+1, 0)) by (1) and no subsidy

= V R′
iℓ (xℓ+1, (xk+1, 0)) by i = iℓ

> V . by (ℓ-iii) and xk+1 /∈ {xℓ, xℓ+1}

By Fact 1, fi(R
k) R′

i (xℓ+1, p
min
ℓ+1(R

k)). This implies V R′
i(xℓ+1, fi(R

k)) ≤ pmin
ℓ+1(R

k). Thus,

by V R′
i(xℓ+1, fi(R

k)) > V ,

pmin
ℓ+1(R

k) > V . (2)

By the definition of V and (2), for each j ∈ N \ {i1, . . . , ik}, V Rj(xℓ+1, (0, 0)) < V <

pmin
ℓ+1(R

k), which implies xℓ+1 /∈ D(Rj, p
min(Rk)). For each ik′ ∈ {i1, . . . , ik} \ {iℓ, iℓ+1}

V
R′

ik′ (xℓ+1, (0, 0)) < V < pmin
ℓ+1(R

k),

where the first inequality follows from xℓ+1 /∈ {xk′ , xk′+1} and (k′-ii), and the last inequality

follows from (2). Thus, for each ik′ ∈ {i1, . . . , ik} \ {iℓ, iℓ+1}, xℓ+1 /∈ D(R′
ik′
, pmin(Rk)).

Moreover, by (ℓ + 1-ii) and (2), we have V
R′

iℓ+1 (xℓ+1, (0, 0)) < V < pmin
ℓ+1(R

k), implying

xℓ+1 /∈ D(R′
iℓ+1

, pmin(Rk)). Therefore,

|{j ∈ N : D(Rk
j , p

min(Rk)) ∩ {xℓ+1} ≠ ∅}| ≤ 1.

This and Fact 2 imply that {xℓ+1} is weakly underdemanded at pmin(Rk) for Rk, contradicting

Fact 3. □

Let ik+1 = i. By Claim and induction hypothesis, the agents in {i1, . . . , ik, ik+1} are

distinct. By (1), aik+1
(Rk) = xk+1. Note that a preference relation satisfying (k + 1-i),

(k + 1-ii), and (k + 1-iii) exists if tik+1
(Rk) < V . But this immediately follows because,
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Figure 8: Illustration of the proof of Step 2 for m′ = 3 and i = 2.

by individual rationality, fik+1
(Rk) Rik+1

(0, 0), and by the definition of V , tik+1
(Rk) ≤

V Rik+1 (xk+1, (0, 0)) < V . This completes the proof of Step 1. ■

Without loss of generality, assume {i1, . . . , im} = {1, . . . ,m}. For each m′ ∈ {1, . . . ,m},
let N(m′) ≡ {1, . . . ,m′} and M(m′) ≡ {x1, . . . , xm′}. For each m′ ∈ {0, 1, . . . ,m}, let

p(m′) ≡ pmin(Rm′
).

Step 2 Let m′ ∈ {1, . . . ,m} and xi ∈ M . Then, pi(m
′) < V .

Proof of Step 2: (See Figure 8 for illustration.) Suppose by contradiction that pi(m
′) ≥ V .

By the definition of V , for each j ∈ N \N(m′), V Rj(xi, (0, 0)) < V ≤ pi(m
′), which implies

(0, 0) Pj (xi, pi(m
′)). Thus,

xi /∈ D(Rj, p(m
′)) for each j ∈ N \N(m′). (1)

For each j ∈ N(m′)\{i−1, i}, by xi ∈ M \{xj, xj+1} and (j-ii) in Step 1, V R′
j(xi, (0, 0)) <

V ≤ pi(m
′), which implies (0, 0) P ′

j (xi, pi(m
′)). Thus,

xi /∈ D(R′
j, p(m

′)) for each j ∈ N(m′) \ {i− 1, i}. (2)
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Suppose i ∈ N(m′). By (i-ii) in Step 1 and the fact that d(fi(R
i−1)) ≤ V , we get

V R′
i(xi, (0, 0)) < d(fi(R

i−1)) ≤ V ≤ pi(m
′), which implies (0, 0)P ′

i (xi, pi(m
′)). Thus,

xi /∈ D(R′
i, p(m

′)). (3)

Thus, by (1), (2), and (3),

|{j ∈ N : D(Rm′

j , p(m′)) ∩ {xi} ≠ ∅}| ≤ 1.

If i /∈ N(m′), this inequality is immediately implied by (1) and (2).

Hence, in either case, {xi} is a weakly underdemanded set at p(m′) for Rm′
. This con-

tradicts Fact 3. This completes the proof of Step 2. ■

Step 3 Let m′ ∈ {1, . . . ,m}, ((ai, ti))i∈N ∈ Zmin(Rm′
), and i ∈ N(m′). Then, the following

properties hold.

(i) (Twin demand property.) D(R′
i, p(m

′)) ⊆ {xi, xi+1}, and thus, ai ∈ {xi, xi+1}.

(ii) (Unique demand property.) If xi /∈ M+(m
′), D(R′

i, p(m
′)) = {xi}, and thus, ai = xi.

Proof of Step 3: We show the first property. By Step 2 and (i-ii) in Step 1, pi+1(m
′) < V <

V R′
i(xi+1, (0, 0)), which implies (xi+1, pi+1(m

′))P ′
i (0, 0). Thus, 0 /∈ D(R′

i, p(m
′)).

Let a ∈ M \ {xi, xi+1}. By Step 2, (i-iii) in Step 1, and pa(m
′) ≥ 0, we have

pi+1(m
′) < V < V R′

i(xi+1, (a, 0)) ≤ V R′
i(xi+1, (a, pa(m

′))),

which implies (xi+1, pi+1(m
′))P ′

i (a, pa(m
′)). Thus, a /∈ D(R′

i, p(m
′)) . Hence,D(R′

i, p(m
′)) ⊆

{xi, xi+1}, and this immediately implies ai ∈ {xi, xi+1}.
Next, we show the second property. Suppose xi /∈ M+(m

′). Then, pi(m
′) ≤ ti(R

i−1).

Since R′
i is fi(R

i−1)-favoring, for each a ∈ L \ {xi},

V R′
i(a, (xi, pi(m

′))) ≤ V R′
i(a, fi(R

i−1)) < 0 ≤ pa(m
′),

implying that (xi, pi(m
′)) P ′

i (a, pa(m
′)). Therefore, for each a ∈ L \ {xi}, a /∈ D(R′

i, p(m
′)).

Hence, D(R′
i, p(m

′)) = {xi}, and this immediately implies ai = xi. ■
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Now we introduce two notations. Given m′ ∈ {1, . . . ,m}, let

M+(m
′) ≡ {xk ∈ M(m′) : pk(m

′) > tk(R
k−1)}, and

M++(m
′) ≡ {xk ∈ M(m′) : pk(m

′) > V R′
k(xk, (0, 0))}.
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M++(3) = {x1}

Figure 9: M+(3) and M++(3).

Figure 9 illustratesM+(m
′) andM++(m

′) form′ = 3. In this figure, p1(3) > V ′
1(x1, (0, 0)),

p2(3) < t2(R
1), and t3(R

2) < p3(3) < V ′
3(x3, (0, 0)). Thus, M+(3) = {x1, x3} and M++(3) =

{x1}.
Note that for eachm′ ∈ {1, . . . ,m}, M++(m

′) ⊆ M+(m
′). To see this, letm′ ∈ {1, . . . ,m}

and xk ∈ M++(m
′). Then, pk(m

′) > V R′
k(xk, (0, 0)). By (k-i) in Step 1, R′

k is fk(R
k−1)-

favoring. Thus, tk(R
k−1) < V R′

k(xk, (0, 0)) < pk(m
′). Thus, xk ∈ M+(m

′).

Step 4 (Outside demander) Let m′ ∈ {1, . . . ,m} be such that M+(m
′) ̸= ∅. Then, there is

i ∈ N \N(m′) such that D(Ri, p(m
′)) ∩M+(m

′) ̸= ∅.

Proof of Step 4: Suppose for contradiction that

D(Ri, p(m
′)) ∩M+(m

′) = ∅ for each i ∈ N \N(m′). (1)
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By Step 3 (ii) (Unique demand property),

{i ∈ N(m′) : xi /∈ M+(m
′)} ⊆ {i ∈ N(m′) : D(R′

i, p(m
′)) ∩M+(m

′) = ∅}. (2)

By (1) and (2),

|{i ∈ N :D(Rm′

i , p(m′)) ∩M+(m
′) ̸= ∅}|

=|{i ∈ N(m′) : D(R′
i, p(m

′)) ∩M+(m
′) ̸= ∅}| by (1)

=|N(m′)| − |{i ∈ N(m′) : D(R′
i, p(m

′)) ∩M+(m
′) = ∅}|

≤|N(m′)| − |{i ∈ N(m′) : xi /∈ M+(m
′)}| by (2)

=|M(m′)| − |M(m′) \M+(m
′)|

=|M+(m
′)|. by M+(m

′) ⊆ M(m′)

Thus, this inequality and Fact 2 imply that M+(m
′) is weakly underdemanded at p(m′) for

Rm′
. This contradicts Fact 3. ■

Step 5 Let m′ ∈ {1, . . . ,m}. Let {i1, . . . , iK} ⊆ N \ N(m′) and {b1, . . . , bK} ⊆ M be such

that

(a) b1 ∈ M+(m
′) \M++(m

′),

(b) for each k ∈ {1, . . . , K − 1}, {bk, bk+1} ⊆ D(Rik , p(m
′)), and

(c) bK ∈ D(RiK , p(m
′)).

Then, 0 /∈ D(RiK , p(m
′)).

Proof of Step 5: By (b), for each k ∈ {1, . . . , K− 1}, (bk, pbk(m′)) Iik (bk+1, pbk+1
(m′)). Thus,

pbk+1
(m′) = V Rik (bk+1, (bk, pbk(m

′))) for each k ∈ {1, . . . , K − 1}. (1)

We first show that ({i1, . . . , iK}, {b1, . . . , bK}) is an IRIC from fj(R
j−1). By b1 ∈ M+(m

′),

there is j ∈ {1, . . . ,m′} such that b1 = xj. Let r1 ≡ tj(R
j−1), and for each k ∈ {2, . . . , K},

let rk ≡ V Rik−1 (bk, (bk−1, rk−1)). Then, (b1, r1) = fj(R
j−1), and for each k ∈ {1, . . . , K − 1},

(bk, rk) Iik(bk+1, rk+1).

Claim: For each k ∈ {1, . . . , K}, rk < pbk(m
′).
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Proof : The proof is by induction.

Induction base. Let k = 1. By (a) and b1 = xj, r1 = tj(R
j−1) < pj(m

′).

Induction argument. Let k ≥ 1 and assume that rk < pbk(m
′). Then,

pbk+1
(m′) = V Rik (bk+1, (bk, pbk(m

′))) by (1)

> V Rik (bk+1, (bk, rk)) by rk < pbk(m
′)

= rk+1

□

By (b) and (c), for each k ∈ {1, . . . , K}, (bk, pbk(m′))Rik (0, 0). Thus, by Claim, for each

k ∈ {1, . . . , K}, (bk, rk)Pik (bk, pbk(m
′))Rik (0, 0). Therefore, ({i1, . . . , iK}, {b1, . . . , bK}) is

an IRIC from fj(R
j−1).

By (a) and (j-ii) in Step 1,

pb1(m
′) ≤ V R′

j(xj, (0, 0)) < d(fj(R
j−1)).

Therefore, by the definition of d(fj(R
j−1)), ({i1, . . . , iK}, {b1, . . . , bK}) is an IRIC from

(xj, pj(m
′)). By (1), the corresponding sequence of bundles is {(bk, pbk(m′)}Kk=1. Therefore,

(bK , pbK (m
′)) PiK (0, 0).

Hence, 0 /∈ D(RiK , p(m
′)), and this completes the proof of Step 5.

■

Step 6 (Outside receiver I) Letm′ ∈ {1, . . . ,m−1} be such thatM+(m
′) ̸= ∅ andM++(m

′) =

∅. Let ((ai, ti))i∈N ∈ Zmin(Rm′
). Then, there exists i ∈ N \N(m′) such that ai ∈ M+(m

′).

Proof of Step 6: Suppose for contradiction that for each i ∈ N \ N(m′), ai /∈ M+(m
′). By

Step 3 (ii) (Unique demand property), for each xj ∈ M(m′) \M+(m
′), xj = aj. Thus,

{i ∈ N \N(m′) : ai ∈ M(m′)} = ∅. (1)

By Step 3 (i) (Twin demand property), m′ < m and (1), 18

ai = xi for each i ∈ N(m′). (2)

18The proof is as follows. By no wastage, there is i ∈ N such that ai = x1. By (1), i ∈ N(m′). By

Step 3 (i) (Twin demand property) and m′ < m, i /∈ {2, . . . ,m′}. Thus, i = 1. Then, by Step 3 (i) (Twin

demand property), we can inductively show that a2 = x2, a3 = x3,..., am′ = xm′ .
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Figure 10: {ik}Kk=1 in the proof of Step 6.

By Step 4 (Outside demander) and M+(m
′) ̸= ∅, there exist i ∈ N \ N(m′) and xj ∈

M+(m
′) such that xj ∈ D(Ri, p(m

′)). By Fact 4, there is a sequence {ik}Kk=1 of K distinct

agents such that19

i1 = i, (3)

aiK = 0 and for each k ∈ {1, . . . , K − 1}, aik ̸= 0 and (4)

for each k ∈ {2, . . . , K}, {aik−1
, aik} ⊆ D(Rm′

ik
, p(m′)). (5)

Figure 10 illustrates the sequence {ik}Kk=1, for m
′ = 2, K = 4, and xj = x1.

Let i0 ≡ j. By xj ∈ M(m′), i0 ∈ N(m′). By (2) and (4), iK /∈ N(m′). Thus, there is

K ′ ∈ {0, 1, . . . , K − 1} such that

iK′ ∈ N(m′), and (6)

{iK′+1, . . . , iK} ∩N(m′) = ∅. (7)

Let {j1, . . . , jK−K′} ⊆ N and {b1, . . . , bK−K′} ⊆ M be such that for each k ∈ {1, . . . , K−
K ′},

jk = iK′+k and bk = aiK′+k−1
.

19Note that it is possible that ai = 0. In this case, the sequence {ik}Kk=1 consists only of agent i. That is,

K = 1 and {ik}Kk=1 = {i}.
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In Figure 10, K ′ = 2 and K −K ′ = 2. Thus, {j1, j2} = {i3, i4} and {b1, b2} = {ai2 , ai3} =

{x2, x4}.

Claim: {j1, . . . , jK−K′} ⊆ N\N(m′), {b1, . . . , bK−K′} ⊆ M , and the pair ({jk}K−K′

k=1 , {bk}K−K′

k=1 )

satisfies the following conditions.

(a) b1 ∈ M+(m
′) \M++(m

′),

(b) for each k ∈ {1, . . . , K −K ′ − 1}, {bk, bk+1} ⊆ D(Rjk , p(m
′)), and

(c) bK−K′ ∈ D(RjK−K′ , p(m
′)).

Proof : By {j1, . . . , jK−K′} = {iK′+1, . . . , iK} and (7), {j1, . . . , jK−K′} ⊆ N \ N(m′). By

Step 3 (i) (Twin demand property) and i0 = j ∈ N(m′), ai0 ̸= 0. By {b1, . . . , bK−K′} =

{aiK′ , . . . , aiK−1
}, ai0 ̸= 0, and (5), {b1, . . . , bK−K′} ⊆ M .

Proof of (a): Note that by M++(m
′) = ∅, (a) is equivalent to b1 ∈ M+(m

′). If K ′ = 0, then

by (2), b1 = ai0 = aj = xj ∈ M+(m
′).

Suppose K ′ ≥ 1. By i1 = i /∈ N(m′) and (6), K ′ > 1. Then, by (5),

|D(R′
iK′ , p(m

′))| ≥ 2.

By (6) and (2),

b1 = aiK′ = xiK′ .

Thus, Step 3 (ii) (Unique demand property) implies b1 ∈ M+(m
′).

Proof of (b): Let k ∈ {1, . . . , K − K ′ − 1}. First, suppose K ′ = 0 and k = 1. Note that

{b1, b2} = {ai0 , ai1}. By i0 = j, j ∈ N(m′), and (2), ai0 = xj. Thus, by (5),

{b1, b2} = {xj, ai} ⊆ D(Ri, p(m
′)) = D(Rj1 , p(m

′)).

Next, suppose either K ′ ̸= 0 or k ̸= 1. In both cases, we have K ′ + k > 1. Thus,

jk = iK′+k ̸= i1. Therefore, by (5),

{bk, bk+1} = {aiK′+k−1
, aiK′+k

} ⊆ D(RiK′+k
, p(m′)) = D(Rjk , p(m

′)).

Proof of (c): By jK−K′ = iK , bK−K′ = aiK−1
, and (5),

bK−K′ = aiK−1
∈ D(RiK , p(m

′)) = D(RjK−K′ , p(m
′)).
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□

By Step 5 and Claim, 0 /∈ D(RjK−K′ , p(m
′)) = D(RiK , p(m

′)). This contradicts (4). This

completes the proof of Step 6. ■

Step 7 (Outside receiver II) Let m′ ∈ {1, . . . ,m − 1} be such that M++(m
′) ̸= ∅. Let

xk ∈ M++(m
′) and ((ai, ti))i∈N ∈ Zmin(Rm′

). Then, there exists i ∈ N \ N(m′) such that

ai ∈ M(k) ∩M+(m
′).

Proof of Step 7: Suppose for contradiction that for each i ∈ N \N(m′), ai /∈ M(k)∩M+(m
′).

By Step 3 (ii) (Unique demand property), for each j ∈ N(k) with xj /∈ M+(m
′), aj = xj.

Thus,

{i ∈ N \N(m′) : ai ∈ M(k)} = ∅. (1)

Note that by k ≥ 1, x1 ∈ M(k). Thus by (1), for each i ∈ N \ N(m′), ai ̸= x1. By

m′ < m and Step 3 (i) (Twin demand property), for each i ∈ N(m′)\{1}, ai ̸= x1. Thus, by

no wastage, we conclude that a1 = x1. By using (1) and Step 3 (i) (Twin demand property)

repeatedly, we obtain

a2 = x2, a3 = x3, . . . , ak = xk.

By xk ∈ M++(m
′), pk(m

′) > V R′
k(xk, (0, 0)). Thus,

(0, 0) I ′k (xk, V
R′

k(xk, (0, 0))) P
′
k (xk, pk(m

′)).

This implies xk /∈ D(R′
k, p(m

′)), contradicting ak = xk. ■

Step 8 Let m′ ∈ {0, . . . ,m − 1} be such that M+(m
′) ̸= ∅. Let ((ai, ti))i∈N ∈ Zmin(Rm′

).

Let {ik}Kk=1 be a sequence of K distinct agents such that

i1 = m′ + 1, (1)

aiK = 0 and for each k ∈ {1, . . . , K − 1}, aik ̸= 0 and (2)

for each k ∈ {2, . . . , K}, {aik−1
, aik} ⊆ D(Rm′

ik
, p(m′)). (3)

Suppose m′ ∈ {i1, . . . , iK}.20 Then pm′+1(m
′) > tm′+1(R

m′
).

20Note that this implies K > 1.

33



Proof of Step 8: This step will be proved using five claims, which we state and prove as

we go along the proof of this step. Assume for contradiction that pm′+1(m
′) ≤ tm′+1(R

m′
).

By M+(m
′) ̸= ∅, and Steps 6 (Outside receiver I) and 7 (Outside receiver II), there exist

i ∈ N \N(m′) and xℓ ∈ M+(m
′) such that 21

ai = xℓ. (4)

Then, by using Step 3 (i) (Twin demand property) repeatedly, we obtain

aℓ = xℓ+1, aℓ+1 = xℓ+2, . . . , am′ = xm′+1. (5)

Claim 1: Let k ∈ {1, . . . , K − 1} be such that ik /∈ N(m′) and ik+1 ∈ N(m′). Then ik = i.

Proof : By ik+1 ∈ N(m′), (3), and Step 3 (i) (Twin demand property), aik ∈ D(R′
ik+1

, p(m′)) ⊆
M(m′+1). By Step 3 (i) (Twin demand property) and ai ∈ M+(m

′), {aj : j ∈ N(m′)∪{i}} =

M(m′ + 1). Thus, by ik /∈ N(m′), ik = i. □

Bym′ ∈ {i1, . . . , iK}, {i1, . . . , iK}∩N(m′) ̸= ∅. Thus, by (1), there is K ′ ∈ {1, . . . , K−1}
such that

{i1, . . . , iK′} ∩N(m′) = ∅ and iK′+1 ∈ N(m′).

By Claim 1,

iK′ = i. (6)

By m′ ∈ {i1, . . . , iK}, there is K ′′ ∈ {1, . . . , K} such that

iK′′ = m′.

By {i1, . . . , iK′} ∩ N(m′) = ∅ and iK′′ = m′ ∈ N(m′), we have K ′′ > K ′. Note that by

aiK′′ = xm′+1 and (2), K ′′ < K. Therefore,

K ′ < K ′′ < K.

Figure 11 is an illustration of the sequence {ik}Kk=1 for m′ = 2 and K = 5. In this figure,

21IfM++(m
′) = ∅, then Step 6 (Outside receiver I) implies there is i ∈ N\N(m′) such that xi ∈ M+(m

′). If

there is xk ∈ M such that xk ∈ M++(m
′), then Step 7 (Outside receiver II) implies that there is i ∈ N\N(m′)

such that xi ∈ M(k) ∩M+(m
′) ⊆ M+(m

′).
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Figure 11: Illustration of {ik}Kk=1 for m′ = 2 and K = 5.

K ′ = 2 and K ′′ = 4.

Claim 2: {iK′′+1, . . . , iK} ∩N(m′) = ∅.

Proof : First, we show iK′′+1 /∈ N(m′). Suppose for contradiction iK′′+1 ∈ N(m′). By

iK′′ = m′, iK′′+1 ∈ N(m′ − 1). Thus, by Step 3 (i) (Twin demand property), xm′+1 /∈
D(R′

iK′′+1
, p(m′)). However, by (5) and (3),

xm′+1 = aiK′′ ∈ D(R′
iK′′+1

, p(m′)),

a contradiction. Hence, iK′′+1 /∈ N(m′).

Now, suppose for contradiction that {iK′′+1, . . . , iK} ∩ N(m′) ̸= ∅. Then, by iK′′+1 /∈
N(m′), there is K∗ ∈ {K ′′ + 1, . . . , K − 1} such that iK∗ /∈ N(m′) and iK∗+1 ∈ N(m′). By

Claim 1, we have iK∗ = i. By (6), iK∗ = iK′ . Since agents {i1, . . . , iK} are distinct, K∗ = K ′.

However, this is a contradiction because K ′ < K ′′ < K∗. □

Claim 3: {ℓ, . . . ,m′} ⊆ {iK′+1, . . . , iK′′}.

Proof : Suppose for contradiction that there is k ∈ {ℓ, . . . ,m′} such that k /∈ {iK′+1, . . . , iK′′}.
Without loss of generality, we can let k be the largest number in {ℓ, . . . ,m′} such that
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k /∈ {iK′+1, . . . , iK′′}. By iK′′ = m′, k < m′. Thus, there is K∗ ∈ {K ′ + 1, . . . , K ′′} such that

iK∗ = k + 1.

By (3) and Step 3 (i) (Twin demand property),

{aiK∗−1
, aiK∗} ⊆ D(Rm′

iK∗ , p(m
′)) = D(R′

k+1, p(m
′)) ⊆ {xk+1, xk+2}.

Further, by (5), aiK∗ = xk+2. Thus, aiK∗−1
= xk+1. Hence, by (5), iK∗−1 = k.

By k /∈ {iK′+1, . . . , iK′′} and K∗ ∈ {K ′ + 1, . . . , K ′′}, K∗ − 1 = K ′. This and (6) imply

that i = k. However, this is a contradiction since i /∈ N(m′) and k ∈ N(m′). □

Figure 12 summarizes the properties of the sequences {ik}Kk=1 and {ak}Kk=1, which we have

Claim 2Claim 3Claim 1

Figure 12: Properties of {ik}Kk=1 and {ak}Kk=1.

uncovered so far in the proof.

Claim 4: M++(m
′) = ∅.

Proof : Suppose for contradiction that M++(m
′) ̸= ∅. Let xk∗ ∈ M++(m

′). Note that

Step 3 (i) (Twin demand property), there is at most one agent j ∈ N \ N(m′) such that

aj ∈ M(m′). Thus, by ai ∈ M(m′), i ∈ N \ N(m′), and Step 7 (Outside receiver II),

ai ∈ M(k∗) ∩M+(m
′). Therefore, by ai = xℓ, ℓ ≤ k∗.
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By Claim 3, there is K∗ ∈ {K ′ + 1, . . . , K ′′} such that iK∗ = k∗. By (3) and Step 3 (i)

(Twin demand property),

{aiK∗−1
, aiK∗} ⊆ D(Rm′

iK∗ , p(m
′)) = D(R′

k∗ , p(m
′)) ⊆ {xk∗ , xk∗+1},

which implies {aiK∗−1
, aiK∗} = {xk∗ , xk∗+1}. Thus, xk∗ ∈ D(R′

k∗ , p(m
′)). However, by xk∗ ∈

M++(m
′), pk∗(m

′) > V R′
k(xk∗ , (0, 0)). This implies (0, 0) P ′

k∗ (xk∗ , p(m
′)), and thus, xk∗ /∈

D(R′
k∗ , p(m

′)), a contradiction. □

We now construct two new sequences {jk}K
′+K−K′′

k=1 and {bk}K
′+K−K′′

k=1 using the sequences

{ik}Kk=1 and {ak}Kk=1. Let {jk}K
′+K−K′′

k=1 and {bk}K
′+K−K′′

k=1 be such that for each k ∈ {1, . . . , K ′+

Figure 13: Illustration of {jk}K
′+K−K′′

k=1 and {bk}K
′+K−K′′

k=1 .

K −K ′′},

jk =

iK′+1−k if k ≤ K ′,

iK′′+k−K′ if k > K ′,
and bk =

aiK′+1−k
if k ≤ K ′,

aiK′′+k−K′−1
if k > K ′.

Figure 13 is an illustration of {jk}K
′+K−K′′

k=1 and {bk}K
′+K−K′′

k=1 .

Claim 5: {j1, . . . , jK′+K−K”} ⊆ N \ N(m′) and ({jk}K
′+K−K′′

k=1 , {bk}K
′+K−K′′

k=1 ) satisfies the

following conditions.

(a) b1 ∈ M+(m
′) \M++(m

′),
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(b) for each k ∈ {1, . . . , K ′ +K −K ′′ − 1}, {bk, bk+1} ⊆ D(Rjk , p(m
′)), and

(c) bK′+K−K′′ ∈ D(RiK′+K−K′′ , p(m
′)).

Proof : First, we show {j1, . . . , jK′+K−K”} ⊆ N \ N(m′). Let k ∈ {1, . . . , K ′}. By

K ′+1−k ≤ K ′, jk = iK′+1−k ∈ {i1, . . . , iK′}. By the definition of K ′, {i1, . . . , iK′}∩N(m′) =

∅. Thus, jk /∈ N(m′).

Next, let k ∈ {K ′ + 1, . . . , K ′ + K − K ′′}. By K ′′ + k − K ′ > K ′′, jk = iK′′+k−K′ ∈
{iK′′+1, . . . , iK}. By Claim 2, jk /∈ N(m′). Hence, {j1, . . . , jK′+K−K′′} ⊆ N \N(m′).

Proof of (a): By (6), b1 = aiK′ = ai. Thus, by ai ∈ M+(m
′) and Claim 4, b1 ∈ M+(m

′) =

M+(m
′) \M++(m

′).

Proof of (b): Let k ∈ {1, . . . , K ′ +K −K ′′ − 1}. There are three cases.

Case 1: k ≤ K ′ − 1.

We have jk = iK′+1−k and {bk, bk+1} = {aiK′+1−k
, aiK′−k

}. Thus, by (3),

{bk, bk+1} = {aiK′+1−k
, aiK′−k

} ⊆ D(RiK′+1−k
, p(m′)) = D(Rjk , p(m

′)).

Case 2: k = K ′.

By (1), jK′ = i1 = m′ + 1. Thus, bK′ = ai1 = am′+1. By am′+1 ∈ D(Rm′+1, p(m
′)),

bK′ ∈ D(RjK′ , p(m
′)). By am′+1(R

m′
) = xm′+1, tm′+1(R

m′
) ≥ pm′+1(m

′), and Fact 1,

(xm′+1, pm′+1(m
′))Rm′+1 fm′+1(R

m′
)Rm′+1 (am′+1, pam′+1

(m′)).

Thus, by am′+1 ∈ D(Rm′+1, p(m
′)), xm′+1 ∈ D(Rm′+1, p(m

′)). By bK′+1 = aiK′′ = am′ =

xm′+1, bK′+1 ∈ D(RjK′ , p(m
′)).

Case 3: k ≥ K ′ + 1.

We have jk = iK′′+k−K′ and {bk, bk+1} = {aiK′′+k−K′−1
, aiK′′+k−K′}. Thus, by (3),

{bk, bk+1} = {aiK′′+k−K′−1
, aiK′′+k−K′} ⊆ D(RiK′′+k−K′ , p(m

′)) = D(Rjk , p(m
′)).

Proof of (c): Note that jK′+K−K′′ = iK and bK′+K−K′′ = aiK−1
. Thus, by (3),

bK′+K−K′′ = aiK−1
∈ D(RiK , p(m

′)) = D(RjK′+K−K′′ , p(m
′)).
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□

By Claim 5 and Step 5, 0 /∈ D(RjK′+K−K”
, p(m′)). However, by (2), ajK′+K−K”

= aiK = 0.

This contradicts ((aj, tj))j∈N ∈ Zmin(Rm′
), which completes the proof of step 8. ■

For the next step, it is convenient to introduce the following notations: Let M(0) =

M+(0) = ∅.

Step 9 Let m′ ∈ {0, . . . ,m − 1}. Suppose that M+(m
′) ̸= ∅ or pm′+1(m

′) > tm′+1(R
m′
).

Then, there is i∗ ∈ N \N(m′ + 1) such that the following two conditions hold:

(a) If pm′+1(m
′) > tm′+1(R

m′
), then

D(Ri∗ , p(m
′)) ∩ (M+(m

′) ∪ {xm′+1}) ̸= ∅.

Else,

D(Ri∗ , p(m
′)) ∩M+(m

′) ̸= ∅.

(b) If m′ ≤ m−2, then there is a set {jm′+2, . . . , jm} ⊆ N \(N(m′+1)∪{i∗}) of m−(m′+1)

distinct agents such that for each k ∈ {m′ + 2, . . . ,m}, xk ∈ D(Rjk , p(m
′)).

Proof of Step 9: Let ((ai, ti))i∈N ∈ Zmin(Rm′
). For agentm′+1, by Fact 4, there is a sequence

{ik}Kk=1 of K distinct agents such that22

i1 = m′ + 1, (1)

aiK = 0 and for each k ∈ {1, . . . , K − 1}, aik ̸= 0 and (2)

for each k ∈ {2, . . . , K}, {aik−1
, aik} ⊆ D(Rm′

ik
, p(m′)). (3)

Claim 1: Let xj ∈ M(m′) ∩ {ai1 , . . . , aiK}. Then, xj ∈ M+(m
′).

Proof : Suppose for contradiction that xj /∈ M+(m
′). Then, by Step 3 (ii) (Unique de-

mand property), D(R′
j, p(m

′)) = {xj}. Thus, aj = xj. Therefore, by xj ∈ {ai1 , . . . , aiK},
j ∈ {i1, . . . , iK}.

If j = i1, then by (1), j = m′ + 1, which contradicts j ∈ {1, . . . ,m′}. Thus j = ik for

some k ∈ {2, . . . , K}. However, by (3),

{aik−1
, aik} ⊆ D(Rm′

ik
, p(m′)) = D(R′

j, p(m
′)) = {xj},

22If am′+1 = 0, then {ik}Kk=1 = {m′ + 1} and thus, the latter part of (2) and (3) vacuously hold.
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a contradiction. □

Note that by |N(m′)| < |M(m′ + 1)| and no wastage, there is i ∈ N \ N(m′) such that

ai ∈ M(m′ + 1). By Step 3 (i) (Twin demand property),

{a1, . . . , am′ , ai} = M(m′ + 1). (4)

Note that by Step 3 (ii) (Unique demand property), for each xj ∈ M(m′) \ M+(m
′),

aj = xj. Thus,

ai ∈ M+(m
′) ∪ {xm′+1}. (5)

When m′ ≤ m − 2, we define {jm′+2, . . . , jm} ⊆ N as follows: First note that by

((ai, ti))i∈N ∈ Zmin(Rm′
), for each k ∈ {m′+2, . . . ,m}, there is i(k) ∈ N such that ai(k) = xk.

For each k ∈ {m′ + 2, . . . ,m}, let

jk ≡

iK′+1 if i(k) = iK′ for some K ′ ∈ {1, . . . , K − 1},

i(k) otherwise.

Note that by ai ∈ M(m′ + 1)

i /∈ {i(m′ + 2), . . . , i(m)}. (6)

In the following claims, we show that the agents jm′+2, . . . , jm are distinct, {jm′+2, . . . , jm} ⊆
N \N(m′ + 1), and for each k ∈ {m′ + 2, . . . ,m}, xk ∈ D(Rjk , p(m

′)).

Claim 2. Suppose m′ ≤ m−2. Let k, ℓ ∈ {m′+2, . . . ,m} be such that k ̸= ℓ. Then, jk ̸= jℓ.

Proof: First suppose i(k), i(ℓ) /∈ {i1, . . . , iK−1}. Then, jk = i(k) and jℓ = i(ℓ). By

i(k) ̸= i(ℓ), jk ̸= jℓ.

Next, suppose i(k) /∈ {i1, . . . , iK−1} and i(ℓ) ∈ {i1, . . . , iK−1}. Then, jk = i(k), and there

is K ′ ∈ {1, . . . , K − 1} such that i(ℓ) = iK′ and jℓ = iK′+1. By aiK = 0 and ai(k) = xi(k),

jk = i(k) ̸= iK , which implies jk /∈ {i1, . . . , iK}. By jℓ = iK′+1, jℓ ∈ {i1, . . . , iK}, Thus,
jk ̸= jℓ. The same argument holds for the converse case.

Finally, suppose i(k), i(ℓ) ∈ {i1, . . . , iK−1}. There are K ′, K ′′ ∈ {1, . . . , K − 1} such that

iK′ = i(k) and jk = iK′+1, and iK′′ = i(ℓ) and jℓ = iK′′+1. By iK′ = i(k) ̸= i(ℓ) = iK′′ ,
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K ′ ̸= K ′′. This implies K ′ + 1 ̸= K ′′ + 1. Thus, jk = iK′+1 ̸= iK′′+1 = jℓ. □

Claim 3. Suppose m′ ≤ m− 2. Let k ∈ {m′ + 2, . . . ,m}. Then, jk /∈ N(m′ + 1).

Proof: First, suppose i(k) /∈ {i1, . . . , iK−1}. Then jk = i(k). By Step 3 (i) (Twin demand

property) and ai(k) = xk /∈ M(m′ + 1), jk /∈ N(m′). In addition, by (1), i(k) ̸= i1 = m′ + 1.

Next, suppose i(k) ∈ {i1, . . . , iK−1}. There is K ′ ∈ {1, . . . , K − 1} such that i(k) = iK′

and jk = iK′+1. By i(k) = iK′ , aiK′ = xk. By (3), xk = aiK′ ∈ D(Rm′
iK′+1

, p(m′)). Thus, by

xk /∈ M(m′ + 1) and Step 3 (i) (Twin demand property), jk = iK′+1 /∈ N(m′). In addition,

by K ′ + 1 > 1 and (1), jk ̸= i1 = m′ + 1. □

Claim 4. Suppose m′ ≤ m− 2. Let k ∈ {m′ + 2, . . . ,m}. Then, xk ∈ D(Rjk , p(m
′)).

Proof: First, suppose i(k) /∈ {i1, . . . , iK−1}. Then jk = i(k). By ai(k) = xk, xk ∈
D(Rjk , p(m

′)).

Next, suppose i(k) ∈ {i1, . . . , iK−1}. There isK ′ ∈ {1, . . . , K−1} such that i(k) = iK′ and

jk = iK′+1. By i(k) = iK′ , aiK′ = xk. By (3), xk = aiK′ ∈ D(Rm′
iK′+1

, p(m′)) = D(Rjk , p(m
′)).

□

We now complete the proof of this step by considering three disjoint cases.

Case 1: M(m′ + 1) ∩ {ai1 , . . . , aiK} = ∅.
Let

i∗ ≡ i.

By (5) and M(m′ + 1) ∩ {ai1 , . . . , aiK} = ∅,

i /∈ {i1, . . . , iK}. (7)

Thus, by (1), i ̸= i1 = m′ + 1. Thus, by i /∈ N(m′), i∗ ∈ N \N(m′ + 1).

Proof of (a). By (5) and i∗ = i, D(Ri∗ , p(m
′)) ∩ (M+(m

′) ∪ {xm′+1}) ̸= ∅. Thus, we are

done when pm′+1(m
′) > tm′+1(R

m′
). Now, suppose pm′+1(m

′) ≤ tm′+1(R
m′
). Since either

M+(m
′) ̸= ∅ or pm′+1(m

′) > tm′+1(R
m′
), we have M+(m

′) ̸= ∅. By Steps 6 (Outside receiver

I) and 7 (Outside receiver II), there is k ∈ N \N(m′) such that ak ∈ M+(m
′). By (4), k = i.
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Thus, ai ∈ M+(m
′). Thus, by i∗ = i, D(Ri∗ , p(m

′)) ∩M+(m
′) ̸= ∅.

Proof of (b). Suppose m′ ≤ m − 2. Let k ∈ {m′ + 2, . . . ,m}. By Claims 2, 3, and 4, we

only need to show jk ̸= i∗. First, suppose i(k) /∈ {i1, . . . , iK}. Then, jk = i(k). Thus, by (6),

jk = i(k) ̸= i = i∗.

Next, suppose i(k) ∈ {i1, . . . , iK}. There is K ′ ∈ {1, . . . , K− 1} such that i(k) = iK′ and

jk = iK′+1. By jk ∈ {i1, . . . , iK} and (7), jk ̸= i = i∗.

Case 2: M(m′) ∩ {ai1 , . . . , aiK} ≠ ∅ and xm′+1 /∈ {ai1 , . . . , aiK}.
By M(m′) ∩ {ai1 , . . . , aiK} ≠ ∅ and (2), there is K ′ ∈ {1, . . . , K − 1} such that

aiK′ ∈ M(m′) and (8)

{aiK′+1
, . . . , aiK} ∩M(m′) = ∅. (9)

Let

i∗ ≡ iK′+1.

By aiK′+1
/∈ M(m′) and Step 3 (i) (Twin demand property), iK′+1 /∈ N(m′−1). If iK′+1 = m′,

then by aiK′+1
/∈ M(m′) and Step 3 (i) (Twin demand property), aiK′+1

= xm′+1, which is

impossible since xm′+1 /∈ {ai1 , . . . , aiK}. Thus, iK′+1 ̸= m′. Finally, by K ′ + 1 > 1 and (1),

iK′+1 ̸= i1 = m′ + 1. Hence, i∗ = iK′+1 ∈ N \N(m′ + 1).

Proof of (a). By (3) and i∗ = iK′+1, aiK′ ∈ D(Rm′
iK′+1

, p(m′)) = D(Ri∗ , p(m
′)). By Claim 1

and aiK′ ∈ M(m′), aiK′ ∈ M+(m
′). Thus, D(Ri∗ , p(m

′)) ∩M+(m
′) ̸= ∅.

Proof of (b). Suppose m′ ≤ m − 2. Let k ∈ {m′ + 2, . . . ,m}. By Claims 2, 3, and 4,

we only need to show jk ̸= i∗. First, suppose i(k) /∈ {i1, . . . , iK}. Then, jk = i(k). By

i(k) /∈ {i1, . . . , iK} and i∗ = iK′+1 ∈ {i1, . . . , iK}, jk ̸= i∗.

Next, suppose i(k) ∈ {i1, . . . , iK}. There is K∗ ∈ {1, . . . , K − 1} such that i(k) = iK∗

and jk = iK∗+1. By aiK′ ∈ M(m′) and aiK∗ = ai(k) = xk /∈ M(m′ + 1), K ′ ̸= K∗. Thus,

jk = iK∗+1 ̸= iK′+1 = i∗.

Case 3: xm′+1 ∈ {ai1 , . . . , aiK}.
Let K ′ ∈ {1, . . . , K} be such that

aiK′ = xm′+1.
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By (2), K ′ < K. Thus, iK′+1 exists. Let

i∗ ≡ iK′+1.

We show i∗ ∈ N \N(m′ +1). By aiK′ = xm′+1, (3), and Step 3 (i) (Twin demand property),

iK′+1 /∈ N(m′ − 1). By K ′ + 1 > 1 and (1), iK′+1 ̸= i1 = m′ + 1.

Note that by (4), (5), and Step 3 (i) (Twin demand property),

ai = xm′+1 or am′ = xm′+1.

Suppose am′ = xm′+1. Then iK′ = m′ and thus iK′+1 ̸= m′. Suppose ai = xm′+1. This

implies i ̸= i∗. If M+(m
′) ̸= ∅, then Steps 6 (Outside receiver I) and 7 (Outside receiver

II) imply that aj ∈ M+(m
′) for some j ∈ N \ N(m′), and by (4), j = i, contradicting

ai = xm′+1. Thus, M+(m
′) = ∅. Then, by Claim 1, aiK′+1

/∈ M(m′). Moreover, by aiK′ =

xm′+1, aiK′+1
̸= xm′+1. Thus, by Step 3 (i) (Twin demand property), iK′+1 ̸= m′. Hence,

i∗ = iK′+1 ∈ N \N(m′ + 1).

Proof of (a). First, we show that pm′+1(m
′) > tm′+1(R

m′
). Suppose M+(m

′) ̸= ∅. Then, as

we have seen in the above paragraph, we can show that ai ̸= xm′+1. Since either ai = xm′+1

or am′ = xm′+1, am′ = xm′+1. By xm′+1 ∈ {ai1 , . . . , aiK}, m′ ∈ {i1, . . . , iK}. Then, by Step 8,

pm′+1(m
′) > tm′+1(R

m′
). Since M+(m

′) ̸= ∅ or pm′+1(m
′) > tm′+1(R

m′
), we can conclude

that pm′+1(m
′) > tm′+1(R

m′
).

By aiK′ = xm′+1 and (3), xm′+1 ∈ D(Rm′
iK′+1

, p(m′)) = D(Ri∗ , p(m
′)). Thus,D(Ri∗ , p(m

′))∩
(M+(m

′) ∪ {xm′+1}) ̸= ∅.
Proof of (b). Suppose m′ ≤ m − 2. Let k ∈ {m′ + 2, . . . ,m}. By Claims 2, 3, and 4,

we only need to show jk ̸= i∗. First, suppose i(k) /∈ {i1, . . . , iK}. Then, jk = i(k). By

i(k) /∈ {i1, . . . , iK} and i∗ = iK′+1 ∈ {i1, . . . , iK}, jk ̸= i∗.

Next, suppose i(k) ∈ {i1, . . . , iK}. There is K∗ ∈ {1, . . . , K−1} such that i(k) = iK∗ and

jk = iK∗+1. By aiK∗ = ai(k) = xk ̸= xm′+1 = aiK′ , K
∗ ̸= K ′. Thus, jk = iK∗+1 ̸= iK′+1 = i∗.

■

Step 10 There are i ∈ N \N(m) and j ∈ {1, . . . ,m} such that fj(R
j−1)Pi (0, 0).

Proof of Step 10: The proof consists of two substeps.
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Substep 10-1 Let m′ ∈ {0, 1, . . . ,m − 2} be such that M+(m
′) ̸= ∅ or pm′+1(m

′) >

tm′+1(R
m′
). Then, M+(m

′ + 1) ̸= ∅.

Proof : Suppose for contradiction that M+(m
′ + 1) = ∅. By M+(m

′) ̸= ∅ or pm′+1(m
′) >

tm′+1(R
m′
), Step 9 (a) implies that there is i∗ ∈ N \ N(m′ + 1) such that if pm′+1(m

′) >

tm′+1(R
m′
), then

D(Ri∗ , p(m
′)) ∩ (M+(m

′) ∪ {xm′+1}) ̸= ∅, (1)

else,

D(Ri∗ , p(m
′)) ∩M+(m

′) ̸= ∅. (2)

Moreover, by Step 9 (b) andm′ ≤ m−2, there is a set {jm′+2, . . . , jm} ⊆ N\(N(m′+1)∪{i∗})
of m− (m′ + 1) distinct agents such that for each k ∈ {m′ + 2, . . . ,m}, xk ∈ D(Rjk , p(m

′)).

Let ((ai, ti))i∈N ∈ Zmin(Rm′+1). Note that by M+(m
′ + 1) = ∅ and Step 3 (ii) (Unique

demand property),

ai = xi for each i ∈ N(m′ + 1). (3)

Claim 1: Let i ∈ N \N(m′ +1). Suppose that there is xk ∈ M such that xk ∈ D(Ri, p(m
′))

and pk(m
′ + 1) < pk(m

′). Then, pai(m
′ + 1) < pai(m

′).

0

xk

ai

Payment

Ri

pk(m
′ + 1)

pk(m
′)

pai
(m′ + 1) pai

(m′)

(0, 0)

Ri

Figure 14: Illustration of the proof of Claim 1.

Proof : (See Figure 14 for illustration.) Note that

(ai, pai(m
′ + 1)) Ri (xk, pk(m

′ + 1)) Pi (xk, pk(m
′)) Ri (ai, pai(m

′)),
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where the first relation follows from ai ∈ D(Ri, p(m
′ + 1)), the second from pk(m

′ + 1) <

pk(m
′), and the last from xk ∈ D(Ri, p(m

′)). This implies pai(m
′ + 1) < pai(m

′). □

Claim 2: For each K ∈ N, there exists a set NK ≡ {i1, . . . , iK} ⊆ N \ N(m′ + 1) of K

distinct agents such that i∗ ∈ NK and for each a ∈ {ai1 , . . . , aiK}, pa(m′ + 1) < pa(m
′).

Proof : The proof is by induction.

Induction base. Let K = 1 and N1 = {i∗}. By i∗ ∈ N \ N(m′ + 1), N1 ⊆ N \ N(m′ + 1).

Note that if we show that there is a ∈ D(Ri∗ , p(m
′)) such that pa(m

′ + 1) < pa(m
′), then

Claim 1 implies that pai∗ (m
′ + 1) < pai∗ (m

′).

First, suppose that there is xk ∈ M+(m
′) such that xk ∈ D(Ri∗ , p(m

′)). By M+(m
′+1) =

∅, pk(m′ + 1) ≤ tk(R
k−1). By xk ∈ M+(m

′), pk(m
′) > tk(R

k−1). Thus, pk(m
′ + 1) < pk(m

′).

Next, suppose that D(Ri∗ , p(m
′))∩M+(m

′) = ∅. By (2) we have pm′+1(m
′) > tm′+1(R

m′
).

Then, by (1), xm′+1 ∈ D(Ri∗ , p(m
′)). By M+(m

′+1) = ∅, pm′+1(m
′+1) ≤ tm′+1(R

m′
). Thus,

pm′+1(m
′ + 1) < pm′+1(m

′).

Induction argument. Let K ≥ 1 and assume that there is a set NK = {i1, . . . , iK} ⊆
N \N(m′ + 1) of K distinct agents such that

i∗ ∈ NK , and (4)

for each a ∈ {ai1 , . . . , aiK}, pa(m
′ + 1) < pa(m

′). (5)

By (3) and NK ⊆ N \ N(m′ + 1), {ai1 , . . . , aiK} ⊆ M \ M(m′ + 1). Without loss

of generality, assume that {ai1 , . . . , aiK} = {xm′+2, . . . , xm′+K+1}. By i∗ ∈ NK and i∗ /∈
{jm′+2, . . . , jm′+K+1}, there is jk ∈ {jm′+2, . . . , jm′+K+1} such that jk /∈ NK .

Let NK+1 ≡ NK ∪ {jk}. By NK ⊆ N \ N(m′ + 1) and jk /∈ N(m′ + 1), NK+1 ⊆
N \ N(m′ + 1). By (4), i∗ ∈ NK ⊆ NK+1. Note that by jk ∈ {jm′+2, . . . , jm′+K+1}, xk ∈
{xm′+2, . . . xm′+K+1} = {ai1 , . . . , aiK}. Thus, by (5), pk(m

′ + 1) < pk(m
′). Thus, by xk ∈

D(Rjk , p(m
′)), Claim 1 implies that pajk (m

′ + 1) < pajk (m
′). This completes the proof of

Claim 2. □

Claim 2 completes the proof of Substep 10-1 because N is finite. ■

Substep 10-2 Completing the proof of Step 10.
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Remember that p1(0) > t1(R
0). Thus, by using Substep 10-1 repeatedly, we haveM+(m−

1) ̸= ∅. Then, by Step 9 (a), there is i ∈ N \N(m) such that if pm(m− 1) > tm(R
m−1), then

D(Ri, p(m− 1)) ∩ (M+(m− 1) ∪ {xm}) ̸= ∅, (6)

else,

D(Ri, p(m− 1)) ∩M+(m− 1) ̸= ∅. (7)

First, suppose that there is xj ∈ M+(m − 1) such that xj ∈ D(Ri, p(m − 1)). By

xj ∈ M+(m−1), pj(m−1) > tj(R
j−1). Thus, by xj ∈ D(Ri, p(m−1)), fj(R

j−1)Pi (xj, pj(m−
1)) Ri (0, 0).

Next, suppose that D(Ri, p(m − 1)) ∩ M+(m − 1) = ∅. By (6) and (7), pm(m − 1) >

tm(R
m−1) and xm ∈ D(Ri, p(m− 1)). Thus, fm(R

m−1)Pi (xm, pm(m− 1)) Ri (0, 0). ■

Step 11 Completing the proof.

First, we show the following.

Claim: Let i ∈ N(m). Then, ai(R
m) ∈ {xi, xi+1}.

Proof : Suppose for contradiction that ai(R
m) /∈ {xi, xi+1}. Then,

V R′
i(xi+1, fi(R

m)) ≥ V R′
i(xi+1, (ai(R

m), 0)) by no subsidy

> V by (i-iii) in Step 1

> pi+1(m). by Step 2

This implies (xi+1, pi+1(m))P ′
i fi(R

m), contradicting Fact 1. □

Since R′
m is fm(R

m−1)-favoring, Lemma 2 implies fm(R
m) = fm(R

m−1). Thus, by

am(R
m−1) = xm, am(R

m) = xm. Therefore, by applying Claim repeatedly, we obtain

ai(R
m) = xi for each i ∈ N(m).

Thus, by individual rationality,

ti(R
m) ≤ V R′

i(xi, (0, 0)) for each i ∈ N(m). (1)
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By Step 10, there are i ∈ N \ N(m) and j ∈ {1, . . . ,m} such that fj(R
j−1)Pi (0, 0).

Note that this implies that ({i}, {xj}) is an IRIC from fj(R
j−1). By (1) and (j-ii) in Step 1,

tj(R
m) ≤ V R′

j(xj, (0, 0)) < d(fj(R
j−1)). Therefore, ({i}, {xj}) is an IRIC from fj(R

m), and

thus, fj(R
m)Pi (0, 0)

LetR′′
j ≡ Ri. By strategy-proofness and fj(R

m)Pi (0, 0), fj(R
′′
j , R

m
−j)R

′′
j fj(R

m) P ′′
j (0, 0).

By equal treatment of equals and Ri = R′′
j , fi(R

′′
j , R

m
−j) Ii fj(R

′′
j , R

m
−j)Pi (0, 0). Thus, by

Lemma 1,

aj(R
′′
j , R

m
−j) ̸= 0 and ai(R

′′
j , R

m
−j) ̸= 0.

By ai(R
′′
j , R

m
−j) ̸= 0 and |N(m)| = m, there is k ∈ N(m) such that ak(R

′′
j , R

m
−j) = 0. By

aj(R
′′
j , R

m
−j) ̸= 0, k ̸= j. By Lemma 1, tk(R

′′
j , R

m
−j) = 0. Let p ≡ pmin(R′′

j , R
m
−j). Similarly

to Step 2, we can show pxk+1
< V̄ . By (k-ii), pxk+1

< V̄ < V R′
k(xk+1, (0, 0)). Thus, we have

(xk+1, pxk+1
) P ′

k (0, 0) = fk(R
′′
j , R

m
−j). This contradicts Fact 1 ■
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